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Effects of vertical vibration on hopper flows of granular material
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The discharge of granular material from a hopper subject to vertical sinusoidal oscillations was
investigated using experiments and discrete element computer simulations. With the hopper exit
closed, side-wall convection cells are observed, oriented such that particles move up along the
inclined walls of the hopper and down at the center line. The convection cells are a result of the
granular bed dilation during free fall and the subsequent interaction with the hopper walls. The mass
discharge rate for a vibrating hopper scaled by the discharge rate without vibration reaches a
maximum value at a dimensionless velocity amplitude just greater than 1. Further increases in the
velocity decrease the discharge rate. This decrease occurs due to a decrease in the bulk density of
the discharging material when vibration is applied. ©2002 American Institute of Physics.
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I. INTRODUCTION

Hoppers and bins are routinely used to transport, proc
or store bulk materials such as coal, ore, grain, and plas
Although hoppers are common, the internal flow of the m
terial is not well understood, relying heavily on empiric
information to maintain operation. For example, when
batch of material is introduced into a hopper for the fi
time, the material at the exit may arch and prevent flow.
remedy the situation, vibration may be used, sometime
the crude form of a hammer, to perturb the material a
initiate the flow. Alternatively, the hopper may be equipp
with a bin activator to continuously shake part of the hop
wall. These bin activators must be carefully designed to
hance the flow and not result in further settling or cloggi
of the material.

The focus of this study is to examine through expe
ments and discrete element simulations the effect of vert
vibration on flow from a planar hopper. This study is a co
panion paper to the recent work by Huntet al.1 on the effects
of horizontal vibration on hopper discharge. The earlier wo
demonstrated that horizontal vibration increased the m
discharge rate as compared with the discharge rate fro
hopper without vibration and that the increase depended
the vibration velocity amplitude. In addition, the dischargi
granular material flows from alternating sides of the hop
producing an inverted funnel pattern.

Over the last decade, the effect of vertical vibration o
bed of material has been studied extensively. For a box
is vibrated sinusoidally,z5a sin(vt) wherea is the ampli-
tude of vibration andv is the radian frequency, the bed e
hibits several different flow patterns depending on the
mensionless acceleration amplitude,G5av2/g where g is
the gravitational constant, and the frequency,f 5v/(2p).
For G.1, side-wall convection cells appear where partic

a!Author to whom correspondence should be addressed.
3431070-6631/2002/14(10)/3439/10/$19.00

Downloaded 20 Apr 2004 to 131.215.101.185. Redistribution subject to AI
ss
s.
-

t
o
in
d

r
-

-
al
-

k
ss
a
n

r

a
at

i-

s

move down along vertical walls of the container and
within the remainder of the bed. Standing waves, forming
one-half the forcing frequency, appear on the free surfac
the bed for 2.2,G,3.5 and waves forming at one-quart
the forcing frequency occur forG.5.5. Neighboring regions
of the particle bed can oscillate out-of-phase, termed ‘‘ki
waves,’’ for G.3.5 with counter-rotating ‘‘kink convection
cells’’ bracketing each wave node. The paper by Wassg
et al.2 describes these phenomena in greater detail.

The effects of vertical vibration on flow from wedge
shaped hoppers and flat bottom bins were first examined
Takahashiet al.3 and Suzukiet al.4 These studies reporte
the appearance of convection cells near the inclined w
boundaries of the hopper. In addition, the discharge rate
shown to increase with vibrational frequency at a fixed
celeration level, but that at the highest accelerations the
charge rate decreased significantly. Vibration also indu
flow in bins that could not discharge under gravity alon
Lindemann and Dimon5 recently investigated flow from ver
tically oscillated funnels with small exit widths and wa
angles~as measured from the hopper centerline!. They found
that the dimensionless acceleration amplitude,G, and wall
angle significantly affect how particles ‘‘jam’’ or mechan
cally arch at the exit. Lindemann and Dimon5 also report that
the flow rate from vibrated hoppers decreases with increa
G. Knight et al.,6 although not investigating hopper flow
specifically, also reported the appearance of convection c
in experiments using vertically oscillating conical containe
More recently, Evesque and Meftah7 examined the time re-
quired to discharge a known quantity of sand from a sea
vertically vibrating hourglass and observed that the discha
rate decreases with increasing acceleration amplitude.

Without vibration, the mass discharge rate from a ho
per,W, is proportional to the bulk density of the bed near t
hopper exit,rb , the square root of the acceleration acting
the bed,g ~the acceleration due to gravity!, and the hydraulic
diameter of the hopper exit,Dh , raised to the 5/2 power:
9 © 2002 American Institute of Physics
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W}rbg1/2Dh
5/2. ~1!

To predict trends in the discharge rate with vibration, Suz
et al.4 proposed a simple model that includes the variation
the ‘‘effective gravity’’ acting on the granular material ove
an oscillation cycle. Since the hopper is oscillating, the
fective gravity the bed experiences relative to the hop
walls, geff , will vary throughout an oscillation cycle asgeff

5g@12G sin(vt)# for G<1. If the acceleration amplitude o
the oscillations is greater than one (G.1) the bed leaves the
hopper walls during a portion of the oscillation cycle a
contacts the walls at some later time. The equations or
nally derived by Suzukiet al.4 also included an empirically
derived expression for the bulk density of the bed as a fu
tion of G.

This paper examines the particle trajectories and
charge rates from a vertically oscillating, wedge-shaped h
per using both experiments and two-dimensional discrete
ement computer simulations. First the experiments
described and qualitative and quantitative results are
sented. Next, results from discrete element computer sim
tions are presented. Last, these results are compared w
model originally proposed by Suzukiet al.4 to predict the
mass discharge rate from a vertically oscillating hopper.

II. EXPERIMENTS

The experimental apparatus consisted of a pla
wedge-shaped hopper filled with 1.3 mm diameter soda-l
glass spheres. The hopper was mounted on an electro
netic shaker that subjected the entire hopper apparatu
vertical, sinusoidal oscillations. A schematic of the appara
is shown in Fig. 1.

Two different hoppers~an MB Dynamics and a Ling
A-175! were used in the experiments. The front and r
walls of the first hopper, referred to hereafter as hoppe
were lined with smooth window glass; the 45° side wa
were made of Plexiglass with a smooth milled finish. T
distance,C, between the front and back walls was 12.7 m
~approximately 10 particle diameters! and the exit width,B,

FIG. 1. A schematic of the experimental apparatus.
Downloaded 20 Apr 2004 to 131.215.101.185. Redistribution subject to AI
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was 4.0 mm giving an exit hydraulic diameter,Dh

5(BC)1/2, of approximately 7.1 mm. The second hopper,
hopper II, had a depth of 12.4 mm and an exit width of 9
mm (Dh510.9 mm); the front and back walls were Plex
glass. The experiments with the glass walls of hopper I
not appear to be affected by static electricity. With the Ple
glass walls of hopper II, some particles did adhere to
walls after the bed was emptied; however, the amount
material remaining on the walls was much less than the t
amount discharged.

The vibration frequency and acceleration were mo
tored using accelerometers mounted to the base plate o
shakers. For hopper I, the frequencies,f , examined in the
experiments ranged from 20 to 60 Hz and the dimension
acceleration amplitude of the oscillations,G5av2/g, ranged
from 0 to 4.0. For hopper II, the range was larger, with fr
quencies from 5 to 80 Hz, and dimensionless accelerat
up to G58.0.

In all of the experiments, the hoppers were filled wi
200–250 g of particles so that the initial height of the fr
surface was at least 10Dh . The average discharge rate w
determined by recording the time required for the hoppe
completely discharge a known mass of material. Without
bration, the instantaneous discharge rate was approxima
constant except for a short transient when the hopper ex
first opened, and a final transient when the free surf
height of the material above the exit is approximately eq
to the exit diameter.8

A. The flow field

To follow the trajectories of particles within the hoppe
some of the clear glass spheres were dyed black. The no
brating hopper displayed a typical funnel flow pattern as
discharged where a region of stagnant material appeared
jacent to each inclined hopper wall. The free surface of
material formed a V-shaped valley with particles contin
ously avalanching down the sloped surfaces toward the c
ter line of the hopper. As the height of the free surface fro
the exit plane decreased, the stagnant regions became sm
until all of the material in the hopper flowed.

With vibration, the flow pattern depended on the mag
tude of the vibrational acceleration. With the hopper e
closed forG.1, two convection cells appeared with particl
moving up in a narrow boundary layer along the inclin
walls of the hopper and down at the center line of the hopp
These convection cells were similar, but in the opposite
rection, to the convection cells observed in granular b
subject to vertical oscillations in containers with vertic
walls.6,9 Surface waves forming at one-half the oscillatio
frequency~referred to asf /2 waves! also appeared on th
free surface of the bed when the dimensionless accelera
amplitude,G, was between 2.5 and 4; these waves are sim
to those observed in experiments of vibrating granu
beds.2,10 Figure 2 shows photographs of the surface wa
with the hopper illuminated from the back.

When the exit of the hopper was opened the circulat
patterns continued as the hopper discharged. Figure 3 sh
a sequence of images in which the hopper is filled with
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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3441Phys. Fluids, Vol. 14, No. 10, October 2002 Effects of vertical vibration on hopper flows
ternating layers of clear and dyed beads. The images
taken at G56 and f 510 Hz. At t510 s the hopper is
opened and the material begins to discharge. The mat
continues to circulate as the hopper discharges untilt
521.8 s the hopper is completely emptied. Thef /2 surface
waves also continue to form as the material discharges f
the hopper until the height of the free surface of the bed fr
the hopper exit is approximately five exit widths.

Note that the convection strength and direction dep
strongly on the hopper wall angle.11,12 For wall angles less
than approximately 10°~measured with respect to the ver
cal! the convection cells are oriented downward at the w
while for angles greater than 10° particles move up at

FIG. 2. Photograph of a back-lit, vibrating hopper showing the formation
f /2 surface waves forG53.4 andf 530 Hz.

FIG. 3. A sequence of photographs of a vibrating hopper~G56, f 510 Hz!
showing the formation of side-wall convection cells near the inclined w
of the hopper. The hopper is initially closed but is opened att510 s. The
hopper discharges completely att521.8 s.
Downloaded 20 Apr 2004 to 131.215.101.185. Redistribution subject to AI
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walls. Here only a single wall angle of 45°, for which th
convection cells were oriented upward at the walls, was
vestigated.

B. Mean discharge rates

The mean discharge rate from the hopper,W, was mea-
sured over the range of frequencies and accelerations.
discharge rates are normalized by the mean discharge rat
the nonvibrating hopper,W0 , and are presented in Fig. 4 as
function of dimensionless oscillation acceleration amplitu
G5av2/g, and in Fig. 5 as a function of dimensionless o
cillation velocity amplitude,av/(gDh)1/2. Each experimen-
tal data point in the figures represents the average of fiv
eight measurements. The difference in discharge rate f
experiment to experiment was at most 3%; the uncertaint
the discharge rate was approximately 5% due to the te
nique for measuring the discharge time and the loss of
terial due to static charge.

As shown in Fig. 4, there does not appear to be a
significant difference between the data obtained with the

f

s

FIG. 4. The ratio of the mass discharge rate from an oscillating hopperW,
divided by the mass discharge rate from a nonvibrating hopper,W0 , plotted
as a function of the dimensionless oscillation acceleration amplitudeG
5av2/g.

FIG. 5. Mass discharge rate from an oscillating hopper divided by the m
discharge rate from a nonvibrating hopper,W/W0 , plotted as a function of
the dimensionless oscillation velocity amplitude,av/(gDh)1/2.
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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different hoppers. The discharge rate,W/W0 , for frequencies
below 50 Hz decreases with increasing acceleration leve
a fixed acceleration, the decrease is most significant at
lowest frequencies. For the highest frequencies~60 and 80
Hz!, the dimensionless discharge rate is approximately eq
to or slightly greater than unity.

Figure 5 indicates that the dimensionless discharge
scales more closely with the velocity amplitude than with
acceleration amplitude. This result was also found in the
lier studies on horizontal vibration.1 Again, the discharge
rates above unity correspond with the frequencies betw
60 and 80 Hz. For frequencies lower than 60 Hz, the d
show a monotonic decrease with vibrational velocity with
secondary dependence on acceleration level. At the lar
dimensionless velocity amplitude investigated,av/(gDh)1/2

'2.0, the discharge rate ratio is approximately 0.5.

C. Velocities of exiting particles

The hopper exit velocity was measured for different f
quencies and accelerations by recording the flow through
front surface of the hopper at a rate of 2000 frames
second using a Redlake MotionScope camera. Par
tracking13 is used to determine the particle velocities near
exit plane. By maximizing the number of pixels per partic
the error in the measurements is approximately 2%.

The velocity of the exiting particles was obtained
averaging over particles within 2 diameters above the hop
exit plane. Hence, the interrogation area moved with the
nusoidally oscillating hopper exit with the neutral positio
taken at the beginning of the oscillation cycle. The data w
also averaged over several cycles of vibration with the s
tial and temporal averaged velocity calculated in time int
vals of 0.1/f . Each data point represents an average o
approximately 100–200 particle trajectories. The root-me
square~rms! velocity fluctuations over an oscillation cycl
were also calculated.

Figure 6 presents the normalized velocity measurem
as a function of the oscillation cycle atG51.0 for 10, 20,
and 40 Hz. The values are normalized by the cycle-avera

FIG. 6. Discharge velocity of particles relative to the hopper exit normali
by the cycle-averaged velocity and rms velocity as a function of oscilla
cycle. Data are shown forG51.0 andf 510, 20, and 40 Hz.
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velocity. The results show that normalized velocities va
sinusoidally with a phase lag that depends on the vibratio
frequency. At 40 Hz, the phase lag is almostp, but for 10
Hz, the phase lag is smaller, approximately 0.6. The am
tude of the normalized velocity also depends on frequen
At 10 Hz, the maximum velocity amplitude is approximate
50% of the average value; at 40 Hz the amplitude is appro
mately 10% of the average value. Figure 6 also presents
normalized rms velocity fluctuations as a function of the o
cillation cycle. Although there is some variation over th
cycle, the values remain at approximately 20–25% of
average velocity. Note that these fluctuations are avera
over the width of the hopper exit. Similar trends are observ
for G53.0 at 20, 40, and 60 Hz.

The velocity data forG56.0 for 20 and 40 Hz, shown in
Fig. 7, are plotted over two cycles of vibration since th
acceleration is beyond the period-doubling bifurcation acc
eration observed in earlier studies.2 The variation in the dis-
charge velocity between the two cycles is clearly observe
the data for 20 Hz. The figure also shows that over part of
cycle, the hopper is moving down faster than the discharg
material; hence, the material actually re-enters the hop

d
n

FIG. 7. Discharge velocity of particles relative to the hopper exit normaliz
by the cycle-averaged velocity and rms velocity as a function of oscillat
cycle. Data are shown forG56.0 andf 520 and 40 Hz.

FIG. 8. Cycle-averaged discharge and rms velocities normalized by
nonvibrating hopper discharge velocity as a function of dimensionless
locity amplitude.
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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Downloaded 20 Apr
TABLE I. The parameters used in the computer simulation for the vertically oscillating closed hopper.

Parameter Value

Particle diameter distribution 0.8–1.2 mm~uniform distribution!
Particle density 2500 kg/m3

Exit width/mean particle diameter 25
Wall angle measured from the centerline 65°

Number of particles 513
Coefficient of restitution for particle/particle contacts 0.9

Friction coefficient for particle/particle contacts 0.5
Coefficient of restitution for particle/wall contacts 0.9

Friction coefficient for particle/wall contacts 1.0
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The fluctuation velocities are also significantly larger th
those observed at the smaller accelerations. At 40 Hz,
differences over the two cycles of vibration are less evide

Figure 8 presents the cycle-averaged discharge and
velocities atG50, 1, 3, and 6 normalized by the dischar
velocity measured for a nonvibrating hopper. The cyc
averaged velocities are within 25% of the value for no vib
tion. In addition, the cycle-averaged rms velocities are of
same magnitude. Hence, vibration of the hopper does
significantly affect the average discharge velocity of the m
terial.

III. DISCRETE ELEMENT COMPUTER SIMULATIONS

A two-dimensional soft-particle discrete element simu
tion was also used to study the vibrated hopper phenom
The granular material in the simulation consists of spher
particles with a uniform distribution of diameters between
specified minimum and maximum diameter. Each parti
has two translational and one rotational degree of freed
The contact model uses a damped linear spring in the no
direction and a linear spring in series with a frictional slidi
element in the tangential direction.14 The coefficient of res-
titution ranges from 0.90 to 0.95 for both the particle-t
particle and the particle-to-wall contacts. The friction coe
cient for the particle-to-particle contacts is 0.5, and for
particle-to-wall contacts is either 0.5 or 1.0. The larger v
ues of the friction coefficient increased the net circulat
within the bed. The particles have a density of 2500 kg/3

and an average diameter of 3 mm. The details of the si
lation parameters can be found in Wassgren.9

FIG. 9. Side-wall convection cells in a simulated vertically oscillating ho
per with a closed exit. The vectors indicating the net displacement of
ticles per oscillation cycle are shown. The displacements are averaged
20 oscillation cycles and the circles are the vector arrowheads.
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A. Convection in a closed hopper

The first series of simulations were performed for a co
tainer with inclined walls and a closed exit using 513 p
ticles atf 52.0 and 5 Hz. The parameters for this simulati
are listed in Table I. Two convection cells similar to tho
observed in the experiments appear as shown in Fig. 9.
ticles move up along the inclined walls of the container a
down at the center line. When the particle bed leaves
hopper floor, few particle collisions occur with the hopp
walls since the walls slope away from the bed and the
remains closely packed as shown in Fig. 10~a!. Thus, the
walls apply no force to the particle bed as the bed moves
relative to the hopper. While the bed is in flight it dilate
since it is no longer constrained by the container wa
When the dilated bed falls back toward the hopper floo
contacts the inclined walls of the container prior to impacti
the base as shown in Fig. 10~b!. Due to friction, the walls
retard the downward motion of particles near the wall
compared to the remainder of the bed. The resulting net
tion of particles near the container walls over an oscillat
cycle is upwards along the inclined walls. This same mec
nism can also explain the downward motion of partic
along vertical walls in vertically vibrated granular beds.9

B. Discharge from a stationary hopper

The flow of granular material from the simulated hopp
was also examined. Since the particles are not ‘‘recycled
the simulations, a particle is eliminated from the calculati
once it reaches a distance of five hopper widths below
exit plane. The simulation uses a sufficient number of p

-
r-
ver

FIG. 10. Snapshots from a simulation of a vertically oscillating hopper~G
52.0, f 55 Hz! with a closed exit at a phase angle of~a! f/(2p)50.30
~bed moving up relative to the hopper walls! and ~b! f/(2p)50.80 ~bed
moving down relative to the walls!.
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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Downloaded 20 Apr
TABLE II. The parameters used in the computer simulations for the vertically oscillating open hopper.

Parameter Value

Particle diameter distribution 2.8–3.2 mm~uniform distribution!
Particle density 2500 kg/m3

Exit width/mean particle diameter 11
Wall angle measured from the centerline 45°

Number of particles 10 000
Coefficient of restitution for particle/particle contacts 0.95

Friction coefficient for particle/particle contacts 0.5
Coefficient of restitution for particle/wall contacts 0.95

Friction coefficient for particle/wall contacts 0.5
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ticles (N510 000) to ensure that a steady flow is achiev
The remainder of the simulation parameters are given
Table II.

When a particle crosses the horizontal plane of the h
per exit, the time, the horizontal position of the particle, t
particle’s translational and rotational velocities, and the p
ticle’s radius and mass are recorded. The mean discharge
from the hopper is measured by counting the total numbe
particles discharged from the hopper between a spec
start and end time. The start and end times are chosen
that the initial and final transient periods are avoided. T
flow properties are computed across the exit of the chan
by dividing the exit into 10 equal length segments. If a p
ticle lies in two adjacent sections, the properties are weigh
by the fraction of the particle mass within that section. No
that the exit is 11 particle diameters in width.

Figure 11 presents the mass flow rate, the velocity,
the bulk density as a function of position across the exit o
nonvibrating hopper. The values are normalized by the v
ues averaged over the width. The bulk density of a sectio
calculated from the mass flow rate divided by the aver
velocity in that section and the corresponding section wid
Note that the maximum solid fraction of a monolayer
particles across the hopper exit isp/6. The solid fraction
calculated from the simulations is 84% of the maximu

FIG. 11. Spatial distribution of the mass flow rate,W, particle velocity,V,
and bulk density,rb , across the exit plane of a simulated nonvibrati
hopper. The quantities are normalized by their average over the exit p
 2004 to 131.215.101.185. Redistribution subject to AI
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value. The average discharge velocity is 1.3(gDh)1/2, so that
the mass flow rate isW051.3rb(gDh)1/2A whereDh is taken
as the width of the hopper exit (11d) andA511d2.

C. Discharge rates with vibration

The ratio of the mass discharge rate to the mass
charge rate for the nonvibrating hopper,W/W0 , is plotted in
Fig. 12 as a function of amplitude oscillation veloci
av/(gDh)1/2 for 0,G,5 and for frequencies from 5 to 6
Hz. The simulation data show the same trends as the
gathered from the experiments. If the data are plotted a
function of the acceleration amplitude, the simulation resu
appear to follow the experimental trends indicating that
dimensionless discharge rate was closer to unity for hig
frequencies~50 and 60 Hz! at a fixed value of the accelera
tion amplitude.

Besides the average discharge rate, the simulations w
used to determine other properties of the flow. In Fig. 13
discharge rate as a function of phase angle (Df52p/10) is
presented at a frequency of 20 Hz. The data are obtaine
mass-averaging over 70 oscillation cycles. The values
normalized by the discharge rate without vibration. As t
acceleration amplitude increases, the ratio of the discha
rates show deviations from unity over the cycle of vibratio
As the hopper begins its upward motion@0,f/(2p)
,0.25#, the ratio is greater than unity and the material
discharging faster than it would without vibration. As th

e.

FIG. 12. Mass discharge rate from an oscillating hopper divided by the m
discharge rate from a nonvibrating hopper,W/W0 , plotted as a function of
the dimensionless oscillation velocity amplitude,av/(gDh)1/2. The plot
only includes simulation data.
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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3445Phys. Fluids, Vol. 14, No. 10, October 2002 Effects of vertical vibration on hopper flows
hopper moves downwards@0.25,f/(2p),0.75#, the ratio
is less than unity. ForG50.5 and 1.0, the discharge rat
increases to values above unity as it moves upwards@0.75
,f/(2p),1.0#. For these two accelerations the discha
rate appears to roughly follow a cosine pattern with an a
plitude that increases with vibrational velocity. ForG52.0
and 3.0, the discharge ratio deviates from a cosine wave,
the ratio remains below unity for a greater portion of t
cycle.

In Fig. 14, similar results are shown for the normaliz
discharge rate at 60 Hz atG50.5, 1.0, and 2.0. The ratio
appear to be slightly larger than unity as the hopper mo
upwards, and at or slightly below unity for the remainder
the cycle. The cycle-averaged discharge rates are all wi
10% of the discharge rate without vibration.

In addition to the variation of the mass discharge r
within the vibration cycle, it is also possible to determine t
velocity of the particles exiting the hopper. Figure 15 p

FIG. 13. The ratio of the mass discharge rate for a hopper oscillating
frequency of 20 Hz to the mass discharge rate from a nonvibrating hop
W/W0 , plotted against fraction of an oscillation cycle,f/(2p), for various
dimensionless acceleration amplitudes.

FIG. 14. The ratio of the mass discharge rate for a hopper oscillating
frequency of 60 Hz to the mass discharge rate from a nonvibrating hop
W/W0 , plotted against fraction of an oscillation cycle,f/(2p), for various
dimensionless acceleration amplitudes.
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sents the vertical exit velocity relative to the hopper e
normalized by the cycle-averaged velocity as a function
phase angle for a frequency of 20 Hz. The discharge velo
and mass flow rate show the same phase dependence. H
particles are leaving the hopper faster as the hopper is m
ing upwards and slower as the hopper is moving downwa
Figure 16, however, shows that the bulk density of the e
ing material varies little over the oscillation cycle.

The average relative discharge velocity and bulk den
for an oscillating hopper normalized by the average d
charge velocity and bulk density for a stationary hopper
plotted in Figs. 17 and 18, respectively, as a function of
oscillation velocity amplitude. These figures indicate that
variations in the average mass flow rate due to vibration
influenced more by the variations in the bulk density than
the variations in the discharge velocity. For the parame
investigated the ratio of the bulk density for a vibrating ho
per to the nonvibrating bulk density remains less than 1 w
the smallest deviation occurring at small velocity amplitud

a
er,

a
er,

FIG. 15. The discharge velocity of particles relative to the hopper e
normalized by the cycle-averaged velocity,Vrel /Vrel,avg, as a function of
phase angle,f, for a hopper oscillating at a frequency of 20 Hz.

FIG. 16. The bulk density of particles at the hopper exit normalized by
cycle-averaged bulk density,rb /rb,avg, as a function of phase angle,f, for
a hopper oscillating at a frequency of 20 Hz.
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The discharge velocity ratio, however, is less than 1 for f
quencies less than approximately 20 Hz but is greater tha
for frequencies greater than 20 Hz.

Measurements of the horizontal position of particles a
their velocities as they discharge from the hopper are a
made with the simulations. The vertical velocity of particl
relative to the hopper exit are shown in Fig. 19 for a hop
oscillating at f 520 Hz and G52.0. The data points ar
mass-averaged over 70 oscillation cycles. The discharge
file for a nonvibrating hopper is also included in the plot a
is indicated by the thicker line. The vertical velocity relativ
to the hopper at discharge fluctuates in a manner consis
with the measurements in Fig. 15. Furthermore, it is o
served that while the granular bed is in flight, the discha
profiles are more uniform than when the bed is in cont
with the hopper walls. This occurs because the walls sh
the particle bed at the discharge plane.

IV. DISCUSSION

The simulation and experimental data show simi
trends although the absolute values of the data are no
same. This discrepancy may be due to the fact that the s

FIG. 17. Average discharge velocity~relative to the hopper exit! from an
oscillating hoppper normalized by the average discharge velocity fro
stationary hopper,Vrel,avg/V0 , plotted as a function of the dimensionles
oscillation velocity amplitude,av/(gDh)1/2. The plot only includes simula-
tion data.
oo
s
d
te
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lations were two dimensional while the experiments we
three dimensional. For a particular set of vibration para
eters,G and f , the instantaneous mass flow rate from t
hopper closely follows the instantaneous velocity of exiti
particles relative to the hopper~Figs. 13 and 15! while the
bulk density of particles leaving the hopper varies little ov
an oscillation cycle~Fig. 16!. However, for differing vibra-
tion conditions the average relative velocity remains nea
constant, less than 10% variation for the parameters inve
gated~Fig. 17!, and instead it is the variation in the avera
bulk density that most affects the mass flow rate~Fig. 18!.
Note that although the strength of the convection cells va
with velocity amplitude,9 there is little influence on the dis
charge velocity from the hopper. Hence, the convection c
seem to play only a minor role on the mass discharge ra

The data gathered in this study is also compared with
model proposed by Suzukiet al.4 in which the discharge rate
is assumed to be a function of the instantaneous ‘‘effec
gravity’’ acting on the particle bed. In their model, Suzu
et al.4 suggest that the instantaneous discharge rate from
hopper is given by

W}rbgeff
1/2Dh

5/2, ~2!

where the effective gravity,geff is given by

a

FIG. 18. Average discharge bulk density from an oscillating hopper norm
ized by the average bulk density from a stationary hopper,ravg/r0 , plotted
as a function of the dimensionless oscillation velocity amplitud
av/(gDh)1/2. The plot only includes simulation data.
geff5H g@12G sin~vt !# when the bed rests on the hopper walls,

0 when the bed is in flight,

dẏbed/dt when the bed just impacts the hopper walls,

~3!
do
en-
den-
ation
where the acceleration acting on the bed at impact,dẏbed/dt,
is approximately equal to the difference between the fl
velocity at impact and the particle bed free fall velocity ju
prior to impact divided by the duration of the impact perio
Suzukiet al.4 also propose that the only vibration parame
on which the bulk density of the material,rb , should depend
is the dimensionless acceleration,G, with the bulk density
r
t
.
r

increasing when vibration is applied.
The data found in the experiments and simulations

not agree with the previously described model. The bulk d
sity measurements presented here indicate that the bulk
sity has a dependence on both the frequency and acceler
amplitude and, furthermore, the bulk densitydecreaseswhen
vibration is applied. Suzukiet al.4 claim that the bulk density
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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of the materialincreaseswhen the hopper is subject to osc
lations. In addition to the differences with the bulk dens
observations, the relative velocity of the material leaving
hopper is different than what is proposed in the Suzukiet al.4

model. In their model the velocity of the exiting material
proportional to the square root of the effective gravity,Vrel

}Ageff, where the effective gravity is given in Eq.~3!. As
shown in Fig. 15 where the velocity normalized by the cyc
averaged velocity is plotted as a function of oscillation ph
angle forf 520 Hz, the effective gravity model proposed b
Suzukiet al.4 is inaccurate in predicting the velocity of pa
ticles exiting the hopper. In particular, the assumptions t
there is no discharge during the period when the bed is no
contact with the hopper walls and that there is a sudden s
of material when the bed impacts the hopper walls are cle
in error. In fact, the measurements reported here indicate
the effective gravity acting on the bed remains essenti
constant and that the variation in the mass flow rate from
hopper is due to the movement of the hopper exit. As
shown in Fig. 17, the average discharge velocity varies li
over the range of oscillation conditions investigated he
The variations in the average mass flow rate are thus du
variations in the average bulk density~Fig. 18!.

The mechanism causing the slight increase in the exp
mental discharge rate at low velocity amplitudes remains
clear. One possibility is that the relative mobility of the m
terial increases in this region while the density rema
relatively unaffected. Indeed, the experimental measu
ments by Ziket al.15 show that the mobility of a particle in a
vibrating bed is much greater whenG.1 than forG,1.

It is interesting to compare the flow behavior
horizontally1 and vertically oscillated hoppers. Both types
vibration affect the hopper flow but in very different way
For horizontal oscillations, small side-wall convection ce
appear at the free surface of the particle bed near the ho
walls. Particles fall down along the hopper walls in the g
that opens up when the hopper moves away from the par
bed. The convection cells do not extend along the length
the wall as they do in vertically vibrated hoppers. A mo
striking difference between horizontally and vertically osc
lated hoppers occurs in the discharge patterns and flow r

FIG. 19. The discharge velocity profile relative to the hopper exit at vari
phase angles for a hopper oscillating atG52 and f 520 Hz.
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While the discharge pattern in a vertically vibrated hopp
discharges more readily from the central core of the hop
a horizontally oscillated hopper has an ‘‘inverted’’ patte
where material discharges more readily at the hopper wa
In addition, the mass discharge rate in a horizontally os
lated hopper increases with applied vibration in contras
the decrease in mass flow rate observed with vertically
cillated hoppers. For both cases the discharge rate scales
oscillation velocity amplitude.

V. CONCLUSIONS

Granular flow from a vertically vibrating hopper wa
investigated. Particles within a closed hopper exhibit conv
tion cells and surface waves similar to those observed
studies of horizontal beds. The convection cells are orien
such that particles move up along the inclined hopper w
and down at the hopper’s center line. Observations from
crete element simulations indicate that the convective mo
is a result of the dilation of the particle bed during free f
and interaction with the hopper walls.

The ratio of the discharge rate from a vibrating hopper
the discharge rate from a nonvibrating hopper decreases
vibration except at the highest frequencies. The discha
rate scales with the vibration velocity amplitude with a se
ondary dependence on the acceleration amplitude. The v
tion in the mass discharge rate during an oscillation cy
occurs primarily due to the relative velocity between the d
charging material and the oscillating container. The bulk d
sity of the material changes little during the oscillation cyc
The variations of the mass discharge rate for different os
lation parameters, however, is due to variations in the d
charging material’s bulk density. These findings do not s
port the model proposed by Suzukiet al.4 that accounts for
the mass discharge rate trends using a variable effec
gravity acting on the material within the hopper.

Although subjecting an entire hopper to vertical vibr
tions may not be practical in many applications, these res
serve to demonstrate the significant effects that vibration
have on flow from a hopper. The paper also demonstrates
effect of vibration on the internal flow field. Although no
studied in this paper, vertical vibration may prevent arch
of a cohesive material due to the internal circulation of t
material.5
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