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ABSTRACT
TheRayleigh-Plessetequationhasbeenusedextensively to

modelsphericalbubbledynamics,yet it hasbeenshown that it
cannotcorrectlycapturedampingeffectsduetomassandthermal
diffusion. Radialdiffusionequationsmaybesolvedfor a single
bubble, but theseare too computationallyexpensive to imple-
ment into a continuummodel for bubbly cavitating flows since
the diffusion equationsmust be solved at eachposition in the
flow. Thegoalof thepresentresearchis to derive reduced-order
modelsthataccountfor thermalandmassdiffusion. We present
a model that can capturethe dampingeffects of the diffusion
processesin two ODE’s, andgivesbetterresultsthanprevious
models.

INTRODUCTION
A continuummodelthatcouplestheRayleigh-Plessetequa-

tion for bubble dynamicswith the equationsof continuity and
momentum(vanWijngaarden1968,1972)hasbeenusedexten-
sively in thecomputationof bubblycavitating flows. Recentex-
amplesincludeShimadaet al. (1999),Wang(1999),Coloniuset
al. (2000)andPrestonet al. (2002). A significantlimitation is
theuseof a polytropic approximationto accountfor theexpan-
sion and compressionof the gasbubble interior and an effec-
tive liquid viscosityto accountfor dampingof thebubbleradial�

Addressall correspondenceto thisauthor.

motion dueto heattransfer(Prosperettiet al. 1988,Kameda&
Matsumoto1996). The correcttreatmentof the thermaleffects
requiresthesolutionof theradialenergy equationin eachbubble
andthesurroundingliquid; however this is anexpensivecompu-
tation.

Previous modelsthat accountfor thermaldiffusive effects
include the modelsof Prosperetti(1991) valid neareither the
isothermalor adiabaticlimits. Thesemodelswork well in the
limits for which they wereintended,but arenot accuratefor be-
havior betweenthetwo limits. Storey & Szeri(2001)developed
amodelthatswitchesbetweenisothermalandadiabaticbehavior
dependinguponrelativetimescales.While thisapproachyielded
goodestimatesof peakbubbletemperaturesduring bubblecol-
lapse,it is unableto correctlycaptureattenuationof bubblere-
boundsdueto thermaldampingeffects. Lertnuwat et al. (2001)
proposeda modelthat estimatedthe thermalenergy flux out of
the bubbleby usingan averagebubble temperatureandan es-
timation of the thermalpenetrationlength. This seemsa rea-
sonableapproachneartheadiabaticlimit, but is clearlynot rea-
sonablewhenthethermalpenetrationlengthapproachesor even
exceedsthebubbleradius.

We proposeanalternativethermalmodelthatis ableto cap-
ture thermaldampingeffectsover a wide rangeof applications.
The thermalmodelrequiresonly oneadditionalODE to be in-
tegratedalongsidethe Rayleigh-Plessetequation.Theaccuracy
of thethermalmodelis testedby comparingthemodelresponse
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of a singleforcedbubbleto a computationin which thefull en-
ergy equationin thebubbleinterior is solved. Resultsshow that
the proposedthermalmodel producescloseragreementto full
computationsthanpreviousmodels,particularlycaseswherethe
amountof attenuationof bubblereboundsis important.

Finally, we presentan extensionof the thermalmodel that
incorporatesmassdiffusionof vaporin thebubble. Preliminary
resultsindicatethat themasstransfermodelis alsoableto cap-
turetheextentof theinitial expansionandtheattenuationof the
bubble reboundsvery well. The masstransfermodel requires
oneadditionalODEto beintegrated.

THERMAL MODEL
The thermalmodel is basedon the simplified setof equa-

tions of Prosperettiet al. (1988) for a gasbubble with the in-
ternalpressureassumedto be spatiallyuniform. This assump-
tion enablesthederivationof thefollowing ordinarydifferential
equationfor theinternalbubblepressure,

dp
dt

� 3γ
R

�
poD
R

∂T
∂y ���� y� 1 � p

dR
dt �	� (1)

which is coupledto theRayleigh-Plessetequation1 for themo-
tion of theliquid,

R
d2R
dt2 
 3

2 � dR
dt � 2 
 4

ReR
dR
dt 
 2

WeR
� p � p∞ 
 t ��� (2)

The variables in the above equations have been non-
dimensionalizedas R � R��� R�o, T � T ��� T �o, p � p��� ρ �LR� 2o ω � 2o ,
while y � r � � R� 
 t � is theradialcoordinatechosento fix thebub-
ble wall at y � 1. The dimensionlessgasdiffusivity, Reynolds
number and Weber number are given respectively as D �
k� � ρ �oc�pR� 2o ω �o, Re � R� 2o ω �o � ν �L andWe � ρ �LR� 3o ω � 2o � S� , whereω �o
is thebubblenaturalfrequency. Thenon-dimensionalinitial in-
ternalbubblepressureis computedfrom equilibrium of Eq. (2)
as,po

� p∞o 
 2� We, wherep∞o is thenon-dimensionalambient
pressure.

The ordinary differential Eqs. (1) and (2) are typically
closedby the radial energy equationfor the temperaturedistri-
bution in thebubble,that is coupleddirectly to Eq. (1) through
the temperaturegradientat the bubblewall. We focuson ways
to estimatethe temperaturegradientat the bubblewall without
solving theenergy equation.From linearanalysisof theenergy
equationin thefrequency domain,we canwrite,

∂T̂ �
∂y ���� y� 1


 ω � � � Ψ 
 ω � ˆ̄T � 
 ω � � (3)

wherethetransferfunctionΨ 
 ω � is,

1The thermalmodelcanreadily be usedwith other forms of the Rayleigh-
Plessetequationthatincludeeffectsof liquid compressibility.
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Figure 1. Magnitude, α, and phase, θ of the transfer function, Ψ �
αeiθ, versus ω � D.

Ψ 
 ω � ���� ����� iω
D

coth
� iω

D � 1��� 1 � 3
D
iω �  ! � 1 � (4)

Hereprimesdenotesmallfluctuations,T̂ 
 ω � is theFouriertrans-
form of T 
 t � , andthe overbardenotesa quantityaveragedover
thebubblevolume.Themagnitude,α, andphase,θ, of Ψ � αeiθ

areplottedasfunctionsof frequency in Fig. 1. Weseein thelow
frequency, or nearlyisothermal,limit α " 5 andθ " 0 so that
Eq. (3) maybeinvertedexactly. Away from theisothermallimit
we avoid the convolution integral resultingfrom the inversion
by makingthecrudeapproximationof settingΨ 
 ω � � Ψ 
 ωc � in
Eq. (3), whereωc is acharacteristicfrequency of bubblemotion.
Thisallows theinversionto bewrittenas,

∂T �
∂y ���� y� 1


 t � � � α 
 ωc � T̄ � 
 t 
 ∆t � � (5)

where∆t � θ 
 ωc ��� ωc, representsaphasedifferencebetweenthe
temperaturegradientat the bubblewall andthe averagebubble
temperature. The next approximationthat we make is to ne-
glectthephasedifferenceandextendthemodelto thenon-linear
regime.Thefinal approximationis writtenas,

∂T
∂y ���� y� 1


 t �$# � α 
 ωc �&% T̄ 
 t � � 1'(� (6)

Finally, we usethe perfectgaslaw to approximatethe volume
averagedbubbletemperatureanddensity,

T̄ # p � ρ̄ � (7)) T̄ # pR3 � (8)

wherewehavealsousedtheassumptionthatthepressurewithin
the bubble is spatiallyuniform. Equations(1) and(2) together
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with the approximations(6) and(8) constitutethe final form of
the thermalmodel. It canbe shown that the thermalmodel is
identicalto thefull non-linearequationsin thenearlyisothermal
limit, while away from this limit the useof α 
 ωc � , computed
from Eq. (4), givesthebestagreementof thelinearizedformsof
thethermalmodelandfull equations.

While it is clear that for harmonicallyforced bubblesthe
characterisiticfrequency, ωc, shouldbetakenasthedriving fre-
quency, it is notsoclearwhatvalueof ωc shouldbeusedin more
generalapplications.Thereforein all computationswe usethe
linearnaturalbubblefrequency for settingthemodelparameter,
which underthe presentnon-dimensionalizationis achieved by
settingωc

� 1. Althoughthisapproximationis crude,our results
demonstratethatit workswell in awide rangeof computations.

RESULTS
Harmonic Forcing

The thermal model is intendedfor applicationto general
forcingsthatmay arisein continuumbubbly modelflows, such
asthe nozzleflow of Prestonet al. (2002). Ratherthantestthe
modelwith specificexampleswe useharmonicforcingsover a
wide rangeof frequenciesandamplitues.Theharmonicforcing
field is givenby,

p∞ 
 t � � p∞o 
 1 
 Asinω f t � � (9)

whereA is the non-dimensionalamplitudeand ω f is the forc-
ing frequency non-dimensionalizedby the linear naturalbubble
frequency.

Fig. 2 shows a bifurcationdiagramof the computedbub-
ble radiussampledat every period of the forcing, for a 10µm
radiusbubble driven at a forcing frequency ω f

� 0 � 8 with an
incrementallyincreasingdriving pressureamplitude.Thecurve
for the thermalmodel is almost identical to the full computa-
tion 2 throughthe first andsecondsubharmonicbifurcationsat
A # 1 � 61 and1 � 90. At A # 1 � 96 the full computationandther-
malmodelbothpredictchaoticbehavior for whichtheexactform
wasfoundto beverysensitiveto tolerancesin thenumericalinte-
grationaswell astherateatwhichthedrivingpressureamplitude
wasincreased.

We also comparethe thermal model with the polytropic
model (using the effective valuesof polytropic index, keff , and
damping ratio, β * µ�eff � µ�L, obtainedto match linear theory
(Prosperettiet al. 1988)). The curve for the polytropic model
with effective damping 
 β � 6 � 35� , while maintainingthe same
generalform asthe full computation,is shiftedsignificantly to
theright andslightly below thefull computation.Thepolytropic
modelwithouteffectivedamping
 β � 1� yieldsresultsthatagree

2Thefull computationsolvestheenergy equationfor thebubbleinteriorusing
a Chebychev spectralcollocationmethodwith an adaptablenumberof modes
(Kamath& Prosperetti1989,Hao& Prosperetti1999).
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Figure 2. Bifurcation diagram of the bubble radius sampled at every

period of the forcing pressure for an air bubble of equilibrium radius

R�0 � 10µmin water driven with forcing frequency ω f
� 0 � 8and a slowly

increasing pressure amplitude, A. Ambient conditions are 20+ C and 1 at-

mosphere. The curves show comparisons to the full computation of the

thermal model and the polytropic model with and without effective damp-

ing (β � 6 � 35 and 1 respectively). The effective polytropic index for the

polytropic model is keff
� 1 � 079and parameters for the thermal model

are D � 0 � 108and α � 5 � 184.

muchmorecloselywith thefull computation.It appearsthatthe
additionof effective dampingto the polytropic modelsubstan-
tially delaysthe onsetof the bifurcationsaswell slightly over-
dampsthebubbleresponse.

Figure3 shows the responseof a 10µmbubbleforcedwith
non-dimensionalpressureamplitudeA � 0 � 6 overa rangeof fre-
quencies.This graphplots (for a given forcing frequency, ω f )
themaximumvalueof bubbleradiusattainedduringasteadyos-
cillation. The thermalmodelshows excellentagreementto the
full computationover all rangeof frequencies,even thoughthe
modelwastunedfor forcing at thebubblenaturalfrequency. By
contrast,the polytropic model is unableto correctlypredictthe
locationandmagnitudeof theharmonicpeaks,andthebehavior
of themodeldependsstronglyon the(arbitrary)valueof effec-
tivedampingthatis used.

We alsoconstructedbifurcationdiagramsandfrequency re-
sponsecurvesfor a50µmbubble,whichshowedsimilar trendsas
the10µmbubble.For bothbubblesizesthethermalmodelgives
resultsthat agreewith the full computationmuchmoreclosely
thanthepolytropicmodelwith or without effectivedamping.

Gaussian Forcing
While the thermalmodelshows excellentagreementto the

full computationfor harmonicforcingsof a rangeof frequencies
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Figure 3. Frequency-response curves for the forced oscillations of an

air bubble of radius R�0 � 10µm in water for a dimensionless pressure

amplitude A � 0 � 6. Ambient conditions are 20+ C and 1 atmosphere. The

curves show comparisons to the full computation of the thermal model

and the polytropic model with and without effective damping (β � 6 � 35
and 1 respectively). The effective polytropic index for the polytropic model

is keff
� 1 � 079and parameters for the thermal model are D � 0 � 108

and α � 5 � 184.

andamplitude,wenow wish to testthemodelfor morecomplex
forcings.Singlebubblesaresubjectedto thefollowing Gaussian
decreasein farfield pressure,

p∞ 
 t � � p∞o , 1 � Aexp - � 
.
 t � to �/� tw � 2 021 � (10)

which hasbeenchosento approximatelyrepresentthe pressure
thatwould beexperiencedby a bubblethatis convectedthrough
the nozzleof Prestonet al. (2002). Figures4 and 5 compare
computedbubble radii of different modelsto the full compu-
tation for initial equilibrium radii of 4 and40µm, respectively.
For the small 4µm bubble (Fig. 4) the behavior is very close
to the isothermallimit, and as anticipatedthe thermal model
curve is essentiallyidentical to the full computation. In addi-
tion the nearly isothermalmodel of Prosperettiagreesalmost
exactly with the full computation,sincethis is within the limit
for which themodelis valid. Theswitchingmodelof Storey &
Szeri(2001)underestimatesthe attenuationbecausethereis no
thermaldampingin eithertheisothermalor adiabaticlimits. The
polytropicmodelwith effectivedampingunderpredictstheinitial
growth, probablydueto too muchviscousdampingthat results
from usinganeffectiveviscosity.

For thelarge40µmbubblethebehavior departssignificantly
from theisothermallimit. Figure5 showsthatthethermalmodel
capturesthe initial bubblegrowth andattenuationof bubblere-
boundsreasonablywell, but the periodsof the reboundsare
slightly overpredicted.The absenceof thermaldampingin the
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Figure 4. Computed bubble radius for an air bubble of equilibrium radius

R�0 � 4µm(D � 0 � 217) in water subject to a Gaussian decrease in far

field pressure (A � 1 � 0, tw � 40� 0). Ambient conditions are 20+ C and 1

atmosphere. The curves show comparisons to the full computation of the

thermal model (α � 5 � 089), the polytropic model with effective damping

(β � 2 � 64, keff
� 1 � 027), the switching model of Storey & Szeri (2001),

and the nearly isothermal model of Prosperetti et al. (1991).

switchingmodelof Storey & Szeri (2001) is clearly shown by
theslow decayof therebounds.By contrast,thenearlyisother-
mal model of Prosperettiseverely overpredictsthe attenuation
of the bubble rebounds. The polytropic model also behaves
poorly, sincethe useof a polytropic index of keff

� 1 � 213 pre-
ventsthecorrectpredictionof theinitial expansionwhich is rel-
atively slow andthereforenearerthe isothermallimit. It seems
that thepresentthermalmodelcancorrectlycapturethis nearly
isothermalexpansioneven thoughwe usea valueof α thathas
beenchosento matchbehavior away from this limit.

In Fig. 6 we presentplotsof thetemperaturegradientat the
bubblewall asa functionof averagebubbletemperaturefor the
computationsin Figs.4 and5. Thepresentmodelrepresentsthis
relationasa straightline with slopeα (cf. Eq. (6)). Thebehav-
ior for thefull computationcanberemarkablydifferent.For the
small 4µm bubble(nearly isothermalbehavior) thereis a small
hysterisisloop in thefull computation,althoughtheloop is very
thin and always closeto the single line of the thermalmodel.
For the large 40µmbubblethe hysterisiseffect is far morepro-
nouncedandit is evidentthatthethermalmodelseverelyunder-
estimatesthe temperaturegradientat thepoint aroundthemini-
mumradius(maximumaveragebubbletemperature).

Therearetwo reasonswhy this underpredictionof temper-
aturegradientdoesnot significantly impact the overall results
of the thermalmodel. Firstly, the time of bubblecollapsewhen
theselarge gradientsoccur is extremelyshort comparedto the
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Figure 5. Computed bubble radius for an air bubble of equilibrium radius

R�0 � 40µm(D � 0 � 0287) in water subject to a Gaussian decrease in

far field pressure (A � 1 � 0, tw � 40� 0). Ambient conditions are 20+ C
and 1 atmosphere. The curves show comparisons to the full computation

of the thermal model (α � 7 � 524), the polytropic model with effective

damping (β � 19� 91, keff
� 1 � 213), the switching model of Storey &

Szeri (2001), and the nearly isothermal model of Prosperetti et al. (1991).
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Figure 6. Temperature gradient at bubble wall as a function of average

bubble temperature for full computation and thermal model for computa-

tions in Fig. 4 (R�0 � 4µm) and Fig. 5 (R�0 � 40µm).

overall periodof a reboundcycle so that the model is only in-
accuratefor a very shortperiodof time. Secondly, whenlarge
temperaturegradientsoccur, thebubbleis nearits minimumra-
diussothat thetotal surfaceareathroughwhich thermalenergy
is transferredby conductionis very small. Consequentlythis
leadsto only aslightunderpredictionof thermalenergy loss,and
henceonly a slight underpredictionof attenuationof thebubble
rebounds.

We alsocomparedthe thermalmodel to the full computa-
tion for a 40µm bubblesubjectto Gaussianpressuredecreases

with severaldifferentamplitudesanddurationsandfoundgood
agreementin all cases.

EXTENSION TO INCLUDE MASS TRANSFER
The simplified masstransfermodel is an extensionof the

thermalmodel. Assumingthat theratiosof specificheatsof the
non-condensiblegasandvaporareequalEq. (1) canberederived
to yield thefollowing (Ichiharaet al. 2000),

dp
dt

� 3γ
R

�
p0D
R

∂T
∂y ���� y� 1 � p

dR
dt 
43 vTwṁ� �v � � (11)

Here 3 v is thegasconstantof thevaporandṁ� �v is themassflux
of vaporper unit areainto the bubble. The last term represents
anadditionalenergy flux dueto flux of vaporinto or out of the
bubble. To closetheequationswe needto beableto determine
thevalueof ṁ� �v . Fromreciprocaldiffusion,we canalsowrite,

ṁ� �v � ρ 5 1
R

∂C
∂y ���� y� 1 � (12)

whereρ, 5 andC arethegasmixturedensity, massdiffusivity of
thegas/vapormixtureandmassconcentrationof vapor, all eval-
uatedat thebubblewall. To avoid solvingthefull massdiffusion
equationsin thebubblewe make a similar approximationto Eq.
(6),

∂C
∂y ���� y� 1

# � αC 6 C̄ � Cw 7 � (13)

HereCw is the concentrationof vaporat the wall which is de-
terminedby the assumptionthat the partialpressureof vaporis
equalto thesaturatedvaporpressure.Thevolumeaveragedcon-
centration,C̄, is approximatedby,

C̄ # mv

ma0 
 mv � (14)

wherema0 is the constantmassof non-condensiblegasin the
bubbleandmv is the total massof vaporin thebubblewhich is
found by integrating4πR2ṁ� �v in time. The valueof αC in Eq.
(13) is againdeterminedby matchingto linear theory, but be-
causethe thermalandmassdiffusivities for air/vapormixtures
areapproximatelythesame,wesimplychooseαC

� α for all the
computations.Equations(11) through(14) constitutethe new
setof equationsfor the presentmodel. The form of theEq. (8)
alsohasto bemodifiedto allow for a nonconstantmassof bub-
ble contents.Theadditionalcomputationalexpenseof themass
transfermodelover thethermalmodelis only the integrationof
oneextraODEto determinethetotalmassof vaporin thebubble.

Figure7 comparesthe bubbleradiusfrom a full computa-
tion3 to thepresentmasstransfermodel.In additionweconsider

3Thefull computationsolvestheenergy andmassdiffusionequationsfor the
bubbleinteriorusingtheChebychev spectralcollocationmethod.
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Figure 7. Computed bubble radius for an air/vapor bubble of equilibrium

radius R�0 � 40µm (D � 0 � 0284) in water subject to a Gaussian de-

crease in far field pressure (A � 1 � 0, tw � 40� 0). Ambient conditions

are 20+ C and 1 atmosphere. The curves show comparisons to the full

computation of the present model with α chosen to match linearized full

equations (α � 7 � 5) and the polytropic model with effective damping

(β � 19� 91, keff
� 1 � 213).

a polytropic modelthatassumesa constantvaporpressure.Pa-
rametersfor thecomputationsarethesameasfor Fig. 5 except
for the additionof vapor. We seethat the masstransfermodel
yieldsresultssimilar to the thermalmodel,althoughratherthan
underpredictingtheattenuationit overpredictsit, andratherthan
overestimatingthe periodof bubblereboundsit slightly under-
predictsit. Themasstransfermodelis superiorto thepolytropic
modelwhich suffersfrom thesameproblemasthecasewithout
vaporin thattheinitial expansionis grosslyunderpredicted.

CONCLUSION
A simple and efficient model that accountsfor thermal

dampingeffects in gasbubbleshasbeenpresented.The ther-
malmodelhasbeenshown to haveexcellentagreementwith ex-
pensive full bubblecomputationsovera wide rangeof harmonic
forcing frequenciesandamplitudes.In addition,whensubjected
to morecomplex Gaussianforcings,thethermalmodelyieldsre-
sultsthatagreeto full thermalcomputationsmuchmoreclosely
thanprevioussimplemodels.Neartheisothermallimit thether-
mal modelis equivalentto thenearlyisothermalmodelof Pros-
peretti(1991),but away from this limit the thermalmodeldoes
betterthanthenearlyisothermalmodel.

The thermalmodelhasalsobeenextendedto includemass
diffusion of vapor within the gasand preliminary resultsindi-
catethatthismasstransfermodelobtainsresultsthatagreemuch
morecloselywith a full gas/vaporbubblecomputationthanthe

polytropic modelwith effective dampingandassumedconstant
vaporpressure.It now remainsto incorporatethesimplemodel
into thebubbly continuummodelto gaugewhateffectsthedif-
fusivedampinghasin a varietyof bubblycavitatingflows.
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