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Finite Diﬀerences Example
The following solution of the simple planar potential ﬂow around a right-angled corner will help illustrate
the ﬁnite diﬀerence method for a ﬂow governed by an elliptic partial diﬀerential equation. A sketch of the
ﬂow is presented in Figure 1 and we have chosen to construct within the ﬂow a rectangular grid with a
uniform spacing that we will denote by h. Of course, most engineering ﬂows have much more complicated,
non-rectangular boundaries and may need grids with a ﬁner mesh in some parts of the ﬂow. But such
complexities can be treated later when the basic methodology has been established. The interior grid
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Figure 1: Mesh grid and notation for the ﬂow around a corner.

points (I = 2 to 8, J = 2 to 14, and I = 9 to 14, J = 2 to 4) and the solid boundary grid points (I = 1,
J = 1 to 14 and I = 9, J = 7 to 14 and J = 1, I = 1 to 14 and J = 5, I = 11 to 14) will be treated
as described in the previous section. The inlet boundary (I = 15) and the discharge boundary (J = 15)
will also be treated as previously described. We choose to assign a value of φ = 0 to the inlet boundary
(I = 15, J = 1 to 5) since the velocity potential always has one constant that can be arbitrarily selected.
We choose to assign a value of φ = 1 to the discharge boundary (J = 15, I = 1 to 9) for the following
reason: since the equations governing the ﬂow ﬁeld are homogeneous in the velocity potential we could
multiply all the solution values of φ by a uniform constant and the result would still satisfy all those
equations. In practice we might wish to stipulate a certain volume-averaged velocity at the inlet. If so
then we could calculate from the solution what that volume-averaged velocity is for the scaling implicit
in the choice of the discharge surface φ and then scale all the φ values up or down in order to match the
stipulated volume-averaged velocity.
In the solution presented below we have chosen to avoid the issue of the singular behavior at the projecting
corner A in Figure 1 by essentially rounding oﬀ the corner and not attempting to solve for the details
of the ﬂow in that region. However, it is valuable to describe how this singular point might be more
accurately treated. To do so we note ﬁrst from the solutions detailed in the section on the method of
complex variables for planar potential ﬂows that the form of the velocity potential for the ﬂow close to a

projecting 90o corner is φ = φ where
2

φ = φ0 + C ∗r 3 cos (2θ/3)

(Od1)

where φ0 is the value at the vertex, C ∗ is the magnitude of the singular behavior at the vertex and the
polar coordinates (r, θ) are based on the vertex A with θ = 0 being in the x direction. It follows that if
the grid points in the immediate neighborhood of the vertex A were to adhere precisely to this form then:
C
C
φ9,5 = φ0 ; φ10,5 = φ0 + C ; φ9,4 = φ0 +
; φ8,5 = φ0 −
; φ9,6 = φ0 − C (Od2)
2
2
where C = C ∗h2/3. The normal ﬁnite diﬀerence strategy for treating a singular point such as A at which
some of the derivatives become inﬁnite and therefore the Taylor series expansion breaks down is to consider
the velocity potential to be the sum of a singular velocity potential, φ, and a regular component, Δφ,
which is well-behaved. Then the numerical strategy is to identify the form of the singularity, use the
numerical values at surrounding nodes to estimate the strength of the singularity and to treat the regular
component as one would elsewhere in the ﬂow ﬁeld. In the present example we note that the equations
(Od2) mean that
(Od3)
φ10,5 + φ9,4 + φ8,5 + φ9,6 − 4φ9,5 = 0
and therefore, somewhat unusually, the singular component satiﬁes the same numerical relation, equation
(Oc9), at the vertex as we seek to satisfy at all the other nodes and as we wish the regular component,
Δφ, to satisfy. Consequently, it is not neccessary to treat the vertex A any diﬀerently than any other grid
point. If we wish to go one step further we could use somewhat improved ﬁnite diﬀerence equations at the
nodes (10, 5), (9, 4), (8, 5), and (9, 6). For example, at the grid point (10, 5) we might use (φ11,5 − φ10,5)/h
for (∂φ/∂x) midway between points (11, 5) and (10, 5) but instead of (φ10,5 − φ9,5)/h for (∂φ/∂x) midway
between points (10, 5) and (9, 5) (which would be inaccurate because of the singular behavior at (9, 5)) we
might use 0.84(φ10,5 − φ9,5)/h which would be consistent with the singular behavior identiﬁed above. It
would then follow that a more accurate ﬁnite diﬀerence form for (∂ 2 φ/∂x2) at the grid point (10, 5) would
be
 2 


1 φ11,5 − φ10,5 0.84(φ11,5 − φ10,5)
∂ φ
1
=
{φ11,5 + 0.84φ9,5 − 1.84φ10,5}
(Od4)
−
=
∂x2 10,5
h
h
h
h2
An analogous treatment should then be used at the grid points (9, 4), (8, 5), and (9, 6). In addition modiﬁed
ﬁnite diﬀerence formulae should be used in evaluating the ﬁrst derivatives and therefore the velocities and
pressures at the midpoints between grid point (9, 5) and the surrounding grid points (10, 5), (9, 4), (8, 5),
and (9, 6). However, for simplicity, no special treatment was applied in obtaining the numbers which follow.
Converged values for φ at each of the grid points for the ”unit” problem with φ = 0 at inlet and φ = 1
at outlet are shown in Figure 2. Note that despite the lack of any special treatment in the neighborhood
of the vertex A the solution near that point adheres quite closely to the features listed in equation (Od2).
The next step is to evaluate the ﬂow rate in, calculate the volume-averaged velocity and scale the results
so that the volume-averaged velocity is unity. To do this we ﬁrst evaluate the ﬂuid velocities inherent in
”unit” solution. Velocities are best evaluated at the midpoints between the grid points and the velocities
in the x direction at inlet are therefore evaluated midway between the grid points (14, J ) and (15, J ) (for
J = 1 → 5). Denoting these velocities by uJinlet :
uJinlet =

(φ14,J − φ15,J )
h

for J = 1 → 5

(Od5)

and therefore the volume ﬂow rate in per unit depth normal to the plane of the ﬂow, V̇ is given by
numerically integrating these velocities across the inlet so that, using Simpson’s rule,

h 1
(Od6)
V̇ =
uinlet + 2u2inlet + 2u3inlet + 2u4inlet + u5inlet
2

Figure 2: Solution values for the velocity potential, φ.

and the volume-averaged velocity, U, is therefore U = V̇ /4h. Hence the velocities components scaled by
the volume-averaged inlet velocity are given at points midway between the grid points by
uI+ 1 ,J =
2

4(φI,J − φI+1,J )
V̇

and vI,J+ 1 =
2

4(φI,J+1 − φI,J )
V̇

(Od7)

where u is positive to the left and v is positive downward. The scaled velocities at the walls are presented
in Figure 3. In addition scaled velocity vectors and streamlines constructed to be everywhere tangential

Figure 3: Solution values for the scaled velocities at midpoints on the walls.

to the velocity vectors are shown in Figure 4 Note the large velocities in the vicinity of the projecting
vertex, A.
Finally the pressure coeﬃcient, CP , can be calculate from the deﬁnition
CP =

p − p14+ 1 ,5
1
ρU 2
2

2

(Od8)

Figure 4: Flow vectors and streamlines.

where we have arbitrarily used the grid point (14 + 12 , 5) as the pressure reference point. From Bernoulli’s
equation
1
1
(Od9)
p + ρ(u2 + v 2) = p14+ 1 ,5 + ρu214+ 1 ,5
2
2
2
2
and therefore
u214+ 1 ,5 − (u2 + v 2 )
2
(Od10)
CP =
U2
Values of the pressure coeﬃcients on the walls at the midpoints are shown in Figure 5.

Figure 5: Solution values for the pressure coeﬃcient at midpoints on the walls.

