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ABSTRACT 

This t h e s i s  develops a method of solving 

axisymmetric cav i ty  flow problems using a  ela ax at ion o r  

numerical technique. 

Chapter 1 contains a general review of t he  

phenomenon of cav i ta t ion  i n  f l u i d s .  Special  reference i s  

then made t o  f u l l y  developed cav i t i e s  i n  an Euler or  

i d e a l  f l u f d  f o r  both plane and axisymmetric flow. The 

basic theorems and equations a r e  presented , with t h e  

various types of mathematical model which have been 

suggested. Deta i ls  of t he  fundamental f ea tu re  of t h i s  

type of flow , namely the  phenomenon of flow separat ion , 
a re  given. A t  t he  conclusion of t h e  chapter t he  analyt ic  

methods of solut ion of' plane cav i t a t i ng  flow and , i n  

p a r t i c u l a r  , those using t h e  Riabouchinsky model , a r e  

outl ined.  The numerical r e s u l t s  of a per t inant  example 

of t h i s  type of flow a r e  included i n  Appendix A with some 

addi t iona l  comments on t h e  phenomenon of choked cav i ty  

flow. 

Chapter 2 provides a b r ie f  account of t h e  

previous approaches t o  t he  problem of axisymmetrfc 

cav i t a t i ng  flow. These include j empirical r e s u l t s  j 

theor ies  based on source-sink and vortex sheet 

d i s t r i bu t ions  ; theor ies  based on cor re la t ion  with t he  

corresponding plane flow solut ions  ; previous appl ica t ions  

of re laxat ion methods. 



Chapter 3 develops t h e  bas ic  equations f o r  

axisynrmetric cavi ty  flow i n  the  transformed (P ,Y/ plane 

i n  which it i s  proposed t o  solve f o r  the  dependent 

variable f (equal t o  rS , where r i s  t he  r a d i a l  var iable  

i n  the  physical plane) - The equations prove t o  be of 

t he  non-linear e l l i p t i c  type.  Relations f o r  the  

boundary conditions , and ce r t a in  o ther  relevant  physical 

quant i t ies  , are  then evolved i n  terms of t he  der ivat ives  

of f .  . The determinacy of t he  problem i n  t h i s  plane 

requires ca re fu l  inves t igat ion.  Special  reference i s  

made t o  two important phenomena ; (i) t h a t  of t he  l imi t ing  

condition of choked flow , f o r  which ce r t a in  important 

r e l a t i ons  a r e  aeveloped and ( i i )  t h a t  of the  two d i s t i n c t  

types of separat ion i n  cav i ty  flow. The derivat ion of 

expansions describing the  s ingular  behaviour of the  flow 

i n  t h a t  region of the  transformed plane i s  given i n  each 

case. 

Chapter 4 describes the  adaptation of the  

r e s u l t s  of chapter 3 t o  provide a numerical o r  re laxat ion 

method of solving a x i s ~ y m e t r i c  cavi ty  flows. The f i n i t e  

d i f ference  forms of t he  f i e l d  equation and boundary 

conditions i n  t he  (P,Y plane a r e  f i rs t  derived. Their 

appl ica t ion i s  then discussed with spec i a l  a t t en t ion  

being paid t o  the  separat ion point and t o  the  f r e e  

streamline , t h e  treatment of which provides t he  crux of 

t he  problem. Deta i ls  a re  then given of the  treatment of 

the  s ingular  points  , 2 subject  which has commanded 

l i t t l e  a t t en t ion  i n  t he  l i t e r a t u r e  f o r  the  case of non- 

l i nea r  p a r t i a l  d i f f e r e n t i a l  equations. F ina l ly  the  

appl ica t ion of' t h e  methods developed i s  summarized. 



Chapter 5 presents the r e su l t s  obtained by 

the author ,both for  the  convergence of the methods and 

for the resu l t ing  cavity flows. Comparison i s  made 

with previous r e su l t s  with the corresponding plane 

flow solutions and with experiment. Special reference 

is made t o  the behaviour of cavity flows near the 

choked flow condition , r e su l t s  which have an added 

significance i n  view of the f a c t  tha t  most experiments 

are harried out i n  the r e s t r i c t e d  environment of a 

water tunnel. I n  the f i n a l  section some analysis of 

the errors  i s  given. 



CHAPTER 1 



CHAPTER 1 

INTRODUCTION. 

The phenomenon of c a v i t a t i o n  was f irst  given 

p u b l i c i t y  during t h e  s e a  t r i a l s  of H. M. S. Daring i n  1885. 

It was not iced  t h a t  i n  t h e  region  of t h e  p rope l lo r  blades,  
IC c a v i t i e s  were being formed i n  t h e  water.. . . . .and t h e s e  

were t he  source of t h e  g r e a t  waste of' power and o the r  
*9 

d i f f i c u l t i e s  which were encountered. This w a s ,  i n  t h e  main, 

due t o  t h e  f a c t  t h a t  t h e  v e s s e l  had been equipped with a  

new type of steam tu rb ine  engine g iv ing  h igher  blade 

v e l o c i t i e s  than  had been previous ly  reached. Only by 

inc reas ing  t h e  blade a r e a  by about h a l f  a s  much again d id  

t h e  des igners  f i n d  poss ib le  t o  approach t h e  design 

speed of t h e  c r a f t .  Not long a f t e r  t h i s  i n c i d e n t  it was 

found t h a t  t h e  i n s t a b i l i t y  and co l l apse  of t h e s e  c a v i t i e s  

on a p a r t i c u l a r  p a r t  of t h e  b lade  w a s  t h e  cause of con- 

s ide rab le  p i t t i n g  and e ros ion  i n  t h a t  region. Thus 

c a v i t a t i o n  showed i t s e l f  i n i t i a l l y  as a p a r t i c u l a r l y  

harmful e f f e c t .  

Since t h a t  time much resea rch  has gone i n t o  

t h e  phenomenon of c a v i t a t i o n  , which could be 

def ined a s  t h e  formation of t h e  vapour phase of a l i q u i d  

t h a t  has been subjec ted  t o  reduced pressures  a t  more o r  

l e s s  cons tant  temperatures.  This  d e f i n i t i o n  would inc lude  

ordinary b o i l i n g  and i n  f a c t  t h e  processes of b o i l i n g  and 

c a v i t a t i o n  have , a s  w i l l  be seen l a t e r  , many th ings  i n  

common. A s  we l l  a s  t h e  vapour of t h e  l i q u i d  , c a v i t i e s  

may a l s o  conta in  gas which may have been introduced e i t h e r  



O r  because the l iquid contained absorbed gas. 

~t is therefore not n e c c e s ~ a r i l y  t rue  t h s t  the pressure 

within the cavity i s  the vapour pressure of the  l iquid a t  

the operating temperature. 

The object of t h i s  chapter i s  t o  describe i n  brief  

some of the factors  known t o  influence cavitat ion , t o  

give outl ines of p r e ~ 3 . 0 ~ ~  approaches t o  the problem and 

f'urther , t o  i so la t e  and define the par t icu lar  problem 

whose solution i s  the main aim of t h i s  thesis .  
/I II [ The terms cevity() and bubbl;' are  interchangeable i n  

t h i s  thes is  both referr ing t o  the vapour or gas f i l l e d  

regions- 1 

1.2 NOTATION,TERMINOLOGY,AND GENERAL CHARACTERISTICS OF 

CAVITATING BLOWS. 

1 Notation. 

The basic quant i t ies  used i n  describing cavi ta t ing 

flows are  l i s t e d  below. A complete nomenclature may be 

found a t  the end of t h i s  thesis .  

P Pressure 

Pv Vapour pressure 

P Density,usually assumed constant i n  t i m e  

and space 

9 Fluid velocity magnitude 

c A s  a subscript t o  denote values i n  o r  on 

the  surface of the cavity 

A s  a subscript t o  denote values a t  a 
cL 

reference point,taken as the point a t  i n f i n i t y  

f o r  e uniform stream 



[1.11 & = p - p / 1 q ,the cavitationnumber. 
/ r f  

s [1*2]  C p  = ( P  - P,) / 1 p 4+ , the pressure coefficient .  
/ 'Z 

The number & proves t o  be a  f'undamental parameter 

i n  cavi ta t ing flows. A s  has been mentioned before p, 

w i l l  be equal t o  p, only i f  a l l  gas hss been excluded 

from the l iquid and cavity. Surrace tension and other 

fac tors  such as the presence of thermal gradients may 

a lso  prevent p, from being equal t o  p, . If gas i s  present 

then p, w i l l  be the sum of p, and the p a r t i a l  pressure of 

t h a t  gas i n  the cavity. From the above definit ions,  [ 1 . 1 1  

and [ 1-21, we can say t h a t  on the  liquid/vapour interface 

where p = p, , C, = - Q . 

1.2.2 An Example. 

In  order t o  define some of the terms used i n  

re fer r ing  t o  cavi ta t ing f lows,we s h a l l  now take a  par t icu lar  

example and describe what happens i n  practice as we increase 

the velocity of the  flow while maintaining p, and p, a t  

constant values. From equation [ 1 . 1  ] this i s  equivalent t o  

decreasing the cavi ta t ion number. Since t h i s  thes i s  w i l l  

be mainly concerned with the cavi ta t ion around bodies i n  

a uniform stream we w i l l  take the flow of water past a 

cylinder as our i l l u s t r a t ion .  

For Q > 1.5 , a t  normal temperatures, the  cylinder 

has a  completly l iquid wake of  turbulent form. A s  Q i s  

decreased below about 1.2 , t iny  bubbles begin t o  form i n  

the water a t  a  point such as A ( ~ i g .  I ,  1 ) near the surf ace of 

the cylinder. These bubbles then t r a v e l  i n t o  the wake and 
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are  convected away downstream.(~ig.l . l )  This phenomenon, 

known as incipient  cavi ta t ion , i s  very similar  t o  nucleate 

boiling. It requires the growth of t i n y  nuclei i n  t h i s  

region on the surface of the body i n t o  observable bubbles. 

The value of Q a t  which t h i s  begins t o  happen , Qj, i s  

knotm as the incipient  cavi ta t ion nwnbep. Due t o  the 

near impossibil i ty of measuring the pressure within these 

nucleate bubbles, p, i s  always taken as being equal t o  

p, when describing incipient  cavitat ion,  whether dissolved 

gas i s  present i n  the l iquid o r  not. It i s  the  sudden 

collapse of these bubbles,when convected t o  regions of 

higher pressure , t ha t  i s  thought t o  cause the erosion of 

the  body i n  the area of collapse. Both chemical and 

physical theories  have been put forward t o  t r y  t o  explain 

t h i s  dunage. The actual  process i s  l i ke ly  t o  be explained 

i n  a complex combination of the two. Most physical 

theories a re  based on the f ac to r  of the  release of energy 

due t o  bubble collapse. 

A t  f u r the r  reduction of Q these bubbles f i l l  the 

whole wake,which then takes the  appearance of a reasonably 

well defined region of white foam behind the cylinder 

(Fig. 1.2) .  This  i s  termed p a r t i a l  cavi ta t ion and 

i s  an intermediate s t a t e .  By lowering Q s t i l l  fur ther  w e  

f ind  t h a t  the  bubbles i n  t h i s  region of foam combine t o  

form one large , reasonably steady bubble behind the 

cylinder. This stage i s  cal led f u l l  cavi ta t ion and the 

bubble known as  a f u l l y  developed cavity. The surface 

of the cavity i s  s t i l l  opaque and bubbly and the rear  end 

remains very foamy and turbulent.  ( ~ i g .  1.3) 

A fu r the r  change takes place as we reduce & t o  

about 0.6. The cavity surface seems instantaneously t o  



become completely transparent and smooth f o r  the greater  par t  

of i t s  length. The end however remains turbulent. This 

change has been observed by Gadd and Grant ( ~ e f .  15).  The 

actual  value a t  which t h i s  occurs may be dependent on the 

experimental s e t  up. Although cavi t ies  f o r  Q below 

t h i s  value seem t o  the naked eye t o  have t h i s  very 

steady,glassy appearance,high-speed photographs,with 

an exposure of a few mlcroseconds,reveal a serrated 

but s t i l l  transparent surface i n  t h i s  region. 

A s  we reduce & f u l l y  developed cavi t ies  grow i n  

breadth and length and the coeff ic ient  of drag f a l l s .  

Approximate power relat ionships were noticed f o r  these 

variat ions,principally by Reichardt. ( ~ e f  . 34) These 

re la t ions  are  : 

[ A ]  For planar flow around,for example, an i n f i n i t e l y  long 

cylfnder : 

B ,the maximum height of the  cavity above 

the plane of symmetry d <' 
L ,the half -length of the cavity 0' 

[B] For axisymmetric flow around , for  exmple,a sphere : 

B ,the maximum radius of the  cavity oL &,-% 

L , the half-length of the  cavity d & - I  

[ c ]  For both planar and axisymmetric flow : 

CD,the coeff ic ient  of drag on the body d 1 + Q 

1.2.3 Further effects .  

Another e f fec t  which has been observed i n  

f u l l y  developed cavi t ies  i s  tha t  of the re-entrant 

je t .  This j e t  of f lu id  seems t o  emerge from the closure 



region of the  cavity,to be directed i n t o  the cavity and 

towards the body. This phenomenon can be taken i n t o  

account when s e t t i n g  up mathematical models of' the  flow. 

(See section 1.4.5) Other points which we sha l l  r e fe r  t o  
N 7 3  4 93 

are  the separation points and the stagnation points . 
The stagnation points a re  , as usual , the points of zero 

velocity r e l a t ive  t o  the body. The separation points 

are  the points a t  which the flow separates from the body 

surface. The area of the body surface which i s  i n  

contact with the l iquid i s  known as the wetted surface ; 

t ha t  i s  t o  say the par t  of the  body surface upstream of  

the separation points . 
For & below 0.2 cavi t ies  may become very 

large,and indeed it w i l l  be shown l a t e r  that  f o r  flows 

i n  a  s t r a igh t  walled channel there  w i l l  be a  minimum 

posit ive G;: which can be reached. I n  theory,for t h i s  value 

of Q the  cavi t ies  become i n f i n i t e l y  long , and ,as the  width 

of the  channel tends t o  i n f in i ty , th i s  minimum value of & 

tends t o  zero. 

These then are  the general charac ter i s t ics  of 

simple cavi ta t ing  flows. Usually cavitat ion occurs 

i n  pract ice  i n  more complex f  lowsosuch as tha t  around 

a  revolving propellor blade i n  water,but these flows 

are  so complex as t o  have,so fa r , res i s ted  everything 

but an empirical approach. It w i l l  therefore be more 

advantageous t o  concentrate our a t tent ion here on the 

cavi ta t ing flow around simple bodies such as cylinders, 

discs and spheres. These a re  the bodies most frequently 

used i n  experiments t o  measure the dragstsizes and 

other e f fec ts  of cavity flows i n  water tunnels. There 

i s  , therefore , some experimental data w i t h  which we can 



compare,for these simple bodies,theoretical and numerical 

r e su l t s  

1.3 CAVITATION RESEARCH. 

1 .3.1 General. 

The research,both theore t ica l  and gractica1,whtch 

has been done i n  cavi ta t ion ,can be divided roughly i n t o  

two categories. The f i r s t  has been concerned with the 

phenomenon of incipient  cavitation,how and when it i s  

initiated,and with the e f fec ts  of the l iquid and' surface 

properties on the inception and growth of the minute 

bubbles. These researchers are concerned with the damage 

caused by the sudden collapse of the bubbles and therefore, 

i n  some applications , with the prevention of t h e i r  
( 4  $5 

appearance ; hence the term cavi ta t ion suppression . 
The other category i s  involved with f u l l y  developed 

cavi t ies , the i r  shape,drag and consequent wake. The theore t ica l  

research i n  t h i s  category,for the  most part,assumes the flow 

of the lkquid t o  be Idealized with a smooth f r ee  streamline 

Interface and a  de f in i t e  and unique separation point. A 

considerable number of two dimensional plane flows of t h i s  
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type have now been solved by what i s  known as the hodograph 

method. These w i l l  be discussed i n  section 1.5 . 
This thes l s  i s  concerned w i t h  the second category, 

but i n  order t o  give a more complete p i c tu r e  i t  w i l l  be 

usef 'ul ,f irst , to deal  b r i e f l y  with fncipient  cavi ta t ion and 

the e f fec ts  of f l u i d  properties upon it. 



7.3.2 Incipient  Cavitation. 

A s  pointed out i n  sect ion 1.2.2,when we reduce 

the  cav i t a t i on  number of t h e  flow past  a body . i n  a stream, 

t he re  comes a point  a t  which minute bubbles a r e  formed 

i n  the  regions of reduced pressure near  the  surface of the  

body. The cav i ta t ion  number a t  which this occurs i s  known 

a s  the  i nc ip i en t  cav i ta t ion  number o r  index,denoted 

by Qi. Generally, i t  i s  assumed t h a t  t h i s  e f f ec t  i s  due t o  

the  f a c t  that,under these  conditions,mlcroscopic nuclei,  

ever  present i n  the  stream,are able  t o  grow a t  a r a t e  fast 

enough t o  make t h e i r  presence f e l t  or  seen before being 

convected downstream t o  regions of higher pressure. Van 

der  Walle ( ~ e f .  44)  made a de ta i l ed  ana ly t ic  approach t o  

t h i s  problem,in which he showed t h a t  sn i n i t i a l l y  s t ab l e  

nucleus,presumeably of undissolved gas,will  not grow 

rap id ly  as  i t  moves i n  the  d i r ec t i cn  of a negative pressure 

gradient u n t i l  Cp i s  l e s s  than -Q; by an mount 4/37 where 

7 i s  a parameter d i r e c t l y  proport ional  t o  bubble s ize .  

Up t o  t he  point,C, =-&; , the  growth of the  bubble 

w i l l  depend upon the  d i f fus ion  of any absorbed gas present 

but beyond it w i l l  be l imited only by heat conduction o r  

dynamic e f f e c t s  as the  bubble f i l l s  with vapour. I n  most 

experiments,the time f o r  which the  bubble i s  i n  t he  regime 

C p <  -Q; i s  much l e s s  than the  t y p i c a l  time f o r  gas d i f fus ion  

and much grea te r  than the  t y p i c a l  tfme f o r  heat diffusion.  

Hence the  rapid  growth a f t e r  the  point C,= -QL. Many o ther  

f a c t o r s  may influence the  r a t e  of growth ; dissolved and 

undissolved gas content,pressure gradient forces on the  

bubble,viscosity, surface tension and surf  ace roughness 

a re  some f a c t o r s  which command consideration. S i lver lea f  



( ~ e f .  40) gives a good account of these l ines  of research. 

The ef fec t  of t o t a l  gas content has been studLed analyt ical ly  

by van der Walle (Ref. 44) and Holl ( ~ e f .  21) and 

experimentally by Ripken and Killen (Ref. 37) and 

Silverleaf and Berry (Ref. 41) among others. These 

authors seem t o  agree tha t  Q; increases w i t h  t o t a l  

a i r  content. Ripken and Killen also found tha t  Q; was 

s igni f icant ly  increased by a reduction i n  surface tension. 

Thermal e f fe t s  due t o  the la ten t  hest of vapourisation 

and the consequent temperature gradients are discussed by 

van der Walle and Si lver leaf .  The former concludes t h a t  

these e f fec ts  a re  only important when the la ten t  heat i s  

large compared with t h a t  of water a t  normal temperatures, 

since heat diffusion i s  much more rapid than gas 

diffusion. 

Holl and van der Walle have studied the e f fec t  

of the ~ e ~ n o l d k  number,Re,of the flow. Here it appears 

the e f fec t  varies according t o  the shape of the body 

or,what amounts t o  the same thingathe shape of the 

pressure dis t r ibut ion.  For long,smooth bodies such 

as hydrofoils the bubbles when formed tend t o  t r ave l  

p a r a l l e l  t o  the surface of the  body i n  t h e i r  i n i t i a l  

movement. I n  t h i s  case increasing Re tends t o  decrease Q;. 

But f o r  the flow around a bluff body such as a disc, 

cavi ta t ion occurs i n  the separated flow away from the 

body,and (7,; markedly increases with Re. The ef fec t  of the 

boundary layer w i l l  thus have t o  be taken in to  account i n  

considering the viscous e f fec ts  on Qi. 

This then i s  the  form which research in to  incipient  

cavi ta t ion has taken. Although most of what has been done 

concerns only t h i s  i n i t i a l  stage of cavitat ion,the e f fec ts  



could probably be extended with only s l i g h t  modification 

t o  the flow i n  the region p r io r  t o  and a t  separation f o r  

f u l l y  developed cavi t ies .  In  ac tua l  flows of t h i s  type 

nucleate bubbles s t i l l  form i n  t h i s  region,but it i s  

probable tha t  they have very l i t t l e  e f fec t  on the cavity 

as a whole,though they may influence the position of the 

separation point. Indeed as Sf lverleaf ( ~ e f .  40) points 

out , i t  i s  probable t h a t  the r e l a t ive  e f fec t s  of viscosity, 

surface tension,etc.,as concerning Qiand incipient  cavi ta t ion 

are very different  f r o m  t h e i r  effects  f o r  f u l l y  developed 
I1 

cavi t ies .  Most research,to date,shows tha t  these scale 
I\ 

e f fec t s  a re  very small f o r  f u l l y  developed cavitat ion 

i n  water a t  normal temperatures. It i s  therefore reasonable 
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t o  consider i n i t i a l l y  the cavi t ies  i n  an idea l  f l u i d  

(see next sect ion)  and t o  consider afterwards the effects  

and differences involved i n  having a r e a l  f luid .  

1.4 FULLY DEVELOPED CAVITY FLOWS. 

1 4.1 Basic Equations. 

As wi th  most other cases of f l u i d  flow,the complete 

solution would be extremely complex,but can be simplified 

considerably by discounting some of the less  s ignif icant  

propert ies of the f lu id .  So i t  i s  here i n  cavi ta t ing 

flow where theore t ica l  solution i s  only possible by 

ideal iz ing the f lu id  and the flow ; we define an i d e a l  

flow as one which i s  inviscid,incompressible and i r ro ta t iona l .  

The assumption tha t  the f l u i d  i s  inviscid and 

incompressible means tha t  we can epply ~ u l e $ s  equation 



of motion : 

where G i s  the  g rav i t a t i ona l  po ten t ia l .  Also,,by def in i t ion ,  

the flow i s  i r r o t a t i o n a l  if it has a  veloci ty  po ten t ia l  

function, 0 (x,y,z,t),such t h a t  : 

Hence, i f  the  flow i s  incompressible : 

Such flows a re  hown a s  p o t e n t i a l  flows. Combining [1.3] 

and [1.4] it can e a s i l y  be shown t h a t  a  homogeneous, 

po t en t i a l  flow must s a t i s f y  t h e  Bernoulli  equatian : 

where ~ ( t )  i s  dependent only on t i ne .  Further , i f  the  

flow i s  steady , >A = O ,and therefore  : 
b t 

[ 1 - 8 ]  p G  = Constant i n  time and space 

If we assume g rav i t a t i ona l  forces  t o  be zero,then we have : 
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P +  $ p Q  = Constant i n  t i m e  and space 

More rigorous treatment and proof of these  bas ic  

equations i s  given i n  most standard t e x t s . ( ~ e e  References 

5,6,30 and 48 f o r  exmple.  ) 

1.4.2 Basic Theorems. 

Prom the  assumptions of the  s teady , i r ro ta t iona l  

flow of an i d e a l  liqu2d we can draw a  number of important 



conclusions. The f i r s t  , and most important , deduction i s  

the f a c t  that  from [l.g],since the pressure on the interface 

or f ree  streamline i s  constant and equal t o  p,,then the 

velocity magnitude of the f r ee  streamline i s  constant. 

By equation [1.91 and def in i t ion  [ 1 . 1 ]  : 

[ I .  101 q ; /q ' ,  = I + &  

There are a number of  other important properties 

which can be deduced from these simple equations. Birkhoff 

and Zarantonello ( ~ e f .  6 )  s e t  out these properties i n  terms 

of theorems,their coro l la r ies  and proofs,so i t  w i l l  suf f ice  

simply t o  s t a t e  them here along with some observations. 

[A] In  any i r r o t a t i o n a l  Euler flow of an idea l  f l u i d  

the point of minimum pressure occurs on the 

boundary. Kirchhoff ( ~ e f .  23) f i r s t  showed th i s ,  

by teking the  Laplacian of r1.71. This gives the 
a 

r e su l t  t ha t  v p ( 0. Thus,in an i d e a l  f lu id ,  

cavi ta t ion must f i r s t  occur on the boundary and 

p, be the minimum pressure i n  the flow f i e l d .  

On the other hand t h i s  r e s u l t  i s  not neccessarily 

t rue  i n  non-irrotat ional  flow,as demonstrated by 
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the  phenomenon of vortex cavitat ion , in  which 

cavi ta t ion occurs i n  the region of reduced pressure 

a t  the centre of a vortex. Viscous e f fec ts  may 

a l so  prevent thLs theorem from being t rue.  In  actual  

flows past a cylinder the  point of minimum pressure 

occurs on the surface of the  cylinder just  upstream 

from separation. 

[B] From [A] it follows t h a t  since pL < pI, Q )/ O . 
The following a re  t rue  of the s teady, i r rotat ional  



m l e r  flow of an i d e a l  liquSd,ignoring t h e  g rav i ta t iona l  

forces.  

Cavit ies  must be convex. Since p, i s  the minimum 

pressure, qc must be t he  maximum veloci ty  occuring 

i n  the  flow by v i r t ue  of equation t1.91. Hence the  

ve loc i ty  gradient  perpendicular t o  the  i n t e r f ace  

and towards t he  cav i ty  must be posi t ive.  But it i s  

e a s i l y  shown t h a t  the  centre  of curvature of a 

streamline a t  any point  i s  on the  s m e  s ide  of the  

streamline a s  t h a t  t o  which the  veloci ty  gradient 

i s  d i rec ted a t  t h a t  point.  Therefore the  f r e e  

streamline must be convex , viewed from the  f l u id .  

[D] Because the  veloci ty ,qc , is  constant t he  cav i ty  cannot 

have a s tagnat ion point  a t  t h e  r e a r  end , s ince  t h i s  

would involve a point  of different,namely zero, 

veloci ty.  

1.4.3 Plane and Axisymmetric flows. 

Cavitat ing flows around two bas ic  types of body i n  a 

uniform s t r e w  have been considered i n  t he  l i t e r a t u r e .  

Plane flows a re  defined a s  those which a r e  uniform, i n  

one car tes ian  direct ion,say Oz, perpendicular t o  the  d i r ec t ion  

of t he  uniform strem,Ox. For example t he  flow past  an 

i n f i n i t e l y  long cyl inder  whose ax i s  i s  s e t  perpendicular t o  

the  d i r ec t ion  of t he  uniform stream. A l l  o ther  surfaces,  

such as  a channel wall  , must obviously have the  same property, 

so t h a t  every x,y, plane i s  i d e n t i c a l  and a point  i n  t h e  

flow completely described by the  two co-ordinates x,y. 

Axisymmetric flows a re  defined as  those t h a t  a r e  



axisymmetric about an axis,Ox, pa ra l l e l  t o  the direct ion of 

the  uniform stream. For example the flow past a  disc se t  

normal t o  the stream. A l l  other boundaries must again 

be iden t i ca l  i n  every x,r plane where r i s  the radial 

direct ion measured perpendiculsr t o  Ox. A point i n  the 

flow i s  therefore completely defined by the two co-ordinates 

x,r . 
In  steady idea l  plane flows we define the stream 

function,Y/,such tha t  : 

From these equations it follows tha t  both and 'Y obey 

' the Laplace equation. i .e.  

Then i t  i s  eas i ly  shown tha t  - by = G where s i s  
bs 

measured along a s t r eml ine , tha t  i s  i n  the direct ion of f l u i d  

velocity a t  any point. Thus Y/ i s  constant on each streamline 

and the difference i n  the numerical value of on two 

streamlines i s  a measure of the volume r a t e  of flow/unit 

width between them. 

I n  steady idea l  axisymmetric flow ~ t o k 6 2  stream function, 

, i s  given by : 

Here again it i s  eas i ly  shown ( ~ e f .  30 , p.432) 

tha t  y.' i s  constant on a  streamline. The equations 

correspondingto [1.13] and [1.14] are  : 



Thus i n  t h i s  case, although (P obeys Laplaces 

equation, does not.  

I n  e i t h e r  case a knowledge of the  values of $) o r  

y a t  every point i n  the flow w i l l  provide a complete 

so lu t ion  t o  t h a t  flow problem. This e n t a i l s  solving 

one of the  d i f f e r e n t i a l  equations [1.13],[1.14] or 

[1.171,[1.181 within the  approprizte boundary conditions 

f o r  t h a t  problem. 

1.4.4 Boundary Conditions. 

Comment i s  required here on the  terminology 

used i n  r e f e r r i n g  t o  types of boundary condition. I n  

order  t o  solve a second order d i f f e r e n t i a l  equation of 

the  types exemplified by equations [ 1.131, [ I .  141, [ I .  171 

and [1 .18] , i t  i s  neccessary t o  impose a condition f o r  

the  dependent variable,be it q ,  or  any other,on every 

pa r t  of the  boundary. Three types w i l l  be re fe r red  

t o  i n  t h i s  t he s i s .  

[ A ]  The Di r ich le t  boundary condition f o r  which the  

value of t he  dependent var iable  i s  known a t  every 

point.  This , therefore, is  t he  condition on a 
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f ixed  boundary,body o r  wall  f o r  a  f l u i d  flow 

i n  t he  physical  plane. 

[B] The Nemann boundary condition f o r  which the  normal 

der ivat ive  of t he  var iable  i s  known. This normally 



rneans,in f l u i d  flow,the physical  plane,that one 

component of t he  ve loc i ty  i s  known on t h i s  boundary. 

[c]  A complex boundary condit ion which consis ts  of an 

i d e n t i t y  connecting some or  a l l  of the va r i ab l e , i t s  

t angent ia l  and normal der ivat ives .  It w i l l  be 

seen l a t e r  t h a t  t he  condit ion of constant veloci ty  

on a boundary leads t o  such a condition. 

A problem i n  which d i f f e r en t  types of condition hold 
6 I 3) 

on d i f f e r en t  pa r t s  of the  boundary i s  termed a mixed 

boundary condition problem. Should there  be only two 

pa r t s  ld . th  d i f f e r en t  types of condition , t he  problem 
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becomes simply mixed . 

1 4 . 5  Mathematical Models of Cavity Closure. 

It was pointed out i n  sec t ion  1.2.2 t h a t  ac tua l  

c a v i t i e s  exhibi t  considerable turbulence a t  t h e i r  

downstream end. Thus if we a re  t o  make an attempt a t  

mathematical solut ion, in  terms of a po t en t i a l  flow, 

we must i dea l i ze  t h i s  region considerably. I n  f a c t  we 

must assume the  cavi ty  t o  have,everywhere,a steady,smooth 

surface. From [ C ]  of the  sec t ion  1 -4.2,the cav i ty  must be 

convex a t  every 2oint  and t h i s  would imply a closure of 

the  form sketched i n  f i gu re  1.5,which would neccessar i ly  

mean a s tagnation point a t  t he  point A. But t h i s  would 

give i n  turn,a point of zero ve loc i ty  on the  f r e e  streamline 

which,as pointed out i n  [D] , i s  incompatible with the  

condition of constant cav i ty  pressure. 



MATHEMATICAL MODELS OF CAVITY CLOSURE 

~1G.1.5 SINGULARITY MODEL - FIG.L.6 MODEL WITH CUSPED END 

RIABOUCHINSKY FLOB MODEL 
I 
D 

P I G ,  fl PARALLEL STRZAMLINE MODXL 
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It i s  worth not ing a t  t h i s  po in t s tha t  experimental 

pressure measurements a t  i n t e r v a l s  along the  length of 

a cav i ty  show a marked r i s e  a s  t he  c losure  region i s  

approached. (see Ref. 10) 

A number of mathematical models have been designed 

t o  avoid or  surmount t he  dilemma de ta i led  above. One such 

model involves the  in t roduct ion of a  s ingu la r i t y  a t  A 

( f igure  1.5)  i n  such a way t h a t  the  ve loc i ty  along the  f r e e  

streamline remalned constant.  There would be no j u s t i f i c a t i o n  

f o r  such a  s i n & l a r i t y  , i n  terms of r e a l  flows,but the  

main d i f f i c u l t y  with t h i s  model i s  t he  f a c t  t h a t  it 

introduces a  new var iable  t o  t h e  so lu t ion  of' the  flow, 

namely the  value of the  s t reng th  of the  s ingular i ty .  The 
I b  

type of s ingu la r i t y  can be imagined a s  a  double ro l l ing-  
n 

up of t he  end of the  f r e e  surface.  

A d i f f e r en t  type of mode1,the cusp-ended cav i ty  

i s  given i n  Figure 1.6. Here we introduce two cusps BA and 

CA whose curvature i s  concave but whose presence disposes 

of the  s tagnat ion point.  Such a rnodelshoweversmeans t h a t  

pc i s  not t he  minimum pressure encountered i n  the  flow by 

the  converse of [A] of sec t ion  1.4.2. The question a l s o  
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a r i s e s  a s  t o  how the  cusps a r e  matched i n t o  t he  flow. 

A somewhat s imi l a r  model was designed by 

Riabouchinsky ( ~ e f .  36) and i s  shown i n  f igure  1.7. H e  
I# n 

suggested the  use of an image p l a t e  ,BC,in such a way 

t h a t  the  flow was symmetric about the  plane EF. This has 

the  advantage of halving the  s i z e  of t he  flow f i e l d  t o  be 

solved and dispenses with the  unknowns of the  f irst  two 

models. A more complex problem would be the  non-symmetric 

Riabouchinsky flow where the  image p l a t e  i s  reduced i n  

s i z e  t o  approach t h e  a c t u a l  flow. 



Their  observation of t h e  re-entrant j e t  led 

Gilbarg and Rock ( ~ e f .  17) t o  the  fou r th  model. Figure 1.8 

shows the  mathematical re-entrant  j e t  model they designed, 

taking i n t o  account t h i s  j e t  of l iqu id  coming i n t o  the  

cav i ty  from the  closure point.  The r e a r  s tagnation point 

i n  t h i s  model thus occurs away from the  i n t e r f ace  a t  2 

point such as  A. A notable f ea tu re  of t h i s  model i s  t h a t  

the  cav i ty  i s  not only e n t i r e l y  convex but t h a t  q, can be 

constant without leading t o  the  o r i g i n a l  d i f f i c u l t y ,  However 

t h i s  model involves a permanent and continuous removal of 

l i qu id  from the  flow. The j e t  i s  assmed t o  continue 

through the  body t o  an upstream i n f i n i t y  , giving a  

doubly covered region of flow. Both these proper t ies  

a re  u n r e a l i s t i c .  I n  p r a c t i c a l  experiments the  j e t  

seems t o  break up and the  remains t o  be sprinkled onto the  

main cav i ty  wal1,although f o r  small c a v i t i e s  the  j e t  

may ac tua l ly  impinge on the  r e a r  of the  body. Nevertheless 

the  re-entrant  j e t  model i s  perhaps more r e a l i s t i c  than 

the  other  models,though more complex t o  deal  with than 

~iabouchinsky's. 

Further models have been suggested, among them the  

p a r a l l e l  s treamline model of f i gu re  1.9, i n  which qG i s  

considered constant up t o  t he  point of maximum diameter 

o r  breadth and the  f r e e  streamlines t o  be p a r a l l e l  t o  t h e  

ax i s  of symmetry beyond t h i s  point.  The pressure on the  

l a t t e r  pa r t  the re fore  r i s e s  asymptotically t o  z uniform 

stream vslue. Gadd ( ~ e f .  14) compares t he  v a l i d i t y  of 

these  models f o r  a  f l a t  p l a t e  s e t  normal t o  a  uniform stream 
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and introduces a  f u r t h e r  converging streamline model. 

Since,for most purposes,the i n t e r e s t  l i e s  i n  the  



upstream half of the flow,these a r t i f i c i a l  models do 

not,as might be imagined,so d ras t i ca l ly  a l t e r  the r e su l t s  

required. In  plane flows,where exact solution f o r  simple 

bodies i s  possible,the indication i s  tha t  f o r  large cavi t ies  

(or  small &) the t ~ o  most s ignif icant  models,Riabouchinsky 

and the re-entrant jet,give r e su l t s  very close t o  those 

of experiment,for the drag on the body and main dimensions 

of the cavity. As G;. i s  increased above about 0.6 ,the 

r e su l t s  begin t o  diverge. (See Refs. 14,6 and 48. ) 

Figure 1.10 shows a mathematical model whlch 

contravenes the condition of convexity completely and 

which could only occur i n  pract ice  a t  physically 

unrea l i s t i c  negative cavi ta t ion numbers. However it 

avoids the presence of a rear  stagnation point and has 

been used by Lighthi l l  ( ~ e f .  29)  and Southwell and 

Vaisey ( ~ e f .  43). The l a t t e r  use  a relaxation 

technique f o r  t h e i r  solution of the plane f l o w  case 

and t h e i r  r e su l t s  w i l l  be referred t o  l a t e r  ( sec t1  on 2.5).  

A l l  these models are  applicable t o  both plane 

and axisymrnetric flows. 

1.4.6 Separation Points. 

When the flow past  a body separates from tha t  

surface it w i  ll obviously do so along a l ine  which i s  

a closed contour on the surface of the body,providing 

t h i s  i s  f i n i t e .  Where the body i s  i n f i n i t e  t h i s  

contour may go off t o  inf ini ty ,but  must nevertheless 

be closed through the point a t  i n f in i ty .  In  both plane 

and axisymmetric flow t h i s  contour appears as two points 
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in , respect i~ely, the longitudinal and axia l  planes. These 
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points are referred t o  as the  seperation points since 

they completely define the contour i n  both cases. In  

axisymmetric flow one point i s  suff ic ient .  

In  the flow of a viscous f luid , the points of separation 

In  cavity flow, as i n  non-cavity flow, w i l l  be determined 

by boundary layer theory knowing the pressure d is  t r l b u t  ion 

just outside the layer. But i n  the flow of an idea l  f l u i d  

separation i s  assumed t o  take place a t  the point C p  = -Q. 

It i s  therefore a necessary condition i n  determining the 

points of flow sepsration f o r  an idea l  f l u i d  that  a t  a l l  

other points on the wetted surface , 1 > Cp > -Q , unity 

being the value of Cp a t  the  stagnation point and therefore 

i t s  maximum value. This condition can be proved by 

assuming t h a t  there  are points a t  which Cp < -Q. Then 

since C p  = 1 st the stagnation point there must be some 

other point a t  which Cp = -Q. But t h i s  i s  the condition 

f o r  separation and thus the  flow would separate a t  t h i s  

point. With some i r regular  shapes of body there may be 
LC 99 

what i s  known as flow re-attachment , i n  which the flow 

a f t e r  separation impinges again on the body and thus 

gives another region of wetted surface. Nevertheless 

the iden t i ty  1 > Cp > -& must s t i l l  hold on a l l  

portions of wetted surface. There may also be more 

than one stagnation point. If s i s  the distance measured 

along the surface of the  body then a typica l  Cp(s) curve 

would be tha t  of f igure  1 .1  1.  

Another important conclusion can be reached using 

Property [c] of section 1.4.2. This i s  tha t  the 

Curvature of the f ree  streamline must always be convex, 
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viewed from the  f lu id .  If such a curvature i s  defined 

as  pos i t ive  the  radius of' curvature of the  f r e e  streamline 

a t  the separat ion point,R, ,must l i e  within the  l imi t s :  

where Res i s  the  radius of curvature of the  body a t  

separation. If t h i s  were not t r u e  and RBs > R F S  

then the  so lu t ion  would be unrea1,since t h i s  would mean 

t h a t  t he  f r e e  streamline would cut i n t o  the  body. 

A spec i a l  case of separa t ion occurs when there  i s  

a sharp project ing corner on the  body. The flow must 

separate a t  t h i s  point ,s lnce t o  negot ia te  the  corner would 

e n t a i l  an i n f i n i t e  ve loc l ty  and therefore  a point 

Cp = -oo which v io l a t e s  our f i r s t  condition. This type 

of separation, exemplified by the  separat ion from a disc,  

i s  termed abrupt . Since i n  t h i s  case RBS =O , RFS 

could a l so  be zero, and i n  f a c t  t h i s  i s  the  case i n  both 

plane and axisymmetric flow as i s  shown by Armstrong 

( ~ e f .  2 ) .  He a l s o  shows t h a t  the re  w i l l  be an i n f i n i t e  

pressure gradient  on the  body a t  an abrupt separat ion 

point. 

Separation which occurs a t  a point a t  which the  

curvature of the  body i s  f i n i t e  i s  termed smooth separation. 

A s  has been previously indicated t h i s  w i l l  only occur i f  

the  curvature of t he  body i s  everywhere f i n i t e  on the  

wetted surface. ( ~ i l n e  Thomson, Ref. 30 , p.302 r e f e r s  

t o  smooth separa t ion a s  proper cav i t a t i on  ). It has 

been shown [ ~ r m s t r o n ~ , ~ e f .  21 t h a t  i n  the  case of smooth 

separat ion:  

Ras = R, 

and thus t h e  radius of curvature and the  second der ivat ives  



such as - 3 -  r@ a% are continuous through a 
S rs 3 ra 

smooth separation. ( ~ e f .  48 ,p.435 f o r  the  

point of 

plane case and 

~ e f .  2 f o r  both plane and axisymmetric) Thus the  

appropriate ~ p ( s )  fYmctions i n  the two d i s t inc t  methods 

of separation would have the forms sketched i n  f igures 

1 . 1 2  and 1 . 1 3 .  

The re su l t s  obtained by Armstrong and refered t o  

here w i l l  be deal t  with i n  greater  d e t a i l  i n  subsequent 

sections. L1.5.6 f o r  planar and 3.4 f o r  axisymmetric 

f l o w .  I 

1 . 5  SOLUTION O F  IDEAL PLANE FLOWS BY THE HODOGRAPH METHOD. 

1 . 5 . 1  Complexvariable. 

In an i d e a l  plane flow,a point i n  the physical plane 

i s  completely defined by the complex variable, z = x + i y  . 
If we define a complex velocity potential ,  w, such that  

w = q  + i v  
then i t  i s  eas i ly  seen,since equations [ I .  1 1  1, [ I .  121 are the 

Cauchy-Riernann conditions f o r  z t o  be single valued i n  

w :  

where !I i s  therefore the conjugate of the complex velocity, 

u + iv . From the  equation [ 1 181 : 



It i s  a lso useful  t o  introduce the  complex variable 'Y 

where : 

? = A +  18 
W = l n  (q, / q )  

8 = The angle between the directions of q and qc. 

Thus i n  uniform stream problems when = ln(~/~) we have: 

1 .5.2 Conformal Mapping. 

Figure 1.14 represents a general plane case of an 

i n f i n i t e l y  long cavity flow. The outer boundaries D, E, 
I I 

and D, E, may be extended t o  i n f i n i t y  t o  give the f l o w  

i n  an i n f i n i t e  uniform stream. Figure 1.15 represents 

the corresponding w-plane. On the body  surface,^^& z 

and 0 are known functions and w i s  required i n  order t o  

f ind the pressure and velocity dis t r ibut ions , whereas 
I I 

on the f r ee  surfaces,AC, and A C, w and & are known 

but z and hence the shape of the cavity i s  t o  be found. 

The required solution i s  therefore of the  form 

w = f ( z )  giving the required re su l t s  on the f r ee  and 

fixed surfaces. This type of  problem i s  among those more 

generally termed, mixed boundary condition problems. 

Here we have two types o f  boundary condition; 
I I 

8 %  z specified on the fixed boundaries, D,E.,AOA, DLE, . 
Normally the problem i s  symmetric about the  

stagnation streamline B,O i n  which case only one 

half  of the  flow need be considered. E L  0 
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FIGURE 1.15 w - Plane, 

FIGURE 1.16 w - Plane. 
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then becomes a  boundary of t h i s  type. 

S1or q and therefore  i s  spec i f ied  on the  f r e e  - 
b s 

I /  
boundaries A C, and ACos 

In the  case of symmetry about the  stagnation streamline, 

= O , the  w-plane becomes t h a t  of f i gu re  1.16. 

This type of problem i s  known a s  a simply mixed boundary 

condition problem since t he re  i s  only one boundary region 

of each type,B, and D, being t h e  same point,  the  point 

a t  i n f i n i t y .  

Thus conformal mapping suggests i t s e l f  as  an impl ic i t  

p a r t  of plane flow and the  basic p r inc ip le  of solut ion 

i s  t o  transform the  flow i n t o  a plane f o r  which the  solut ion 

i s  known. For t h i s  we introduce a convenient complex 

variable t ,where t he  so lu t ion  i s  known i n  t he  t-plane 

and where we can f i n d  mapping r e l a t i ons  between t h i s  

plane and both t he  z and w planes. Then knowing w ( t )  

and T ( t  ) we can f i n d  by el imination the  function "I ( w )  . 
The so lu t ion  w i l l  then follow by subs t i t u t i on  i n  and 

in tegra t ion  of equation [ 1.21 1 and give t he  required zfw). 

1 - 5.3 Solution of Simply Mixed boundary condition problems. 

A vast  number of problems i n  plane flow have been 

solved by the  method outl ined above, and much has been 

wr i t t en  on the  pecu l ia r  t-planes and subs t i tu t ions  

involved i n  each p a r t i c u l a r  type. [See f o r  example 

Refs. 18 and 48 among others  1. We w i l l  concern 

Ourselves here only with t he  problems of cav i t a t i ng  plane 

flows i n  a  uniform stream. It was shown i n  the  l a s t  



section that ,  provided the  uniform stream i s  e i the r  

i n f i n i t e  i n  the  y-direction or  bounded by " f i x e s  surfaces 

and provided it i s  symmetric about the  stagnation 

streamline, the problem becomes one with simply mixed 

boundary conditions. Figures 1.17a and l . l?b give two 

examples of problems of t h i s  type. 

It i s  worth noting a t  t h i s  point tha t  i f  the 

uniform stream were i n  f a c t  a f r ee  je t ,  such tha t  

F,E, i n  f igures  1.17a , 1.17b were f r e e  streamlines,then 

1.173, would remain simply mixed but 1.17b would become 

doubly mixed since there  would now be two separated 

sections of f ree  boundary. Doublymixed boundary condition 

problems w i l l  not be deal t  with here. Woods ( ~ e f .  48) 

deals with t h i s  more complex class  of problems. 

Most t ex t s  (e.g. Ref. 6 ) give f u l l  de ta i l s  of 

the  solutions of simply mixed boundary condition problems, 

so it ~~i11 suff ice  here merely t o  give the  outl ines 

of the  ty2es of solution with the r e su l t s  we s h a l l  need. 

It i s  evident tha t  the  w-plane i n  a l l  problems of 

t h i s  type w i l l  be polygonal since a l l  boundaries, 

providing tha t  none of them are  porous, w i l l  l i e  on 

l ines  of constant . Thus i t  w i l l  be re la t ive ly  simple 

t o  transform t h i s  plane t o  a t-plane i n  which the solution 

i s  known. The major par t  of the problem therefore l i e s  i n  

finding ? ( t )  i f  we are  t o  proceed as indicated above. 

 his s tep  may only be possible using numerical techniques 

but can be effected analyt ical ly  i n  some simple cases. 

By f a r  the most useful  r e s u l t  i n  a l l  t h i s  type of work 

i s  the Schwarz-Christoff'el mapging theorem. Proofs 

of t h i s  r e su l t  can be found i n  most standard texts .  



Simply Mixed Boundary Condition Probleme 

FIGURE 1,17 a 

z - Plane w - Plane 

FIGURE 1.17 b 

s - Plane w - Plane 

FIGURE 1,18 



1% s t a t e s  t h a t  if the  boundaries i n  the  z-plane a r e  

polygonal, the  corners o r  d i scont inu i t i es  i n  0 having 

the values a, a t  the  points  @ = (p, where n=l , 2, 3 ,  . . . .N 
then : 

[1*221 

where K i s  a constant of i n t eg ra t ion  which can be found 

providing two corresponding points  i n  t he  z and w planes 

are  known. 

Woods ( ~ e f .  48) gives s more general form of t h l s  

theorem which can be applied t o  curved boundaries i n  

the  z-plane. Thfs form i s  : 

L1.231 - 
. . dw 

-# 

When the  boundaries a r e  polygonal t he  i n t e g r a l  degenerates 

t o  give the  sum involving the  d i scont inu i t i es  i n  8 i n  

equation [ I  ,221. The consequence of t h i s  theorem i s  t h a t  

w e  need only t o  f i n d  0 ( f) ) on the  boundaries i n  the  z-plane 

t o  e f f e c t  solut ion.  

Woods ( ~ e f .  48, page 249) shows t h a t  the  f i r s t  

s tep  i n  a simply mixed boundary problem i s  t o  map i n t o  

$ = 8  + i T  ( ~ l g u r e  1.18) i n  such a way t h a t  the  i n t e r v a l  

in which @ i s  known i s  mapped onto = 0, - @ <  1 < a  and 
I 

.ri the  i n t e r v a l  i n  which i s  ?mown i s  mapped onto 7 = 4 , 
-a < % < LY) Using Schwarz-Christoffel, t h i s  i s  done by: 

-aJ 
On i n t eg ra t ing  by pa r t s  a more usefu l  form of this equation 

can be found: 



[1.251 ? ( $ )  = y  9- + 2[:tang(e 1 - 3  d [ w ) l . O l  
V 

+ t e x '  ci ~ ( 8  ),:$I 
n 

A l l  t h a t  i s  required t o  complete the theory therefore 

i s  the Q(w) r e l a t ion  f o r  the  par t icu lar  w-plane. Woods 

( ~ e f .  48,page 250) gives examples of these g ( u )  

re la t ions  which,as anticipated above,turn out quite 

simple. 

1.5.4 General Riabouchinsky flow i n  a channel. 

Since the major part  of t h i s  thes i s  i s  concerned 

with axisymrnetric Riabouchinsky flows, i t  w i l l  be 

useful t o  deal  i n  greater  d e t a i l  with the corresponding 

plane flows. The general Riabouchinse flow i n  a 

channel is shown i n  f igure  1.20~1 and the par t icu lar  flow 

around a f l a t  p la te  i n  f igure  1.20b. In  both cases 

we know tha t  ( a )  6 i s  constant since 7 = %  i s  the f r e e  l ' r  
streamline on which the velocity i s  constant. Equation 

[ 1 e 2 5 1  then becomes: 

"-a3 

where@(d )7so i s  the equation f o r  8 on the 'fixed* 

boundary. The w-plane of f igure  1.202 i s  mapped in to  

t h i s  Q -plane (f igure  1.20d) by 

[1.271 coth(5) = - coth 

where f0 i s  as shown i n  f igure  1 . 2 0 ~  and h i s  the  value 

of y on the channel wall. 

To simplify the solution Woods introduces a m r t h e r  

variable 2 = 5 + i C  such tha t  



Riabouobinsky Flows. 

FIGURE 1.20 a z-Plane 

FIGURE 1.20 c 

FIGURE 1.20'b z-Plane 

FIGURE 1.20 d 

FIGURE 1.20 e 



[N.B. The n o t a t i  on here i s  di f ferent  from tha t  used by 

Woods. It i a  a l tered so tha t  5 always r e l a t e s  t o  the 

s m e  plane i n  which "1 f 1 2 i  s the f r e e  streamline and 

7 = O , the so l id  boundary]. The -plane then assumes 

the form shown i n  f igure  1.20e and from [ I  .26], [1.28] i s  

related t o  the ?-plane by : + I 

where a,, dS are the values of $, , 0 a t  the separation 

point. The point upstream a t  i n f i n i t y  maps onto 2 = to , 
so tha t  from [1.27] and [1.28] : 

A t  t h i s  point we put q = U , 8 = O and 'Y( f , )  = (- f 0 )  = U 

and by subst i tut ion i n  [ I  '291 , taking the  r e a l  part  o f  

the in teg ra l  : o+I  

I1.121 Q, = e q ( - +  r l n l ~ - g ~  1 - 1 

-1 - ts; 
Equations t1.291 and [1.32] represent the solution of the 

Problem. 

However , i n  order t o  solve s par t icu lar  problem 

where the function s ( 8 )  , the equation of the  wetted 

surface ( where s i s  measured along tha t  surface ) , i s  

known , an i t e r a t i v e  procedure of the following type 



i s  required. This may consist  of the  following sequence 

of operations : 

A guess i s  made f o r  the d is t r ibut ion  q (q)  , denoted 

0, (g). 
Thus equation [ I  .27] and [ I  .28] give 0, (5). 
Then subst i tut ing ' t h i s  i n  [ 1.291 , taking the r e a l  

part  of tha t  equation , q,(x) and therefore q,($) 

resu l t s .  

s i n g  s  = \ & dg we get E &  ( 3 )  and therefore O 2 ( S ) .  
dS q 

steps [31,[4] and [5I a re  then repeated u n t i l  the  

process converges. The f i n a l  value of  & w i l l  be found 

f ~ o m  the equation [1.32]. 

1.5.5 Riabouchinsky Flow past a  Normal Plate i n  a Channel. 

A relevant example of the  l a s t  section i s  the 

Riabouchinsky flow past a  f l a t  p la te  i n  s channel. T h i s  

i s  the simplest example since on the wetted surface 

8 = f / 2  and the solution does not require an i t e r a t i v e  

Procedure. Woods ( ~ e f .  48,p. 480) solves t h i s  as an 

example of the general type , whereas Birkhoff and 

Zarantonello ( ~ e f .  6,p. 115) t r e a t  i t  as a  par t icu lar  
I \\ 11 11 

case of U-shaped obstacles , where the U i s  i n  t h i s  

case CBED of f igure 1.21. 

For the f l a t  p la te  , since there are discontinuit ies 



where 2 3 ,  a re  the  values of 5 3t B and E , the  stagnation 

Woods then in t eg ra t e s  t h i s  us ing the  subs t i t u t i on  

where , therefore  

The so lu t ion  i s  then given by Woods a s  

u - cs  u q  + 2de 

the  o r ig ins  of z and u being the  point J of f igure  1.2 1 . 
The r e s u l t  given by Birkhoff and Zarantone 110 

( ~ e f .  6,p. 117,eqn. (32) )  d i f f e r s  e s s e n t i a l l y  from t h i s  i n  

the  s ign of the  term upon which the  logarithm acts .  A s  a  

r e s u l t  of t he  computations of Appendix A the  author con- 

cluded t h a t  t he  version given by Woods was correct .  

From equation [ 3.351 and equation [ 1.341 the  

following i d e n t i t i e s  are  f a i r l y  e a s i l y  obtained : 
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I 
y +  idc  u , y 4  - K' kzsn u0+ k nc u, ta2(k1sc u,) 

K 1 

[ I n  a l l  these equations the e l l i p t i c  functions are  as 

i n  R e f .  48, Chapter 4 ] 

The case H = 4 requires special. treatment. Here the 

resu l t s  of references 6 and 48 are  ident ical .  The r e su l t s  

given by Woods ( ~ e f .  48) contain the parameter ic and fo , 
the l a t t e r  not appearing i n  any of the dimensionless ra t ios .  

When Q i s  small these can be approximated by : 

Computations based on these formulae are 

carried out i n  Appendix A . 



1.5.6 Separation i n  Plane Flow. 

I n  section 1.4.6 we quoted some resu l t s  given by 

Amstrong ( ~ e f .  2 )  f o r  the nature of the flow in the 

n e i g h b ~ ~ r h ~ ~ d  of a separation point. H i s  r e su l t s  

for the axisymrnetrlc flow case are discussed i n  section 

3.4 where they are  dzveloped t o  s u i t  the par t icu lar  

requirements of t h i s  thes is .  But, since Armstrong concludes 

tha t  the  nature of the  flow i n  the region of abrupt or 

smooth separation Is  independent o f  v~hether the flow i s  

planar or  axisyrmnetric , it w i l l  be useful  t o  give s 

brief outl ine of the r e s u l t s  obtained f o r  the plane case. 

[ Amnstrongs not a t ion m d  sign convention have been 

al tered here f o r  the sake of  uniformity. 1 

He introduces a complex varieble t where 

w = I t 2  
P 

t ha t  t i s  r e a l  on the  f r ee  streamline 2nd imaginary 

the wetted surface , the or igin being taken at the 

separation point and the x axis as tangential  t o  the 

streamline a t  t h i s  point. A more useful  forn of '?' 

(section 1.5.1 ) i n  t h i s  ~ p p l i c a t i o n  i s  3/*  where 

T N s  means t h a t  on the f r ee  s t r e m l i n e  where t i s  real, 

Y * i s  purely imaginary, since q = q, , and tha t  r*= O 

a t  the origin. Amstrong theref ore proposes tha t  

the general re la t ion  between T* and t , in  the neighbmrhood 

of the origin where t i s  small, w i l l  be : 



Here the  coef f ic ien t s  an a re  r e a l  and p i s  3. 

non-zero pos i t ive  in teger .  Also using the  technique 

of complex var iable  , we have : 
-Y* 

Thus 

[ I .  501 

He then considers two cases; p = 1  and p = 2, and shows 

t h a t  t he  former corresponds t o  abrupt , the  l a t t e r  t o  

smooth separation. Put t ing E = ( t 1, he shows tha t :  

For p = 1 On the  f r e e  streamline where t = 6 , 

[1.51al -1 
= a , 6  + 0 ( 1 )  

dx' 

On the  wetted surface where t = - it3 , 

From equations [1.51] we see t h a t  the  curvature of t he  f r e e  

streamline tends t o  i n f i n i t y  as + 0 . But t h i s  point 
\s 

of i n f i n i t e  curvature does not cons t i tu te  a "corner 

s ince the  slope , from the  equations f o r  3 , i s  continuous 
dx 

through the  or ig in .  It can a l so  be seen t h a t  p = 1 leads 

t o  an i n f i n i t e  ve loc i ty  gredient  on the  wetted surface a t  

the or ig in .  Thus p = 1 gives the  case of abrupt separation. 

For p = 2 On t he  f r e e  streamline, 



On the wetted surface, 

  his , therefore , corresponds t o  smooth separation since 

and hence the curvature) i s  continuous through the 
dx 

origin and, as Armstrong a lso  shows, the velocity 

gradient approaches zero on the wetted surface as  + G. 

It a lso  follows from [ 1.52aI and [ 1.52b] tha t  the radius 

of curvature of both the wetted surface and the f r e e  

streamline a t  the origin i s  1/2at. 

Woods ( ~ e f .  48 ,p .  435) arr ives  a t  s imilar  

r e su l t s  f o r  smooth separation by a s l i g h t l y  d i f fe rent  

approach. He quotes the r e su l t s  as conditions f o r  

the correct positioning of a smooth separation point. 
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CHAPTER 2 - 

2.1 OUTLINE O F  PREVIOUS APPROACHES TO THE SOLUTION OF 

AXISVIIMETRIC CAVITY FLOWS. 

The ob jec t  of t h i s  t h e s i s  i s  t h e  develop- 

ment of a r e l a x a t i o n  technique f o r  t h e  numerical s o l u t i o n  

of axisymmetric c a v i t y  flows. This  technique w i l l  t ake  

as  i t s  s t a r t i n g  poin t  a method suggested by Woods ( ~ e f .  46) 

f a r  t h e  s o l u t i o n  of flows i n  axisymmetric ducts.  

However , before  t h i s  method i s  developed , an 

out l i n e  of previous approaches t o  t h e  problem of axisymmetric 

cav i ty  flow w i l l  be given. This type of flow i s  of 

considerable  p r a c t i c a l  importance and , i n  t h e  absence of 

exact s o l u t i o n s  , numerous e f f o r t s  have been made a t  

u s e f u l  approximations. These previous approaches can be 

s p l i t  very roughly i n t o  f o u r  types which w i l l  be d e a l t  

with i n  t u r n  i n  t h e  fo l lowing sec t ions .  

[ A ]  A t  an e a r l y  s t a g e  i n  t h e  cons idera t ion  of t h i s  

problem t h e  i d e a  of s imula t ing  c a v i t y  flows by 

means of d i s t r i b u t e d  sources and s inks  w a s  conceived. 

I n i t i a l l y  a x i a l  d i s t r i b u t i o n s  were used and various 

zuthors  have success ive ly  improved t h e  method with 

o the r  d i s t r i b u t i o n s  . 
[B] Using t h e  exact  s o l u t i o n s  f o r  t h e  corresponding plane 



flows a number of au thors  have developed methods f o r  

t h e i ?  adapt ion t o  the  axisymmetric case. 

[ c ]  Relaxation methods f o r  t h e  s o l u t i o n  of f l u i d  flows 

have been developed f o r  a p p l i c a t i o n  i n  flows with 

f r e e  su r f  aces.  

An exce l l en t  review of these  methods , and 

those f o r  p lana r  flow , i s  given by Gilbarg (~ef ' .  16). 

2.2 EMPIRICAL RESULTS. 

2.2.1 Flow on t h e  wetted sur face .  The drag of' t h e  body. 

Reichardt ( ~ e f .  34) , i n  h i s  experiments on bodies 

of revolu t ion ,  no t i ced  the l-inear dependence of the  coefficient 

of drag, C, , on t h e  c a v i t a t i o n  number. Thus he put 

forward an spproximate equat ion f o r  t h e  drag  of a body 

In c a v i t a t i n g  flow: 

P . 1  I c, (Q) = ( 1  + ?,) c, (0) 

where C= (0 )  i s  t h e  drag  on t h e  same body under s i m i l z r  

conditions,  but a t  zero c a v i t a t i o n  numbsr. 

N e  can r e l a t e  t h e  c o e f f i c i e n t  of drag t o  t h e  equat ion 

f o r  C, i n  terms of y o r  r f o r  a body of given shape and known 

Point of separa t ion .  I n  t h e  case of a p l m e  flow 

J ~ e t t e d  
Surf ace 

where Y i s  the maximum y o rd ina te  of t h e  body surface.  

In t h e  axisymmetric case:  



(Q + c,) 2 r  d r  
Pirw 

Wetted 
Surface 

where rmm i s  the maximum radius of the body. Reichardt 

surmised tha t  f o r  bodies wi th  a f ixed separation point, 

his resu l t  was due t o  the s imi la r i ty  of the  (Cp - 1 )  against 

y curves f o r  dif ferent  values of & and a given prof i le  ; 

that  these were reducible t o  a single typical  curve 

by adjustment i n  the ( C p  - 1 ) scale, so tha t  a l l  

curves of agzinst y were ident ical .  

Then putt ing 

we get, i n  plane flow 

The in teg ra l  i s  now independent of Q and hence leads t o  

equation [2.1] i n  each case. 

In  the case of flows wi th  smooth separation the  

Y scale must a l so  be reduced since yS may vary with Q . 
Assuming tha t  the curve of ( C P  - 1 ) against y i s  the 

( 1  + & )  ys 

same i n  each case, then 

0 



m e  t o  t he  va r i a t i on  of y, we would expect equation [2.1] 

t o  be l e s s  accurate i n  t he  case of smooth separat ion if 

the  basic premise of r e d u c i b i l i t y  i s  reasonably correct .  

Equation [2.11 has been shown t o  be remarkably 

f o r  plane and a x i s T ~ a e t r i c  flow i n  both 

experiment and theory. The reader i s  re fe r red  t o  Waid 

( ~ e f .  45) f o r  experiments on plane flows j Reichardt 

( ~ e f .  34) , Eisenberg and Pond ( ~ e f .  10) and Xsu and Perry 

( ~ e f .  19) f o r  experiments on axisymmetric f low ; the  

exact and approximate r e l a t i ons  given i n  sect ion 1.5.5 ; 

the  nwnercus t heo re t i ca l  r e s u l t s  obtained f o r  axisyrnrnetric 

flow which a re  outl ined i n  t he  following sect ions and 

t o  the  graphs of section..  5.4 . However , 
as has been ant ic ipeted , it i s  more accurate i n  the  case 

of flows with sbrupt separat ion a s  i s  demonstrated by a 

comparison of t he  r e s u l t s  of sect ions  5.4.1 and 5.4.3 . 

2.2.2 The Main dimensions of the  Cavity. 

The note t ion used when r e f e r r ing  t o  the  main 

dimensions of a cavi ty  i s  definad i n  f i gu re  2.1. The 

author defines the  half- length , L , as  the  a x i a l  d is tance  

from the  f ron t  s tagnation point t o  the  point of rncximurn 

radius of the  cavity.  Relchardt ( ~ e f .  34)  , from h i s  

experimental r e s u l t s  f o r  bodies of revolut ion , deduced 

the  following empirical r e l a t i ons  f o r  the  half- length and 

maximum radius of t he  cav i t i e s .  



FIGURE 2.1 



HIS experiments were c a r r i e d  out i n  t h e  range of Q between 

o and 0.1 and the  empir ica l  r e l a t i o n s  a r e  thus  designed 

f o r  t h i s  r m g e .  They do , however , demonstrate t h e  

power r e l a t i o n s  of s e c t i o n  1.2.2 ; t h e  approximate formulae 

of s e c t i o n  1.5-5 conf i rn  t h e  power r e l a t i o n s  f o r  t h e  

plane case. It has t h e r e f o r e  become f a i r l y  normal when 

p l o t t i n g  r e s u l t s  f o r  t h e  dimensions of a c a v i t y  t o  p l o t  

C and (gr aga ins t  G i n  t h e  a x i s p m e t r i c  case m d  - 
L 

(Cp - and 2 aga lns t  Q f o r  t h e  plane case 
L B 

should be , very roughly , s t r a i g h t  l i n e s  

or ig in .  

s i n c e  t h e s e  

through t h e  

curves 

2.3 THEORIES BASED ON SOURCE-SINK DISTRIBUTIONS. 

2.3.1 Axial  Dis t r ibu t ions .  

The f i r s t  at tempt t o  be made a t  s imula t ing  
I t  .\ 

axisymmetric c a v i t y  flow by s e t t i n g  up Rznkine bodies 

using source-sink d i s t r i b u t i o n s  was made by Reichardt 

and T h z n e r  (3ef.  35) . The s o l u t i o n  of t h e  flow i n  an 

i n f i n i t e  medium due t o  a  poin t  source , s t r e n g t h  M , a t  

the poin t  x  = x, , y = 0 namely, 

Provides t h e  b a s i s  of a l l  t h e s e  methods. Reichardt and 

i%mzner used f i v e  d i f f e r e n t  a x i a l  asymmetric l i n e  



d i s t r i b u t i o n s  and by a d j u s t i n g  t h e  f i v e  parameters 

governing t h e  r e l a t i v e  s t r e n g t h s  of each d i s t r i b u t i o n  

produced Rankine flows i n  which t h e  pressure  on t h e  l i n e  

= o was f a i r l y  constant  over t h e  major p a r t  of t h e  

body sur face  j t h a t  i s  t o  szy except f o r  t h e  sur face  c lose  

t o  t h e  s t agna t ion  point .  Since t h e  d i s t r i b u t i o n s  were 

a l l  asymmetric , t h e i r s  was e s s e n t i a l l y  2 RiabouchinsQ 

type flow. However t h i s  method only produced head 

shapes of' a small  aspect  r a t i o .  The equat ion of t h e  

Rankine body surface i s  a Fredholm i n t e g r a l  of t h e  f i r s t  

kfnd : P" 

where t h e  a x i a l  source s t r e n g t h  / u n i t  lzngth  i s  a func t ion  

of x , m(x); t h a t  func t ion  i s  l imi ted  t o  t h e  i n t e r v a l  , 

Methods of s o l u t i o n  of t h i s  i n t e g r a l  equation 

and o the r s  , such as t h a t  given by a doublet  d i s t r i b u t i o n  , 
under condi t ions  t o  s imulate  c a v i t y  flows have been 

and Armstrong and Tadman ( ~ e f ' .  3)  2mong others .  

2.3.2 Theories based on Vortex Sheet Dis t r ibu t ions .  

Since t h e  d i s t r i b u t i o n s  of t h e  l a s t  s e c t i o n  

are a n a l y t i c  off t h e  a x i s  they  cannot s imulate  t h e  

s i n g u l a r i t y  a t  t h e  separa t ion  po in t  which i s  a very 

important f e a t u r e  of c s v i t y  flows , e s p e c i a l l y  those 

with  abrupt separa t ion .  To overcome t h i s  o the r  types of 



d i s t r i b u t e d  s i n g u l a r i t y  have been used. O f  these,  

d i s t r i b u t e d  source r l n g s  have been employed but , more 

prof i tab ly  , a number of au thors  have used vortex s h e e t s  

to make up the body su r face  and f r e e  s t reamline.  The body 

and c a v i t y  a r e  considered t o  be replaced by a mass of 

l i q u i d  completely a t  r e s t .  Then t h e  only s i n g u l a r i t i e s  

in t h e  flow a r e  t h e  doublet  a t  i n f i n i t y  , producing the  

i n f i n i t e  uniform stream , and t h e  vortex shee t  along t h e  

nrence closed stream sur face  which produces t h e  v e l o c i t y  d i f f ,  

across  t ha t  sur face .  The s t r e n g t h  / u n i t  src length of 

t h e  vor tex  shee t  st any po in t  i s  then  equal  t o  t h e  v e l o c i t y  

of t h e  flow on , and e x t e r n a l  t o  , t h e  shee t  a t  t h a t  poin t  

s ince  the i n t e r n a l  v e l o c i t y  i s  zero. The r eader  i s  

re fe r red  t o  Landweber ( ~ e f .  2 6 )  and Amstrong and Dunham 

( ~ e f ' .  1 )  among o thers .  We w i l l  denote t h e  s t r e n g t h /  

un i t  arc length , t h e r e f o r e  , by the funct ion q(s). The 

key t o  t h e  method i s  t h e  f a c t  t h a t  t h e  s o l u t i o n  of t h e  

flow due t o  2 s i n g l e  vor tex  r i n g  , of s t r e n g t h  q ds , i s  

known. C ~ o r  t h e  a c t u a l  equat ions , see  Ref. 1 f Then 

the flow due t o  t h e  vor tex  shee t  q ( s )  can be found by 

superposition of i t s  elements t o  give t h e  s o l u t i o n  i n  the 

form of an i n t e g r a l  f o r  any of f ,  , u o r  v . 
The value of t h e  func t ion  q i s  known on p a r t  

of t h e  vor tex  shee t  ( t h e  f r e e  s t reaml ine  ) and t h e  func t ion  

x ( s )  o r  r ( s )  on the  rest (the wetted surface). Thus i'c is 

required t o  f i n d  q ( s )  on t h e  wetted su r face  and x ( s )  or 

~ ( s )  on the free streamline. 

Two approaches have been made t o  t h e  i t e r a t i v e  

numerical s o l u t i o n  of t h e  i n t e g r a l  equat ions obtained by 

t h i s  method. Armstrong and Dunha ( ~ e f .  1 ) a l t e r n a t e l y  



t h e  d i s t r i b u t i o n s  q ( s )  and x ( s )  f o r  t h e  flow 

past a d i s c  , t e k i n g  a s  t h e i r  s t a r t i n g  poin t  t h e  ve loc i ty  

d i s t r i b u t i o n  , q ( s )  , on t h e  wetted su r face  of t h e  

corresponding p lana r  flow p a s t  a f l a t  p l a t e .  Landweber 

(Ref. 26) employs a s l i g h t l y  d i f f e r e n t  method which only 

requi res  t h e  repeated r e c a l c u l a t i o n  of t h e  s i n g l e  funct ion,  

q(~). The r e s u l t s  of Armstrong and Dunham provide a 

u s e f u l  comparison t o  t h e  r e s u l t s  of t h i s  t h e s i s .  

One l i m i t a t i o n  of these  methods i s  t h a t  they  

only produce r e s u l t s  f o r  t h e  c a v i t a t i n g  flows i n  an 

i n f i n i t e  stre3m. Also , t h e  computation requi red  i s  

considerable.  

Using this type of method , Levinson ( ~ e f .  28) 

determined t h e  approxfmate shape of t h e  Lnf in i t e  c a v i t y  

a t Q , = O a s x - + w  . 

2.4 THEORIES BASED ON PLANE FLOW SOLUTIONS. 

2.4.1 Veloci ty Dis t r ibu t ions .  

Severa l  au thors  have ca lcu la ted  approximate 

values f o r  t h e  c o e f f i c i e n t  of drag  on axisymmetric bodies 

us ing  t h e  a n a l y t i c  v e l o c i t y  d i s t r i b u t i o n s  on t h e  sur face  

of t h e  corresponding p l m a r  body. Since t h e  two 

d i s t r i b u t i o n s  , f o r  plane and axisymmetric p r o f i l e s  , k r i l l  

have t h e  same end condi t ions  i t  i s  reasonable t o  assume 

t h a t  they  w i l l  no t  d i f f e r  widely i n  between. Thus , f o r  

a d i s c  and f l a t  p l a t e  , 



in both cases .  

P l e s s e t  and Shaffer  ( ~ e f .  33) ca lcu la ted  CD 

f o r  cones us ing  t h e  v e l o c i t y  d i s t r i b u t i o n s  on wedges with 

the  same ve r t ex  angle and a t  t h e  same c a v i t a t i o n  number. 

Their  r e s u l t s  and those  f o r  o t h e r  authors  mentioned 

I n  t h i s  s e c t i o n  a r e  presented i n  s e c t i o n  5.4.1 . 
> p lesse t  and Shaff'ers r e s u l t s  appear i n  comparison with 

0 
others  t o  be b e s t  f o r  t h e  d i s c  (180 cone) and poorest  f o r  

cones of s m a l l  ve r t ex  angle  and low Q. 

F i she r  ( ~ e f .  11) r e f i n e d  t h i s  metho2 by 

suggesting t h s t  a b e t t e r  approximation t o  the  v e l o c i t y  

d i s t r i b u t i o n  i n  t h e  axisymmetric case a t  Q = Qa i s  t h e  

d i s t r i b u t i o n  of t h e  plane flow et 2 = $ where t h e  uniform 

stream v e l o c i t y  of t h e  former i s  q/2 times t h a t  of t h e  

l a t t e r .  He bases t h i s  assumption on t h e  f a c t  t h a t  t h e  

ve loc i ty  d i s t r i b u t i o n s  f o r  t h e  D i r i c h l e t  flows around a 

f l a t  p l a t e  and a d i s c  a r e  i d e n t i c a l  when U1 = Tu3/2. 

Thus p u t t i n g  

Fisher  obtained b e t t e r  agreement wi th  o t h e r  computed r e s u l t s .  

Armstrong and Dunham (Ref - 1 ) suggest y e t  

another correspondence r e l a t i o n  i n  connection wi th  t h e i r  

work , ou t l ined  i n  s e c t i o n  2.3.2 

2.4.2 The Per tu rba t ion  Method of Garabedian. 

Garabedian ( ~ e f .  13)  has devised an ingenious 

method f o r  t h e  s o l u t i o n  of the  axisymmetric problem us ing  

the  r e s u l t s  of i t s  plane flow equivalent .  I n  order  t o  

draw a p a r a l l e l  between t h e  two he considzrs  t h e  concept 



planar equations and = 1 the  axisymmetric. Thus equations 

[ I *  

[ 2 *  

The 

and 

The 

141 and [1.181 become 

flow i s  denoted by 3 (k ) and i t s  boundary a s  T, (C ) 

~ ~ ( 6 )  , being the  f ixed a d  f r e e  pa r t s  respectively.  

condition on the  f r e e  streamline becomes 

Now Garabedian proposes t h a t  the  solut ion i s  a regular  

function of , convergent f o r  Re(&) > -1  and thus the  

stream function can be wr i t t en  as 

He shows t h a t  by expansion i n  the  variable , s , where 

$ = €5 ( thus L = 1 , S = 1/3) 
e + 2  

convergenc,e cca  be produced i n  t he  e n t i r e  region of 

~ e ( ( 3 )  > -1 .  From equation [2.15] it i s  c l e a r  t h a t  

6 (x,y) i s  the  known so lu t ion  of the  two dimensional 

problem and i t  remains t o  estimate the  perturbat ions,  Y/; . 
From [2.15] th2se terms s a t i s f y  the  recurrence 

r e l a t i on  

At t h i s  point Garabedian introduces t h e  function U; = k - 
Y" 

which he considers more convenient than - However 

f o r  pi t he  boundary condition on T $ & i s  

Yi = 0 

and t h a t  on T 2  a f t e r  some considerable ca lcu la t ion  and the  

subs t f tu t ion  C: = O becomes 



where ~ , ( a  ) i s  t h e  curvature  of T, ((3) snd B; a r e  known 

expressions involv ing  only e a r l i e r  c o e f f i c i e n t s  of pi., . 
Thus a l l  t h e  s o l u t i o n s  f o r  a r e  given progress ive ly  s s  

so lu t ions  of l i n e a r  mixed boundary value problems s t a r t i n g  

i n i t i a l l y  with Y/0 . 
Garabedian g ives  considerable  d e t a i l  of t h i s  

method of s o l u t i o n  f o r  i n f i n i t e  c a v i t i e s  (Q = 0) with 

s p e c i a l  reference t o  t h e  c o e f f i c i e n t  of drag  behind a 

d isc .  In  t h i s  case he es t ima tes  
Z 

[2.18] C D  = 0.5798 - 3.14838s - 0 . ~ 2 8 1 8 S  

i n  which 0.8798 i s  t h e  value of ( C o ) Q = r  f o r  t h e  f l a t  p l a t e .  

(See Appendix A. ) Thus f o r  S = 1/3 , the  axisymmetric 

case , he f i n d s  

Po191 = 0.8272 

and es t imates  h i s  e r r o r  et l e s s  than  1/2 pe r  cent .  

This method , however , proves t o  be much 

l e s s  accura te  i n  t h e  case of f i n i t e  c a v i t i e s  ( &  > 0)  and 

Garabedian devises  a d i f f e r e n t  method of successive 

approximation t o  be used by i t s e l f  o r  a long with t h e  

pe r tu rba t ion  method. From t h i s  method he de r ives  t h e  

value of CD = 0.865 f o r  Q = 0.22. H e  concludes 
1 - l - 2  

however t h a t  t h e s e  r e s u l t s  a r e  l e s s  accura te  than  those 

f o r  Q = (1. The computation involved i n  e i t h e r  case i s  

considerable.  



RELAXATION METHODS. 

Relaxat ion methods , a genera l  o u t l i n e  of 

which i s  given , appropr ia t e ly  , i n  s e c t i o n  4.L1.1 , were 

f i r s t  developed f o r  t h e  s o l u t i o n  of e l l i p t i c  p a r t i a l  

d i f f e r e n t i a l  equat ions by Southwell ( ~ e f .  42 among o thers  ) . 
Southwell and Vsisey (Ref. 43) have a l s o  succeeded i n  t h e  

s o l u t i o n  of c e r t a i n  flows wi th  f r e e  sur faces .  Without 

exception t h e i r  s o l u t i o n s  were c a r r i e d  out i n  t h e  phys ica l  

plane and t h e r e f o r e  involved an unknown boundary shape 

with i r r e g u l a r  s t a r s  ( ~ e f .  12). 

Southwell and Vaisey meke a d i s t i n c t i o n  between 

n \\ c ~t s t a b l e  and uns tab le  f r e e  s t reaml ine  problems of which 

t h e  c a v i t y  problem i s  t h e  uns table  type.  They employ a 

method s i m i l a r  t o  t h % t  mentioned i n  s e c t i o n  4.3.5 of 

successive f i x e d  boundary s o l u t i o n s  in te r spe r sed  with 

f r e e  s t reaml ine  boundary zdjustrnents according t o  t h e  

condi t ion  requi red  on t h z t  boundary. The l a t t e r  

adjustments , s ince  t h e i r  methods were designed f o r  desk 

c a l c u l a t o r s  , would seem t o  have been based on phys ica l  

reasoning , any o the r  method apparent ly  g iv ing  divergence 

f o r  uns table  f r e e  sur faces .  Using t h i s  method they  

solve such prcblems a s  t h e  axisymmetric Bordz mouthpkece 

and a f r e e  j e t  f a l l i n g  through an o r i f i c e .  

A t  t h e  conclusion of t h a t  work they  so lve  

one axisymmetric c a v i t y  problem though t-his i s  of t h e  

u n r e a l i s t i c  , cusped c a v i t y  behind a sphere. ( see  s e c t i o n  

1.4.5 and f i g u r e  1.10 . )  This would appear , i n  t h e  

authors  experiftnce , a much s impler  s o l u t i o n  than  t h a t  

of t h e  Riabouchinsky flow. 

Brunauer ( ~ e f .  9) has a l s o  used a r e l a x a t i o n  

technique f o r  t h e  s o l u t i o n  of one c a v i t y  behind 3 disc .  



The author  , unfor tunate ly  , found considerable  d i f f i c u l t y  

in ob ta in ing  d e t a i l s  of t h i s  method. His r e s u l t  ( s e c t i o n  

5.4.1 ) i s  taken from Armstrong and Dunham ( ~ e f .  1 ) .  

Birkhoff and Zarantcnel lo  ( ~ e f .  6 )  a l s o  

mention soms unpublished work by Young and Varga. 



CHAPTER 3 



? . l  A P P L I C A T I O N  O F  WOODS METSOD T O  A X 1 S Y M ~ " B T X C  C A V I T Y  FLOW. 
d 

3.1.1 Basic Equations. 

Woods (Ref. 46) suggests t h a t , i f  r e l s x a t i o n  methods 

a r e  t o  be appl ied  t o  t h e  s o l u t i o n  of axisymrnetric flows, 

then  i n s t e a d  of dea l ing  with the  problem i n  t h e  x , r  p l m e  

where bcundaries a r e  not  only curved but a l s o , i n  t h e  case  

of c a v i t y  f low,must be f r e e  t o  move,it would be much more 

convenient t o  use t h e  transformed (/,v plane where boundaries 

a r e  polygonal. This involves i n t e r c h m g i n g  t h e  r o l e s  of 

the  dependent and independent va r i ab les  i n  t h e  equat ions of? 

sec t ion  1.4.- 3 , t h e  bas ic  equations of i d e z l  2nd s teady 

axis~ymmetric flow. These were : 

In  order  t o  f i n d  t h e  inver t ed  d i f f e r e n t i e l s . ,  Woods 

evaluate;. t he  Jacobian of (/ and with r e spec t  t o  x and 

= u ( m )  - v( -v r )  

L3.31 = r q 2  

Then t h e  d i f f e r e n t i a l s  i n  t h e  f ) , ~  plane become : 



2. 
where f = r . Yence i n  t h e  (P, Y plane the er~uuations 

corresponding t o  [3.11 and r3.21 e r e  : 

Then the  q u a t i o m  corresponding t o  t h e  ecp'tions f o r  @ and 

i n  t h e  x , r  ~ l a n e ( e ~ u ~ t i o n s  [ I .  171 and [I. 181 of s e c t i o n  1.4.3) 

namely ",he e q u ~ t i o n s  which x and r must obey i n  t h e  f,'? plene 

a r e  found by d i f f e r e n t i a t i n g  equations r3.51 and [3.61. 

Equ3ting t h e  c r o s s - d i f f e r e n t i z l s  we ge t  : 

Since t h e  ob j sc t  i s  t o  solve f o r  e i t h e r  x o r  n i n  t h e  

Q , \ Y  plans,of the  two rquzt ions [3.7] and [3.3] , t3.71 i r .  

O ~ V ~ O U S ~ ~ T  p referable  contzining a s  it does only one dependent 

va r i ab le , r .  Thus we choose t o  solve equst ion [3.71 t o  find 

3e s i n p l i f i e d  by t h e  in t roduc t ion  of t h e  va r i ab le  f  = r 2  

so t h a t  it becor~es : 

This i s  t h e  equvtion we propose t o  solve.  I-Lzving Pocnd r 

2 s  a funct ion  of (1 2nd Y /  , x  w i l l  then follow. 



Theref ore 

Hence t h e  squ2.tion f o r  t h e  ve loc i ty ,  c; , i s  : 

From t h e  above equations f o r  u and v we can f i n d  the 

angle, @ ,which t h e  vec tor  q makes with t h e  a x i s  of s~ymmetry. 

The v e l o c i t i e s  u  and v  then fol low s ince  u = cL C O Q  0 an3 

v = q s i n  0 . 
A r e l a t i o n  connecting t h e  second de r iva t ives  of the 

x, r  and ,y planes w i l l  n l so  prove us3ful .  From [3 .1]  

and L3.21 v;e a l rezdy kn0;)~ t h a t  t h e  fol lowing r e l ~ t i o n s  hold 

i n  t h e  x , r  plane. 

These equat icns e r e  sinply 3 f u l l e r  ve r s i cn  of those  

S t s t ed  i n  sec t ion  7 . 4 . 3  f o r  axisymmetric flow. I n  

P e r t i c u l a r  we s h a l l  need 3-1, exprsssion f o r  - f i n  tarns 
Y2 



-or the second derivatives of ecuations L3.151. n r his 

principles- '3y considering the changes in b f in both the 
3. 

x,r and ,y planes and also the changes in x and r in the 

,Y) plane we find : 

Also 

Comparing the first and third of these eq.u~.tions and 

equating the coefficients of d : 

Then the p ~ r t i ~ l  derivdkives of Sf with ?espect tc x and - 
r become after sia~lification : 

s Y 

a - 
bx 3x3 r 

Substituting these expressions in [3.16] and for & md b r - 
JY 

from [3.4] we find : 
w' 

This expression for f can of course be rephrased in terms - wz 
of' the other second depivztives in the x,r plane by using 



3.1.2 Descript ion of t h e  Problem. 

Sefore  any attempt i s  made t o  apply numerical o r  

r e l axa t ion  techniques t o  axis~ymnetric c a v i t  a t i n g  flows 

a l l  t he  boundery condi t ions 2nd determinate parameters 

must be spec i f ied .  I n  t h i s  and the  next s e c t i o n  we w i l l  

d iscuss  appropriate  boundary ccndi t ions  and t h e  determinacy 

of a  p a r t i c u l a r  problem. 

The author  decided t h a t  t h e  s implest  model which 

would ?rove u s e f u l  wou.ld be t h a t  of a  RiaSouchinsky flow 

i n  a  s t r a i g h t  channel o r  tube.  A s  has been p ~ e v i o u s l y  

mentioned i n  sec t ion  1.4.5 ,one advantsge of t h e  Riabouchinsky 

model i s  t h a t  i t  halves t h e  s i z e  of t h e  flow f i e l d  t o  

be solved,the flow being symmetric about t h e  l i n e  BC of 

f i g u r e  3.1. This i s  p a r t i c u l a r l y  d e s i r a b l e  i n  r e l a x a t i o n  

methods i n  which t h e  f i e l d  has t o  be covered with a mesh 

o r  ne t , the  value of t h e  dependent v r r i a b l e  being es t imated  

a t  t h e  i n t e r s e c t i o n  poin ts .  

The f i g u r e  3.1 rep resen t s  t h e  flow f i e l d  of such a 

Problem i n  t h e  x , r  plane. Since t h e  flow i s  symmetric 

about t h e  l i n e  BC i n  t h e  Riabouchinsky model t h e  boundary 

condi t ion on t h i s  l i n e  w i l l  be t h a t  a l l  s t reaml ines  

i n t e r s e c t  i t  orthogonally.  Thus v  = 0 a t  211 

Points  on BC and BC i s  i n  f a c t  a l i n e  Q =  constant .  The 

curvec? l i n e  CD represents  the  f r e e  s t reamline o r  cav i ty  

wall whose pos i t ion  i s  unknown and t h e  boundary condi t ion  

on which i s  one of constant  ve loc i ty .  DE i s  t h e  wetted 
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surface on which 8 i s  known a s  a funct ion  of x  znd r, 

D being t h e  separa t ion  point  and E t h e  s t agna t ion  poin t .  

On the a x i s  of t h e  flow,EF,and t h e  channel viall,AB, r i s  

constant,being zero on t h e  fcrrxe-. The l i n e s  AB and 

FEDC must a l s o  be s t rezmlines on which y = constant , the 

constant being zero cn FEDC. 

I n  order  t o  use  r e h x a t l o n  methods,the f i e l d  must 

be f i n i t e  and boundary condi t ions s p e c i f i e d  on every 

boundary. Thus,although t h e  a c t u a l  upstream condi t ion  

of t h e  flow depicted i n  f igure  3.1 i s  t h a t  t h e  flow 

tends t o  a uniform stream a s  x  tends t o  -& , a  condi t ion  

w i l l  have t o  be found on a  l i n e  such a s  AF a t  a f i n i t e  

value of x,so t h a t  t h e  f i e l d  t o  be solved w i l l  be f i n i t e  

and enclosed 5y t h e  bcundary ABCDEF. The s implest  

approximation on t h i s  boundary would assume uniform 

s t r e m  values , the  2 o s i t i o n  of AF being ad jus ted  so  t h a t  

any f u r t h e r  rnovenient of i t  i n  the  d i r e c t i o n  of x  = - @  

made no appreciable  d i f f e rence  i n  t h e  requi red  r e s u l t s .  

: However a more complex but more accura te  condi t ion  w i l l  

be introduced i n  s e c t i o n  3.3.2. 

A s  t o  t h e  choice of body p r o f i l e , i t  was decided 

t o  use two d i f f e r e n t  types i n  t h e  calcu1ations;one which 

exhibi ted ab-rupt sepa ra t ion  2nd one with smooth sepera t ion .  

The obvious choices wem a  d i s c  and a  sphere s ince  t h e s e  

gave simple boundary condi t ions on DE and experimental  

da ta  e x i s t e d  f o r  both. The s o l u t i o n  f o r  the  D i r i c h l e t  

flow around each i n  an i n f i n i t e  strezm i s  a l s o  known 

and these  so lu t ions  proved very u s e f u l  when a t t e x p t  was 

made t c  t r e a t  t h e  s i n g u l a r i t y  z t  t h e  s t agna t ion  point .  



It i s  e l s i l y  seen t h z t  t h e  corresponding q ,  plane 

t o  t h e  x,r p l m z  0-r" T i ~ u r e  3.1 ,given t h e  condi t ions  t h a t  

i s  const:lEt on AF and EC , i s  as  ;holm Zn figwre 3 .z. 
I n  t h i s  pldne t h e  bound.u=y condi t ions  ou t l ined  i n  

s e c t i o n  3.1.2 ba c orne : 

AB -- The channel wa l l  i s  3 s t resml lne  on which \I=censtant 
'I and f = constant  - r . 
H 

BC - The condi t ion  on t h e  l i n e  of symmetry i s  v  = O. By 

CD -- Thz free ;tresmLLnz. Thus : 

cL = constant  = u ( I  c , 

prom ecuztfon [3 .13]  t h i s  becomes,in terms oF t h e  

ilihere i s  now t h e  lrzoriinh.1 gr3dienJc 2nd - b P t he  
39 8 0  

t a n g e n t i x l  g r?d ien t .  This is t h e r e f o r e  a complex 

boundary condTtionY 

D3 - The body s ~ r l " ; ~ c e .  For 3 glven p r o f f l e 3  0 w i l l  be 

v i r t u 2  oP ecpzt ion  [3.14] , t h e  boundary condi t ion 

becomes : 

CD. We h?ve , then  , a con?plex bou-ndcry condi t ion  On 



For a 5 i s c  t h i s  boundary condi t ion becoms,since 

8 = ?Y/2 . 

This i s  equivalent  t o  assuming u  = 9 by equat ion [3.121. 

The s ingu la r  poin t , f  = O,the s t sgnz t ion  po in t ,h r i l l  

r s q u i r e  s p e c i ~ l  t r e a t n e n t  ( s e c t i o n s  3.3.3 anG 4.4). 

For a sphere,given t h e  radius,R,we h o w  t h z t  on t h e  

wetted su r face  : 

cos0 = Q /T ,  , t a n 8  = rFFTF 
and theyefore  t h e  condi t ion becomes : 

EF - The c x i s  cf symmetry : f = 0,and Y/  = O. 

FA - A more e labora te  ccnciition f o r  t h i s  boundary w i l l  

be given i n  sec t ion  3.3 .2  ,but a s i n - - l e r  condi t ion  

used i n  t h e  rough s o l u t i o n s , i s  t o  zssume uniform 

s t r a n  condi t ions.  The stream c i l l  of course be 

zt q) = - ciD . We c i l l  assvx-e t h e t  on 

s t r e m - l i n a  t h e  value of f' -+ fU as  

Then s ince  t h e  stream i s  uniform a t  

Then by equations '3.91 and C3.4.1 

s ince  \r/ i s  tzken as zero on the? ax i s .  T h s  t h e  

siriiple approximate bcundary condi t icn  f o r  PA  would 

assume f t o  be l i n e a r  x i t h  on t h i s  boundary a ~ d  i f  
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i s  given, f i s  Imown a t  211 po in t s  
" 1.I 

is worth not ing  a t  t h i s  2oin t  t h a t  one t h  

or_ it. 

.ing vrhich must 

be borne i n  mind when dcalSng 11iith Stokes stream funct icn ,  

ly , i s  t h a t  i t s  d i n e n s i ~ n s ~ u n l i k e  ',hose 3f q , ?  i n  ~ l ~ n a r  
2 

flax and Q i n  ~ x i s y n m e t ~ i c  f l ov i ,~ re  v e l o c i t y  x { ( d i s t c ~ c e )  

ins tead  of v e l o c i t y  X d i s t anze  f o r  t b  o the r  funcsions.  

In  axisymnetr5-c f 1 0 1 ~  \Y /g i s  the re fo re  not  Cinension;ess, 

but has t h e  dimension cf d is tance .  

3.1.4 Considerations of Determinacy. 
- Figure 3.2,  dqxic ts  3 cav i ty  flo;\r about a  d i s c  i n  a 

s t r a i g h t  v ~ l l l e d  'mbe. I n  such a  flow t h e  2 o s l t i o n  anc! 

shape of t h e  f r e e  boundary CC i s  uniquely determined by 

t h e  two dimensionless j a x m e t e r s  Q and ~ / r ,  ,providing t h a t  

t h e  5oundsry AF on which tke  flow i s  u n i f o m  i s  et sn i n f i n i t e  

d is tance  -~ps t ream.  Then t h e  ~ L O ~ L T  is uniquely d?termined 

by t h e  ch3ics  of two sca1es;e d isk ince  2nd 2 v e l o c i t y  

sca le .  If ,or, t h e  o the r  hand,the bounilzry A? i s  a t  a 

f i n i t e  dis5snce u p s t r e m 3 s n d  5he b ~ u n d a r y  zonilition g i v e r  

cn i t , ther i  the  p o s i t i c n  of CD i s  uniquely determined by t h e  

spec i f i , sc t ior ,  of t h e  p r r m e t e r s  6 13/rS ,and t h e  

dirr.msior.le;s pcrameter L I  /rs . Thus,given t h e  cond i t i cn  

on AF, the f lovr,in terrns or' d i m e n s i o n l ~ s s  q-mnt i t ies , i s  

completely det%rrr.ined by f i x i n g  the  t h r e e  2 a r m e t e r s  : 

5.221 I , L , / H  , C, 

T-ien,in x d e r  t o  f i n e  t h e  s o l u t i o n  t o  t h e  cese 

L , = , t k e  ob:ect w i l l  be t o  inc rease  t h e  value of t h e  



FIGURE: 3.G 



p r a m e t e r  /H u n t i l  any Zurther inc rease  has no 

S i g n i f i c a n t  e f f e c t  or. t h e  pos i t ion  of C 3  i n  t h e  s o l u t i o r  

f o r  f i x e d  values cf  rs/:i and Q. 

It f~ l ' ows  tha5 t h e  prcblen i n  t h e  

t r ans f  o r ~ e d  plar,e ( f i g u r e  3 .4)  w i l l  be u n l ~ u e l y  determined 

fo r  a l l  dimensionless q u a n t i t i e s  by t h r e e  paremeters 

one of which w i l l  have t h e  same funct ion  and e f f e c t  

as 1 /II ir. t he  x , r  plane.  A 1 Z  t he  quantit-ies which 

c m l d  be s?ecifised a r e  shown i n  . f i g u r e  3.4. The q u s n t i t y  - 
(Pc w i l l  be analogous 50 L I  i n  t h e  x,r  a lane,so ',hat 

the dinensionless  ~ a r m e t e r  (P, /qS can be used 'n t h e  

same m y  a s  L, /E. It w i l l  z i s o  be ccnvenient t c  r e t a i n  

Q a s  one of t h e  y r a m e t e r s  t o  be s p e c i f i e d  i n  t h e  q ,  y 

plane. We a r e  th3re fo re  l e f t  with cnlg  one o ther  

dimensionizss quant i ty  t o  spec l fy  i n  order  t o  imke 5he 

so lu t ion  uuliquely detarmined f o r  e l l  dimensionless 

quan t i t i e s .  This t h i r d  p2rmet;er w i l l  c l e a r l y  hzve 

t o  include some i b c t i o n  of t h e  p o s i t i o n  of the  channel 

wall, say o r  f,, . Various 5rr-s cculd be use8 but t h e  
z 

author F o ~ n 3  t h e  p a r m e t e r k l  / t he  m o s t  z a s i l y  

applicable.  Theref o r c , f c r  a given Sowdary  condi t icn  

on AF, speci fy ing  t h e  t h r s e  pwameters 

W i l l  unLcuely determine t h ?  value 3f f/fH a h x y  poin t  

( Q , Y/Y., ) i n  t h e  , plane. The c o e f f i c i e n t  cf pressure  

C p , i a i l l  a l s o  be unlquely detemined a t  any pc in t .  

Ore of the  nos t  i n p c r t a n t  Zscts  t o  emerge rrom t h i s  

inves t iga t ion  i s  t h a t  t h e  quant i ty  y p  i s  r.ct included 

i n  t h e  p a r m e t e r s  [3.23] . T h e r e f o ~ e , i f  [3.231 s r e  

Specif lee,  t h e  boun8ary 3 C  xcst -3e f r e e  t o  move i n  t h e  (1 



d i r e c t i o n  while, of course, remaining an equ ipo ten t i s l .  

On t h e  o the r  hand one of [3.23], say 6 ,  could be l e f t  

unspecif ied and Qfi /qs used as  a ~ a r m e t e r  , but t h e  author  

found [ 3 . 2 3 I z t h e  most convenient system. The w 2 y i n  which 

t h e  p o s i t i o n  of t h i s  f l o a t i n g  boundary i s  determined i n  t h e  

so lu t ion  cannot be discussed u n t i l  t h e  na tu re  of the  flow 

on the  f r e e  s t r z m l l n e  and, i n  p a r t i c u l a r ,  a t  t h e  

separa t ion  poin t  h3s bsen more f u l l y  irrvestigl;at ed. (See 

sec t ions  4.3.5 4.3.6 4.3.7 . )  

Besides t h e  parameters [3.22] o r  L3.231 we a r e  of 

course f r e e  t o  choose both length  and a v e l o c i t y  s c a l e  

i n  a p a r t i c u l a r  problen. It i s  convenient t o  have numerical 

values of f a t  any poin t  i n  t h e  s o l u t i o n  and so  a 

numerical value could be assign& t o  f,j f o r  the  

pur2oses of computation. But i t  w i l l  be not iced  thsk 

the quuentity ( $/@$f,, 7 i n  t h e  second of p~.rarneters 

[3.23] hss  t h e  dimension ( f ) .  It w i l l  provemore 

convenient i f  t he  d i s t ance  s c a l e  i s  s e t  by ass igning  

a numerical value t o  t h i s  q u s n t i t y  r a t h e r  than f,, . 
Thus v<e s e t  

and t o  avoid confusion t h i s  quent i ty  X i s  he ld  f ixed  

throughout t h e  complete s e t  of so lu t ions .  Then i n  a 

P a r t i c u l a r  problen t h e  value of the secon6 parameter 

gives a n m r i c t i l  value f o r  fPI ,and t h e r e f o r e  numerical 

values of f throughout t h e  f i e l d .  Al t e rna t ive ly  we 

could ,by r e t a i n i n g  t h e  same vslue of X,find a complete 

s e t  of' so lu t ions  by vwylng  the  q u a n t i t i e s  : 



Every d i f f e r e n t  s e t  of these  parameters 

def ines  a d i f f e r e n t  problem,provided , i n  every case, X 

takes t h e  same numerical value. It i s  not  

neccessary t c  s e t  a ve loc i ty  sca le .  

3.2 RELATIONS IN THE Q ,Y PLANE FCR PHYSICAL QUANTITIES 

I N  THE x , r  PLANE. 

3.2.1 General. 

Cer ta in  p r o p e r t i e s  of t h e  flow a t  a poin t  i n  t h e  

x,r plane w i l l  be required e i t h e r  a s  r e s u l t s  or f o r  purposes 

of computation a s  func t i cns  cf t h e  va r i ab les  a t  the 

corresponding poin t  i n  t h e  , plane.  For example 

a r e l a t i o n  g iv ing  t h e  radius  of curvature o r  a stream- 

l i n e  i n  t h e  x,r plane will be needed i n  terms of t h e  

de r iva t ives  i n  t h e  ,V/ plane. It w i l l  t h e r e f o r e  be 

most convenient t o  develop a l l  such r e l a t i o n s  i n  one 

sec t ion  so  t h a t  re ference  can be made t o  them l a t e r  

Without digression.  Some of these  r e l a t i o n s ,  f o r  

ve loc i ty  d i r e c t i o n  and nagnitude , have d r e z d y  been 

round i n  sec t ion  3.1.1. 



3.2.2 The exsc t  so lu t ions  f o r  the  D i r i c h l e t  f l o w  around 

z sphere snd a d i sc .  

These a r e  c l z s s i c  r e s u l t s  involving par.ticu'lar sc lu t icms 

of t h e  Laplace equa-kion i n  t h r e e  dimensions. The i d e a l  

s t r e a n  i s  ti r e s u l t  quoted i n  mcst s tandard t e x t s  ( e e g .  

Milne-Thomson,Fef. 30,p. l1-43) 2nd i s  equivalent  t 3 t h e  flow 

due t o  a  doublet  i n  an i n f i n i t e  s t r ean .  The s o l u t i o n  

where x i s  measured from t h e  cen t re  of t h e  sphere xhose 

radius  i s  R. 

The s o l u t i o n  f o r  the  flow cf an i n f i n i t e  uniform 

s t r e a m  a.rcund an i n f i n i t e l y  t h i n  2 i s c  i s  not  so well 

known but i s  given by Lzmb ( R ~ P .  25 , p. 144) 2s 3. 

spec ia l  case of the moticn due t o  a p lanetary  e l l i p s o i d  

, moving ~ i i t l i  v e l o c i t y  U p a r a l l e l  t o  i t s  a x i s  ir- an 

i n f i n i t e  mass of 1ic:uid. Ad j u s t i n g  t h e  so lu t ions  f o r  

,v t o  give t h e  flow of an i n f i n i t e  stream pas t  

a d i s c  s e t  normal t o  t h e  s t r e m  we get: 

where C i s  t h e  r ad ius  o? t h e  d i s c  and P ' g ..e 

given by: 

[3.25a] 



being measured from t h e  cen t re  of' t h e  d i s c ,  which 

. coincides with both t h e  f r o n t  anC r e a r  s t s g n a t i o ~ l  po in t s  

since t h e  d i s c  i s  i n f i n i t e s m ~ l l y  t h i n .  

I n  t h i s  so lu t ion ,  s ince  the  flow nego t i a t e s  t h e  
0 

180 corner  ~t t h e  ecige of  t h e  d i sc ,  t h e  v e l o c i t y  a t  t h i s  

poin t  i s  i n f i n f t e .  

Given t h e  co-ordinates ( , Y ) of a poin t  i n  t h e  0 ,u 
plane i n  e i t h e r  of t h e s e  flows we can then  c a l c u l a t e  t h e  

pos i t ion  ( x , r )  of t h e  point  i n  t h e  phys ica l  plane. 

3.2.3 The radius  of curvature cf a s t r e m l i n e .  

I n  the physics1 ?lane the  radius  of curvature of s 

l i n e  through E point  i s  given by: 

where s  is, measured along t h z t  lline and 0 i s  t h e  

d i rec t ion  of i t s  tangent  t h s t  any poin t .  If t h e  l i n e  i s  

a streamline,  y =  constant  , then we csn  say t h a t  

where q i s  t h e  ve loc i ty  magnitude a t  t h e  poin t  m d e r  

Consideration. But from equation [3.14.] live know t h a t ,  

. 
and hence : 

From [3.28] we a l s o  f i n d  t h ~ t  



using t h e  eauzt ion [3.131 , fo r  t h e  v e l o c i t y  magnitude. 

Than e l iminat ing  sscz  8 from [j. 291 m d  s u b s t i t u t i n g  
a0 the r e s u l t a n t  equat ion f 3 r  , i n  C3.271 we o b t ~ i n  an 
3 9  

e x p ~ e s s i o n  f ~ r  t h e  rad ius  of curvature of 2. s t reaml ine  i n  

terms GI? t h e  d e r i v a t i v e s  of f ir, the  9 , ? p h n e .  

3.2.4 The radius  of curvature of a f r e e  s t r e a n l i n e .  

The above r e s u l t , f c r  t h e  curvature of any stream- 

l ine,can be s impl i r i ed  i f  t h a t  s t reamline i s  f r e e  . 
Consider sgain t h e  expression f o r  the  v e l o c i t y  magnitude : 

Since the ve lcc i ty , c~ , i s  constant  or- t h e  f r e e  s t reaml ine  

it i s  the re fo re  l n v s r i a n t  i n  the  d i r e c t i o n  on t h i s  l i n e .  

Theref o r e , d i f f e r e n t i z t i n g  with respect  t o  (P : 

Thfs proviees  us  ivith a r e l s t i o n  f o r  t h s  second order  c ross  

d i f f e r e n t i a l ,  12f , a t  a  polnt  on t h e  f r e e  s t r e m l i n e  : 
S@b'% 

I, 
Simplif icat ion by us ing  L3.311 and s e t t i n g  q. = ( 1  4- &)*  : 



This can be revl r i t ten  i n  t h e  form : 

It i s  a l s c  us2fu l  t o  hzve r e l a t i o n s  fo? u an2 v  on 

the f r e e  s t r e m ~ i n e .  Since u  = q cos 0 , v  = c! s i n  B , 
from ~ c ~ u a t i o n s  L3.131 sn3 [3.14] it f o l l o w  t h a t  on t h e  

f r e e  s t r e a n l i n e :  

Cnz irilportant conclusion can be drawn f m i n  these  

equations regarding t h e  s igns which t h e  d e r i v a t i v e s  f c r  

f shoule take  on t h e  f r a e  streamlfne.  Since, i n  e 

physical ly  r e a l i s t i c  sa lu t lon ,  both u and v  rrust bs 

posi t ive  cn f r e e  s t reaml ine  sec t ion  of the bcwdarg, CD, 

of f i g u r e  3.1. t h i s  means t h a t  i n  th9  s o l u t i m  i n  t h e  

Q l w  plsnz both the  tnngen t i a l  and norxal  g r s d i a n t s  

of f must be p o s i t i v e  t c  give 2 r e s l i s t i c  so lu t ion .  

i - e .  On the  boun5ary CD of f i g u r e  3.2 

Now cor.;-lder t h e  r ad ius  of curv;tur-. We have a l ready 

( s e c t i o n  1.4.2) t h a t  3 s o l u t i o n  i s  3nly r e a l -  

i s t i c  if c h i s  i s  sush %hat  th2  f r e e  su r face  i s  everywhere 



gives a p o s i t l v e  value f o r  R. Therefore i n  e ~ u a t i o n  [3.34] 

~ u t  ,vje have al ready shown,must be pos i t ive .  Thersfore  

- b? 
a t  any poin t  on t h e  f r e e  s t r eml ine ,us ing  t h e  bas ic  

And 

Cle&y a and ltln f c a  only be equual t o  zero when - 
avt VZ 

i f  = 0 ; t h a t  i s  tc, say 2.t t h e  pc in t  C of f i g u r e s  3.1, 3.2. - 
h Q  

3.2.5 Proper t i e s  of t h e  f l o t r  cn the wetted surface.  

On t h e  vaetted sur face  , s i n c e  ive kncw 8 = 8 ( f )  we 

Can f i n d  from e q u ~ t i o n s  r3.131 and [3.14] t h e  v e l o c i t i e s  

u 2nd v as funct ions  of f and i t s  de r iva t ives  i n  t h e  

, Y) p l a e .  

Using '3.141 w e  f o w d  ( s e c t i o n  2.1.3) t h a t  t h e  

i t i o n  on a f i x e d  su r face  was : boundery cond- 



~ h e n , f r ~ m  the  solution,using [3.13] and u = q cos 8 , 
TJ = q s i n 0  ,we can f i nd  q, u, v, a t  m y  point.  I n  

pa r t i cu l a r  : 

For a disc  we found ( sec t ion  3.1.3), equation [3.36] 

reduced t o  : 

Hence equation L3.131 gives: 

and thus 

For a sphere we found (sect ion 3.1.3) ,equztion [3.361 

gave : 

Thus subs t i t u t i ng  i n  [3.131 we get 

Therefore 

13-38] 

L 

a d  since t a n 0  = (R'- f)l/ f* , i t  i s  e a s i l y  

shown tha t :  

From these  r e s u l t s  we can f i c d  an expression f o r  

the coeff ic ient  of gressure a t  any point and hence, 

by equation [2.3] of sect ion 2.2.1, the  coeff fc ient  



of drag of t h e  body. 

From the  d e f i n i t i o n  of the  c o e f f i c i e n t  of pressure  

it i s  e a s i l y  shown (by 3ernoull$s theoren appl ied t o  t h e  

i n f i n i t e  stre'm) : 

and hence : 

FOP t h e  d i s c  us ing  equation [3 .37]  

For the  sphere us ing  equation [3.38] 

Then t h e  c o e f f i c f e n t  of drag i n  both cases  i s  fourd  by 

i n t e g r a t i o n  , using  equat ion [2.3] : 

- 
Surf ace 

where f ,,, i s  t h e  square of t h e  rnaximwn rad ius  of t h e  
1 a 

body; C i n  t h e  d i sc ,  R i n  t h e  sphere. 

3 * 3 NATU3E OF' THE FLOW I N  THE REGIOK OF SPSCIAL POINTS. 

3.3.1 On t h e  l i n e  of syrrmetry. 

Some important conzlusions can be reached by con- 

s ider ing  t h e  flow over the  l i n e  of sym-net~y of the  

Ri~bouchinsky flow 3 BC of f i g u r e s  3.1 and 3.2. The 

Streamlines a r e  a l l  perpendicular  t o  this l i n e  s o  t h a t  

i n  sec t ion  3.1.3 we drew t h e  conclusion t h a t  the  



boundsry condition on t h i s  l i n e  V E ~ :  

Also,in s e c t i o n  3.2.4 , Twe drew t h e  conclusion t h a t  a t  

t h e  p a i n t  C : 

The radZus of curvaturs  of any s t r e sml ine  (equzt ion[3.  301 ) 

provides ?urtheT i n f o m a t i o n .  S u b s t i t u t i n g  = O i n  

1 (P 
t h s t  equdtion we f i n d  t h e  rddius  of curv-?ture of t h e  

s t rear i l ine  st ~!ng poin t  on t h i s  l i n e  of' s~ywaetrg. 

or  us ing  t h e  f i e l d  e q m t i o n  L3.91 

T.le s h z l l  base t h z  conclusions of 'chis s e c t i o n  on "Lwo 

assumptions, both pliysicdlly reason;ble:  

[ I ]  That on t h e  l i n e  BC of T i p - r e  3.1 , the  v e l o c i t y  v Is  

2 1Tn,7T - <&jo c. posf t iv9 .  Thdt i s  t o  s?y ~var-prhere i n  the  

same d i r 3 c t i o n  ds t h e  uniform aJcre-?.m vs loc i ty .  

[2] T h ~ t  t h e  rr?diu.s o i  curvzture  of thn s t r e m l i n e  through 

m y  po in t  on BC i s  e i t h e r  p o s i t i v e  o r  zero. Since t h e  

cc rvz tu rc  2t C i s  p o s i t i v e  2nd t h a t  a t  B is z=ro t h i s  



And hcnce,climinating .A2 us ing  t h e  values of f z t  A and B : 

- 
But ( 9 ), = ( Y ). and by v i r t u e  of ~;~u..ultion [3.2 1 ;] 

have 2 p o s i t i v e  value. When the  curvature  of t h e  f r s e  

s t rcsmlina t akes  i t s  lowest p o s s i b l e  vGl%s of zero, then 

by v i r t u e  of our second assumption and t h e  f a c t  t h a t  

[ p(V),]  = 0 ,  F(P) i s  evsrysshere zero ,ind 

A =  C - i *  7. rn t h i s  l i m i t i n g  case : 



and s ince  0 i s  P c s i t i v e  ;his must 5e t h e  maximum value of' 

The conclusion t o  be drawn frcm t h i s  i s  t h a t  f o r  a given 

czvi tn t ion  number, 2, and a given c h a ~ ~ e l  r sd ius ,  9, t h e r e  

is a r n a x i ~ ~  c a v i t y  radius ,  B, which zan be achieved by any 

va r i a t ion  of C. 

S i m e  3 / ~  w i l l  be soae funct ion  ~f Q we 

can -es t a t e  t h i s  by szying that f o r  s given blockage r a t i o ,  

Z/.Z , t h e r e  w:ll b e  3. minimum c a v i t a t i o n  number >ihich csn  be 

achieved. If t h e  c a v i t y  2rassure remains constant  t k i s  

i n  turr-  i s  equivalent  t o  saying t h a t  t h e r e  ?s a mx:mum 

velocLty vhich c m  be reached 3 n  t h e  cavitat-ing f l o ~  

around a d i s c  i n  E ci rcu18r  channel. This phenenomenon i s  
I/ 0 

known 2s choked f l ~ w  . When B/X t akes  t h i s  maximun value 

we have sho-m t h a t  t h e  cu-vzture of %he f r e e  s t reaml ine  at 

the point  of maximum diameter of t h e  c e v i t y  i s  zero.  

Although it cannot e a s i l y  be p-oved from t h e  above d e r i v a t i o n  

t h e  conclusicn cculd be d r a m  t h a t  i n  t h i s  case t h e  c z v i t y  

is i n f i n i t e  i n  length. 

A s i rx i lz r  r e s u l t  can be c,btained f o r  t h e  eclv.ivalent 

P'anar f l m  arounc a fLa t  2 l s t e  i n  3 channel. I n  t h i s  

case t he  l i ~ i t i n g  resu't i s :  

The assumption of i n f i c i t e  length  i n  a choked 

flow lesds  t o  t h e  conclusion cf 2 unifarrn s t r e a n  around 

the c a v i t y  fay dol,qnstrc?m of t h e  body. Thus t h e  c o e f f i c i e n t  



el%her  o f  t h e  above eqyzbions , the r e su l t i ng  value 

w91l be g r s a t ~ r  thsn  t he  actual  CD , since 

(CD ),,, in. t M -  s i t ua t ion .  

L [B] Ey 3 ,?,fmfl.j,-p F_ui_~j~s~c,igatlc~,uz ~~0 ' G I ~ ; L ? ~  113 T ~ V ~ E  Toy ' L  / 1" LO 

J- bhe conclpLslon @:n '3s drai.:~ <;;;2'1; , c.; @van 2 , 
C D  w i l l .  d~c-i.c.:zse 2s the i=h@Iczd T?-c;w con$Ji;ioj 1s 

~.a-r~-r-nt.,cl~+~~- l ~ y  i n n _ y e ~ s L ~ , ( ; ~  H/" L> :-. d~C=,-r~',,,ti~~ of 
* i-- - U / i. > L.. L L c . . d , - . &  

L bhc s ign 9-f the $za:c~r integr..:,l dc;in_onstr-tas t h i s  2":s 

berope. 

The va1-Tc3it-y of the ccrlc!-~lsions of ' ~ h l s  s e c J c j o ~  

is dcrnonstx*~:ted in Appznd-1:: A for t he  r e s u l t s  o r  the  

p lanyup ;?&~ucl?jn lg- ,f lor:$ z;?o-~i,nd a f 1.:; -9 1, -... t . 2  @ A S 

?.ntici?ated ;;~OVZ, - ,- ~ ~ v i t j r  b z ~ ~ f f i s s  i n f i n j t z l y  lone; 

i n  t h z  l i m i t  :3n3 thz~eT@p$ the  vzl id i t j r  9-? t h s  t:2zoTy i s  

L independent of t he  rr!oc?sl chosen , ,,he r 3 z . r  end no lozgsr  

e r f  ssJ~ing thz floi;~~ 

Di,:pl,~hgff an$- Z~~z-ontonello ( ~ . ~ f .  5)  mzntion t h i s  

I??sult thcugh t]?ejY simple 2~2:2.lg;5.s dozs co t  she?: 

the r x . t u ~ : ~  of' t h e  l5.mit-in.g cz;3.z8 



3 . 2  An improved ups t rean  bcundary condition.  

I n  sec t ion  3.1.3 w e  s t a t e e  t h e t  a sixple a p p r o x i ~ e t e  

boundary condi t ion  which covild be a p ~ l i e d  on t h e  boundary FA 

of f igures  3.1 end 3.2 ~ o u l c i  assume un i fo rn  s t r e m  

con6itions on t h i s  boundary. Since t h i s  i s  only trw e x a c t l y  

at 0 = - a  (figure 3 .2 )  o r  = @  ( f i g u r e  3.1) w e  

s t a t e d  %hat  the  oSject  i:~ou'_d be t o  inc rease  ?, I /I-Z,OY t h a  

equivalent fi c,f sec t ion  3.1.4 , u n t i l  nc  zpprec i ib le  

change i n  t h e  r q u i r e d  r e s u l t s  took p lace .  This may r e q u i r e  

qui te  a la rge  s e c t i o n  of the  flow xpstream of t h e  d i s c  

t o  be taken i n t o  acccunt. A mcrs r e f i n e d  boundwy zo~ditlon 

would reduce t h e  s i z e  of t h i s  sec t ion  of t h a  f '10-~v  t o  g ive  the  

same sccuracy i n  t h e  r e s u l t s .  m ;, - -+ i s  m a y  3e obtained by 

considering ?;he DLrich'et flow around a sphere o r  disc 

( s e c t ~ o n  3.2.2). A s t m e n l i n e  r v i 2  have a l i rc i t ing  

upstream value of f which. i ~ F ' 1  be tke m i f o ~ m  s t r e m  value, 

dencted b j ~  f u  . We will denote t h e  ciif_"erenc$ b?t1deen $he 

value of 2% s ~ y  poin t  on t h e  s t reamline and f U  by a ,vzhe~e 

a = f - _ " ~  

As sko-m i n  s e c J c i x  3.1.3 the veLue on the s t r s m - l i n e  

w i l l  be: 

Eliminating x from t h e  equati.cn f o r  t he  D i r i c h l e t  flow around 

a sphera i n  an I n f i n i t e  uniform stream (equat ions  t3.241) 

we get :  

E3.461 S 



This i s  t h e r e f o r e  en appzoximate ecuat ion f c r  s = f - f, 
i n  terms of 9 f c r  2 streamline ir. t he  region upstream f?cn 

the sphe-e whe-re a/f, i s  snisll conpered :&th uni ty .  

The equations f o r  a d i s c  (equat icns  [3.251 ) cannot be 

t r ea ted  as  simply s ince  it i s  impossi5le t o  reach an exact  

equation f o r  i n  terms of and f ,of t h e  type r3.461. 

But us ing  t h e  equations [3.25] and [3.25a] w e  can f i n d  i n  

t h i s  case:  

f = ,zS(1 - ' ) ( I  + %= ) 

Hence 

conveniently being eliminated. By inspec t ion  of' e quat ions 

[3.251 [3.25a] we can see t h z t  - 1  < ,A < 1 s ince  other-  

wise r would be imeginary. Thus a s  x + # ,  % + &  - 
Now expanding t h e  t a n '  ( I / { )  term of equr t i cn  L3.491 we g e t  

a f t e r  s i m p l i f i c a t i o n  : 



For Q >> 1 t h i s  becomes ( p u t t i n g  tan- ' \  = n/2 , and t2Hng 

,,imply t h e  f i r s t  te-zm i n  t h e  numerator s e r i e s )  : 

~ l s o  f o r  5 >> 1 we c w  wri te  the f i r s t  or' equat ions [3.25] 

J 
so  t h a t  f o r  5 >> 1 t h i s  becomes: 

SubstiZuting f o r  5 from q u a t i o n  [ 3.501 and rear ranging  

we find: 

where 5 >> 1 , or f r o n  equation [3.50] , a/f, << 1 + 

Comparing equztion [3.47 1 f o r  t h e  sphere icith equat ion 

L3.511 f o r  t h e  d i s c  vie see  t h a t  they  a re  exac t ly  t h e  same 

provided 

h e  t o  t h i s  s i m i l a r + t y  w? ciin conclude 1:;ith r e a s o n ~ b l e  

accuracy t h a t  approximate ugs t rean  s o l u t i o n  f o r  any 

axisynmetric body i n  an i n f i n i t e  uniforrr- stream i s :  

where C i s  some t s q i c e l  length  of t h e  body and k i s  a 

constant Tor 511 s i z e s  cf body. 

Ne cocld t h e r e f o r e  adapt t h i s  f ' a x u l a  t o  g ive  us a 



be i n s e r t e d  t o  'cake account of the  f a c t  t h a t  t h e  stream i s  

i n f i n i t e  but enclosed i n  a s t r a i g h t  walled channe1,in 

t h a t  a i s  zero everywhere on t h i s  boundary. It w i l l  

be assumed t h a t  i n  t h i s  case equat ion C3.521 becomes : 

where X = x(fU) so  thzt  ~ ( f , . , )  = o . 
Now consider  one of t h e  s t reamlines c u t t i n g  AF of 

f igure 3.5. The value sf f a t  $) = - o g  w i l l  be f, a s  

before. Since t h e  o r i g i n  of i n  t h e  equation 13.471 i s  

the f r o n t  s t agna t ion  poin t  we s h a l l  t ake  E,the s t agna t ion  

point of t h e  body,as t h e  o r i g i n  of . Then t h e  value of a 

a t  the  poin t  H on AF w i l l  be 

q, being negative.  Also a t  a poin t  K on the  s t reaml ine  

where = -f- fig t h e  vclue of a i s  given by 

Thus w e  e l iminate  t h e  awkard t y p i c a l  length  3 and the  

f'unction ~(f, ) which , being dependent only on f ,  , t h e r e f o r e  

takes t h e  same value a t  t h e  po in t s  E and I<. 

This equation, [3.54],can then be appl ied a t  any p o i n t  

on the boundary AF, t h e  value of a = f - f,, and t h e r e f o r e  

f being dependent on the value of 3 o r  f a t  a 2 c i n t  on t h e  

Same streamline wi th in  t h e  f i e l d  ,where t h e  d i s t ance  between 

these poin ts  i s  0 9 .  Al te rna t ive ly  w e  could consider  





+ 
,x = 3. [ X ( f ,  ) ]  where ZX i s  t h e  e f f e c t i v e  t y p i c a l  length  of 

the  body st 3 ; ? m t i c u l u r  poin t  on AF. Thus t he  e f f e c t i v e  

t y ~ i c a l  length,2++,is zero on t h e  s t r e a n l i n e  AB. This l i n e  

AB i s  thus e q ~ i v a k ~ t  t o  '\;he line a t  Fnf inity i n  the 

i n f i n i t e  s t r e m  csse.  

Although t h i s  boundery condition i s  s t i l l  

En approximation i t  i s  c e r t a i n l y  b e t t e r  than  the  o r ig in21  

assumption of uniform s t r e m  flow over AF. 

3.3.3 The n 3 t u ~ e  of t h e  f l o ~  cn t h e  a x i s  and a t  t h e  

s tagnat ion  poin t .  

Since t h e  bzs ic  equation [3.91 ccnta lns  f i n  t h e  

must consider  what happens t o  t h e  de r iv2 t ives  nea- t h e  

axis f = 0. Since 

and bcth v and r a re  zerG on the  s x i s  the quest ion a r i s e s  

f f ) behave i n  the neighbourhood of the  axis .  If t h e s e  - 
bya 

der ivz t ives  were i n f i n i t 2  on thc  axis,and i t  i s  our purpose 

here t o  snow t h a t  they a re  not ,  t hen  a very d i f f i c u l t  

s i t u a t i o n  7,~~ould a r i s e  s ince  t h e  ax i s  would then  be i n  e f f e c t  

a l ine of singulzri ty.  In tu i t ive l~r  , of course , we coxld 

guess t h a t  t h i s  i s  not  t h e  case s ince  t h e r e  i s  nc i n d i c a t i o n  

tha t  t h e  flow i s  i n  my ~/,iay ill-b,ehavsd on t h e  ax i s .  

The author  ~ ~ u l ? ~ , h o ~ v e v e r , f i n d  no way of proving t h i s  

by essuning t h a t  t h e  behaviour of t h e s e  d e r i v a t i v e s  i n  



the genera l  case e i d  not  d i f f ' e r , in  type , to  t h e i r  behaviour i n  

the  case of the  D i r i c h k t  flows. For t h e  D i r i c h l e t  flo7d 

around a sphere icqu?tiono b.241,  sec t ion  3.2.21 it can e a s l l y  

be s h m n  t h a t  on t h e  a x i s  : 

and 

where x i s  nCvI measu~eci from the  f r o n t  s t agna t i cn  poin t  and 

i s  p o s i t i v e  downstrem. Bc,th these  d e r i v a t i v e s  a r e  

the re fo re  f i n r t e  on the  s x i s , p r o v i d ? . ~ g  x  # O. A s  x +  O 

(i. e  as we approach t h e  s tagnat ion  p o i n t )  b ~ t l i  l n  f' and 
w 

$ln f tend t o  + . A s  x  -> - @ both d e r i v a t i v e s  tend  

w 
t o  zero. Hmce i n  tk3.s case the  only upstream s i n g u l a r i t y  

on the  a x i s  i s  a t  t h e  stagnation p3int  , x = C. It i s  

reasonable t o  a s s u m  t h a t  t h i s  i s  t r u e  f c r  a l l  axisymnetr ic  

flows s ine2  Z'G n g r e a t  i i istancz u p s t r e m ,  t h e  a c t u a l  shape 

of t h e  body w i l l  have l i t t l e  e f f e c t  on t h e  flow. 6.Je s h a l l  

a l so  assume t h a t  hot$ de r iva t ives  tend t o  i n l i n i t y  a s  

X + O f o r  a l l  b lunt  nosed bodies. 

The r e s u l t s  given above a r e  a l s o  usef'ul i n  detsrmining 

the type of s i n g u l a r i t y  a t  th2 s tagnat ion  poln t .  Using t h e  

assumption ou t l ined  abovz we can say t h s t  on t h e  a x i s  ; 



makfng use  cf equations [3.4] . 
When i n v e s t i g a t i n g  t h e  behaviour on t h e  wetJ~ed su r face  

s i de  of t h e  s t agna t ion  poin t  (E i n  f i g u r e  3.2)  we s k a l l  

again xake use of the  D i r i c h l e t  flori; so7ution f o r  t h e  

two pa- t icu lar  p r o f i l e s ,  t h e  d i s c  and t h e  sph3re. 

For the  sphere , rear ranging  t h e  second of equat ions f3.2'1 so 

tha t  both x and (P a r e  zero a t  t h s  f r o n t  s t zgna t ion  po in t  

and then s u b s t i t u t i n g  f c r  va r i ab le  x from t h e  equat ion of 

the wetted sur face  x ( r )  , we f ind :  

Thus 

on t h e  ;vetted sur face .  

Assuming t h a t  t h e  l i m i t s  of t h e s e  func t ions  a s  w e  

appr~ach  t h e  s t agna t ion  point  a re  t h e  same i n  t h e  case of 

cavi ta t ing  f l o ~  and us ing  equations [3.381 and [3*211, 

We can say t h a t  t h e  behaviour of t h e  de r iva t rves  i n  t h i s  

Pegion i s  : 

b f  = 2 f k i ,  - -- 
a cp c_R 

D i r i c h l e t  +["I as f  -+ i; 

D i r i c h l e t  



It i s  i n t e r e s t i n g  t o  note  t h a t  t h e  tangent t o  t h e  

equipotent ia l ,  = G, a t  t h e  s tagnat ion  po in t  maices zn 
0 

angle of tan' (1 .5 )  9 56.2 witk t h e  ax i s  i n  t h e  D i r i c h l e t  

solut ion* I n  any p lana r  flow of course t h i s  tangent  

always b i s e c t s  t h e  angle between t h e  tangent  t o  t h e  body 

~ u r f a c e  and t h e  tangent  t o  t h e  s t agna t ion  s t reaml ine  st 

the s tagns t ton  poin t .  Thus i n  the  equivalent  p lanar  flow 
0 

around a cy l inder  t h e  angle  i s  45. 

a d i s c  , us ing  t h e  equations [3.25] i t  can be shown 

that  on t h e  wetted suvlface i n  t h e  D i ~ i c h l e t  flow : 

and 

Thus on the  wetted su r face  s i d e  of t h e  s t agna t ion  po in t  f o r  

a disc,  meking t h e  sane sssunpt ion as  f o r  a sphere, we can 

say t h a t  : 

-+ [w] as  PC. 
C i r i c h l e t  

?he r e s u l t s  of t h i s  sec t ion  a m  sumrnarised i n  f i g u r e  3.6 

shows t h e  g e n e r i l  shape of tha  curves found if t h e  





3.4 SEPREATION. 

3.4.1 Genersl. 

The sep2:ration point ,  i n  general ,  has been dee l t  

with i n  s e c t i o n  1.4.6 , and f o r  t h e  plane cEse i n  
r section 1.5. o. 4rnstrong (%f. 2) a l s o  dea l s  with 

the na ture  of t h e  f l o ~  i n  t h e  region of s separa t ion  

point i n  a x i s - m e t r i c  flow and h i s  nsthod and r e s u l t s  

w i l l  be cu t l ined  here and furkher  aeveloped t o  s u i t  cu r  

purposes. 

The ~ e t h o d  i s  z s s e n t i z l l y  the  saxe as f o r  

plane flow ( s e c t i o n  1.5.5) although t h e  powerful coK- 

plex var iable  methods cannct be used. Figure 3.7a 

and 3.7b show t h e  n o t a t i o n  used i n  t h i s  and t h e  fc l lowing 

two sect ions.  The coordinates  (s ,n)  a r e  chosen 5 1 ~ i t h  

the c r i g i n  a t  t h e  seps ra t ion  point ,  the s-axis  being 

tangent ia l  t o  t h e  body s treamline.  DE r ep rzsen t s  t h e  

wetted sur face  and DDC the  f r c e  s t r e m l i n e .  As i n  t h e  

Plane case, 2 tr;nsformed ?lane t, , t, i s  used wnere 

DE transforms i n t o  t h e  axis  , t ,  = C , and DC i n t o  t, = 0. 

A Perturbat ion v e l o c i t y  p o t e n t i a l ,  I,!, i s  defined such that 

SJ = - + s 

where t h e  frce s t reaml ine  v e l o c i t y  i s  taken zs  u n i t y  and 

the  Origins o l  $ 2nd w a r e  a t  D. It i s  then  sssumed, 

following t h e  e x m p l e  of plane flow, t h l t  t h e  t h r e e  func t ions  



FIGURE 3.7 a FIGURE 3.7 b 

FIGURE 3.8 

FIGURE 3.9 



w csn 5e written in the 

Si,h 

fcrm : 

[ In  the fcllowing sections we vd.11 use similar expansions 

for , Y/  and a perturbation streamfunction , wa& = Y' + n , 
with coefficients ~ 6 , k  , ~ j , k  and W*- respectively. 1 i~ 

We will denote the velocity in the n direction by v* m d  

that in the s direction by 1 t u-*. Thus : 

Then if a represents the operator b , Armstrong m 
shows t h a t  : 

And 

Now , by definition of the positioning of the axes 
some of the first coefficients in the expensions r3.581 are 



t, and tt. Then , applying the  r n s u l t a n t  expmsions,  

t he  Jacob im cf t ransformst icn  becomes 
2 

[3.63 1 ( s ,n )  = N I I  ( ~ ~ 6 ,  - Spat:) c ~ ( t ' )  
7. z 

where t r ,  t 3re convergent i n  acme ~ e g i c n  t ,  -1- t, = t . 
~ h u s  0 ( s , n )  5 s  3(ta ) and s ince  L." and vX vnnish a t  t h e  

3 
or ig in  both a(n,u;) and h (w,s) must be ~ [ t  ). Thus: 

[3.641 w , * =  w ~ , =  w,, = w O 2  = - 9 
- 

The equation of con t inu i ty  can be vrr i t ten as  : 

- - ( 1 + u * ) s i n & , + v ~ c o s 8 ~  = o a u . - ~  -I- > v *  -+ 
a s > n  I + s s i n g ,  t n  coaBs 

me t o  t h e  sbove orders  of magnitucie, t h i s  becomes : 

Then s u b s t i t u t i n g  t h i s  i n  ec;u?ition [3.61] , Armstrong f i n d s  

L3.671 b(srn) [O.[b(n tw) ,n l  - OIDjw,s),sll 

- (n ,w)0[Q(s ,n ) ,n l  + 0 ( w , s ) O  [1\(s ,n) ,s l  

- 3 7 
- - ;in@& i b ( s ,n ) i  + o ( t  ) 

This i s  c l e s r l y  a f o ~ m  of the  equaSion of con t inu i ty  2nd 

i s  thus t h e  c o n d i t i m  t h a t  t h e  per turba t fon  p o t e n t i a l ,  

w, s h a l l  d e s c ~ i b s  the  flow i n  t h e  ne ighbourho~d of t h e  

origin, the  s e z a r a t  ion  point .  

3y substLtut ion of t h e  se-ies [?.581 i n t o  t h i s  

equation and equ.stfng t h e  c o e f f i c i e n t s  of l i k e  p o w r  terms 

Amstrong r inds  a s e t  of simultsneous e ~ u a t i o n s  i n  %he 

Coeff icients  Sjk , NjJh and I),: 8 ,h . He t h m  i n v e s t i g a t e s  

Pa r t i cu la r  so lu t ions  of these  e q u a t l o ~ s  , t h e  number of' 

unknowns being l3 rge r  than  t h e  nunbar of zquetions.  

L algebra and s incz  bhe stream f u n c t i ~ n  must a l s o  be 

a s l i g h t l . ~ ~  d i f f e r e n t  npproach giving , i n  add i t ion  , t h i s  



function. The a lgebra  would seem t o  be reduced by 

t h i s  nethcd. 

This aZterna t ive  procedure involves t h e  use OF 

the  basic equations of axis~,mmetriz flow : 

From f i g u r e  3.7a 

S - - r *  cos 6 i. x s i n @ $  

n - x cos 8$ - r* sin OS 

where r* = r - 1 .  S u b s t i t u t i n g  f o r  x and r i n  [3.681 and 

sf mplif ying 

Subs t i tu t ing  f o r  t h e  four  d e r i v a t i v e s  2s fol lows 

(and th ree  s i m i l a r  equet ions)  we get  f i n ? l l y  : 

- 3Y 3 s  -- 
b t ,  S t ,  

- by bn -- a t ,  a t ,  



that equation and the substituticn of the series :3.5F8] 

which hold between the coefficients of those series. 

&sides the lower power coefficient relakions 

[3.62] and [3.6ll1 , used by Armstrong , i.13 will clearly have 

[3.71] z j , ~  - I.) Z O , ~  = 0 

since t, t, = C is the body stre?nline. 

Now substituting th2 exp~nsions [3.58] In r 3 . 7 ~ 1  

and equating coefficients of' like po7fer terms the following 

emerges 

[A] The >airs of Identities for the powers (J=O,~=O), 

(j=l,h0) end (j=O,?c=l) yield no new information 

since each term involves z coefflciznt which is 

zero by virtue of equation [3.62]. 

[B] The pairs of equations founc! by ecpzting the coefficients 

of (j=2,1~0), (j=l ,k=l ) and (j=(l,k=2) are , zfter 
substitution of the inforr~zticn or equations [3.62] 

and [3.71] : 
- ,. 

Y o z  + Y2o - ..J 

[3.72j Yw PJ 11 + Z,, = O 

-Y,, S,, + Y,, = 0 

But since W,, = O , using ',3.69] these become 
%o = -Yo, = 1 

C3-731 I! !I = -Z ,, 

s 1, = Y I\ 

The eight equetions for the jflc-3 power terms become 

after ~implificati~n : 



s21 - Y,, - - ' N30 

S I Z  - YI;L = 0 

t h e  o the r  t h r e e  being zlready obeyed. 

As mentioned Szf ore  w e  a r e  lcoklng  f o r  a 

par t icu lar  s o l u t i o n  of these  equations which i s  compatible 

with the  p-oblem being considered. The r e s u l t s  so  f a r  a r e  

i d e n t i c a l  with those obtained by Armtrong ( ~ e f .  2 ) ,  and 

the same p a r t i c u l a r  s o l u t i o n  , namely t h e t  For which 

s I I  = O , N I I  = 1 w i l l  now be inves t iga ted .  We w i l l  a l s o  

take = 0 , or Y 3, = Sao , s i n c e  as Armstrong p o i n t s  out 

u must be a higher c r a e r  quant i ty  than  v on t h e  axis ta  = (1. 

Using t hese  two i d e n t i t i e s  equations [3.7/4] give t h e  

r e s u l t s  

NO3 = O , Z,, N h l  = O 

Sl?j - ?a = N S 0  , S21 - YZI = - KS0 

S 1 5 -  Y r a  = O , Z,, -I- JSa = - N3* 

These a re  p r e c i s e l y  t h e  r e s u l t s  given by Armstrong except 

t ha t  he does no t  d e a l  with t h e  Z c o e f f i c i e n t s .  

Two separa te  cases a r e  now considered. The f i r s t  

w i l l  be seen t o  correspond t o  abrupt separa t ion  , t he  second 

t o  smooth. 

3.4.3 Abrupt Separation. 

con side^ t h e  case i n  which N30 f ? . The 



Tliux we hvve en i n f i n i t e  v e l o c i t y  p a d l e n t  con t h e  

r e s u l t s  , obtained hg Am~strong , to our p r o b l m  of? 

t he  abrupt scpe ra t ion  from a d i sc .  The obJect 1s t o  r ind  

t i  T h ~ t  i s  t o  say f o r  t h e  t h r e e  m e ~ h  l i n e s  

ern?n?ting from t h s  s e p r r ~ t i o n  poin t  , 3 , in t h e  9 ,  

of s on t h e  rdetJ~ed su r face  c m  be sl?_oivn t o  b2 

a 

r e s u l t  fop r, f 1 1 ;3nd p u t t i n g  f X  = 2s + n 

i n  t h e  case of t h e  d i s c  , /3.77] becornes 





cor rec t  P i r s t  d%dvstives and components of v e l o c i t 5 ~  a t  t h e  

separa t ion  poin t  according t o  c3.351. 

Armstrong ( ~ c f .  2 )  goes r u r t h w  t o  shoir 

r igorous ly  t h 3 t  t h e  s p e c l i l  s o l u t i o n  , Sw = Yllo , I.esds t o  

the  flori 2'~ c?, ~ m 0 0 t h  scp&.ration poin t .  :?or ' ~ h f  b 176 PS.nds 

; p a r t i c u l z  s o l u t i o n  of the? e+xitions f o r  t h e  c o e f f i c i m t s  

given by 3-1-4 = 4 power t e r m  3-n s e c t j o n  3.4. I ( o r  3.8 .2) .  

It i s  Intend..c~i t o  demonsty-%te here th- i t  t h e  

coef ' f ic icnts  C y  , 2% qnd C" are a l s o  lmo~m, This 3 

could , presumbly , be ~ h o m  by t h e  s o l u t i o n  oP the 

equations f o r  j f k = 4 2nd j f k = 5 -JS i n  s e c t i o n  

simplzr procedu.re w i l l  serve our purpose? ec-ually a w l  2.. 

i f  the  expansion on t h e  f r e e  s t ~ e a r z l i n e  i s  

radius  of cui-vatuye of t h e  f r e e  s t r e ~ m l i n e  dt t h ?  ~ e p 3 ~ 2 t 5  OD. 

Point i s  t h a t  of t % e  spherz , then  , u s k n ~  the  r e s u l t  

and. 

Equally , fox- the wetted sur:rece it czn be sh.oi.il? th:!.'~ 







4.1 GENERAL NUMERICAL PROCEDURE. 

4.1.1 The Relaxation Mesh. 

I n  t h i s  chapter t he  r e s u l t s  of chapter 3 w i l l  be 

applied t o  t he  numerical so lu t ion  of t he  axisymmetric 

cavity problem by means of f i n i t e  differences.  

The basic p r inc ip le  of the  re laxat ion technique i s  

t h a t  the  f i e l d  i s  covered with a mesh o r  net  and the  

numerical value of t he  dependent var iable  estimated a t  

each of t he  i n t e r sec t ion  points.  The d i f f e r e n t i a l  equation 

r e l a t i n g  the  dependent var iable  with posi t ion coordinates 

or independent var iables  i s  t r ans l a t ed  , approximately , i n t o  

a f i n i t e  d i f ference  equation which r e l a t e s  the  value of 

the dependent var iable  a t  a point with the  values a t  

surrounding points .  Then a t  every in t e r sec t ion  point  
I1 \\ 

we adjus t  o r  r e l ax  the  value, keeping the  values a t  

surrounding points  f ixedJ  so t h a t  t h i s  equation i s  obeyed 

a t  t h a t  point.  Working through every point i n  the  f i e l d  

and then repeating the  process, values a r e  continuously 

relaxed u n t i l  t he  f i n i t e  d i f ference  equation i s  obeyed 

a t  every points the  values having converged. The 

r e su l t an t  values of the  dependent var iable  at each 

in t e r sec t ion  point a r e  then taken a s  an est imation of t he  

values which would be Pound were the  d i f f e r e n t i a l  equation 

t o  be solved. 

Relaxation methods , f i r s t  developed by Southwell 

(Refs. 42 and 43 ) , are  normally used i n  problems f o r  



which ana ly t i ca l  treatment has not been Pound or  i n  

which the  boundary conditions a r e  so  complex a s  t o  

render known methods impract ical .  

Both these l imi ta t ions  a re  found i n  the  4 
plane described i n  chapter 3 ( f i gu re  3.2).  The d i f f e r e n t i a l  

equation, i3-91, i s  non-linear and of t he  second order 

e l l i p t i c  type. This type can only be solved ana ly t ica l ly  

when one has t he  very simplest of boundary conditions. 

The boundary conditions described i n  sect ion 3.1.3 a re  

very complex. The $ , v plane of f i gu re  3.2 i s  shown i n  

f igure  4 - 1  covered with a mesh o r  net .  This mesh i s  
X \\ graded i n  such a way t h a t  t he  regions i n  which the  

flow experiences the  most rapid changes a re  covered by a 

much f i n e r  mesh than the  regions i n  which i t  i s  l i k e l y  t o  

change only very slowly and smoothly. Thus i n  t he  

neighbourhood of the  wetted surface and the  f r e e  stream- 

l ine  the  mesh length ( i . e .  the  d is tance  between 

the i n t e r sec t ion  po in t s )  i s  much smaller than t h a t  near 

the  channel wall. Having obtained a solut ion the  

k grading" i s  then adjusted according t o  an e r r o r  

analysis,  t o  achieve both accuracy and eff iciency.  

4 .1 .2  Boundary Conditions -General .  

One of the  advantages of using the  , Y /  plane in 

a problem such as t h i s  i s  the  polygonal shape of t h e  closed 

contour of i t s  boundary. The mesh can then e a s i l y  be laid 

so t h a t  the  boundaries a r e  l i n e s  of the  mesh. Thus a t  

Points such a s  13, P or  Z OF f igu re  4.1 the  value of the  
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dependent variable i s  known and f ixed and in t e r sec t ion  

points  lying, on Dir ichle t  or  f ixed boundaries need not 

be relaxed. 

'The equation t o  be applied a t  general  points  i n  

the f i e l d , t h a t  i s  t o  say the  f i n i t e  difference form of 
It 

[3.9], i s  known a s  the  f i e l d  equation'\. Since the  

value of t he  dependent variable,  i n  t h i s  case f ,  i s  

unknown on the  Neumann or  complex boundaries t h e  f i e l d  

equation w i l l  have t o  be applied on such boundaries. A 

simple way of doing t h i s  i s  t o  place a f u r t h e r  l i n e  of 

mesh points  outside t he  boundary so  t ha t  every point on 

the boundary i s  surrounded. The values of f a t  ' imaginary 
\\ 

points a re  then determined by applying the  boundary condition 
/I a t  the  nearby boundary points.  The l i ne s  of imaginary 

4 
points a r e  dotted i n  f i gu re  4.1, being required on the  

boundaries BC and CD , though not on the  boundary FA , 
the condition there  (equation [3.54] ) not including 

gradients of f as  such. The boundary DE may a l so  have a 

l i ne  of imaginary points  . 

4 1.3 Point Ident i f ica t ion.  

I n  order t o  describe the  posi t ion of a point i n  the  

f i e l d  a system of i den t i f i ca t i on  by subscr ip t  i s  required. 

It i s  a l so  usefu l  t o  have a fu r the r  system which, defines 

the  r e l a t i v e  posi t ion of a point t o  i t s  neighbours i n  

general. 

[A] The Field System. 

This i d e n t i f i e s  the  posi t ion of a point i n  t h e  



f i e l d  by the  address ( j , k ) .  The hor izonta l  mesh l ines ,  

on which Y = constant, a r e  numbered from the  body 

streamline outwards, a  point on t h i s  streamline having 

the address (~,k). Thus the  imaginary l i n e  of points  

~ u t s i d e  CDE have addresses ( - 1  , k ) .  Since the  value of 

u ( the  f value at @ = - sr ) on any streamline i s  of 

~ons ide rab le  importance, a  fu r the r  l i n e  of points  i s  

placed upstream of, and p a r a l l e l  t o  the  boundary AF. 

The value of f a t  a  mesh point on t h i s  l ine ,  A* F* of 

figure 4.1 , i s  the  f u  value of t he  i n t e r sec t ing  streamline 

a t  t ha t  point. The l i n e  A.* F* i s  not an i n t e g r a l  pa r t  of 

the mesh as such but i s  used merely t o  s t o r e  the  f,, values. 

The equipotential  mesh l i ne s  are therefore  numbered from 

t h i s  l i n e  so t ha t  the  fuvalue on the  streamline j = J 

i s  given i n  (J, 9) and the  f value of the  boundary point 

on FA i n  ( ~ $ 1 ) .  

Thus the subscripted f r e f e r s  t o  the f value 

a t  the point  ( j , k )  i n  the  f i e l d .  

[ B 1 The Local System. 

An abbreviated system i s  usefu l  when re fe r r ing ,  

in genera1,to t he  points  surrounding a pa r t i cu l a r  point.  

In t h i s  " l o c a y  system the  values a t  the  points  are 

denoted by the  singly-subscripted fp where p gives the  

Position of the  point r e l a t i v e  t o  the  point p = 0, the  

Point under consideration. This system i s  shown i n  

figure 4.2. Thus if 

o E ( j , k )  

Then : 



1 E ( j , k + l )  , 2 z ( j + l , k )  3 r ( j , k - I )  , 4 s ( j -1,k)  

5 5 ( j j - ~ , k + l ) ~  6 = ( j + f , k - I ) ,  7 = (3-1,k-l), 8 = ( j - I , ~ + I )  

9 2 ( j ,k f2 )  , 10 2 ( j+2,k)  , 1 1  ( j3k-2)  12 ( j -2,k)  

Normally , these a re  the  only points  t o  which reference need 

be made but others  a re  included i n  f i gu re  4.2 t o  take 

account of the  exceptional cases. This loca l  system i s  

usefu l  i n  t h a t  the  subscr ip ts  a r e  considerably shortened 

when deal ing with general points .  It i s  used i n  the  

menipulation and deduction of the  f i n i t e  d i f ference  forms 

of the  e q ~ a t i o n s ~ w h e r e a s  the  f i e l d  system i s  used mostly 

i n  the  computations o r  appl ica t ion of these equations. 

T h i s  pa r t i cu l a r  numbering of points  i n  the  l oca l  

system has become f a i r l y  standard being used f o r  example 

i n  references 32, 39 and 47. 

The Relaxation Mesh. Further  Comment. 

The nota t ion used i n  t h i s  and the  following sect ions  

m The mesh length i n  the  \Y direct ion.  

n The mesh length i n  the  (P direct ion.  

X The quant i ty  %,/gf, . This has dimensions 

( f j i  as mentioned i n  sec t ion  3.1.4. 

PIP The operator - $ 
a'Pp 

The operator $ - 
b9'  

From the  inves t iga t ion  car r ied  out i n  sect ion 



3.1.4 it was found t h a t  t he  spec i f ica t ion  of the  param, 4 e r s  

[3.23] w a s  necessary and s u f f i c i e n t  f o r  a unique so lu t ion  

i n  the  p ,  plane provided t h a t  f o r  a l l  so lut ions  took 

the same value of We w i l l  now discuss how the  

p a r t i c u l a r  mesh used i n  t h i s  problem was s e t  up us ing these  

p rameters .  For t h i s  purpose reference w i l l  be made t o  

f igure  4.3. It was a l s o  shown i n  sect ion 3.1.4 t h a t  the  

solut ion would be found i n  terms of the  dimensionless co- 

ordinates g /f$$ and y/$ . Thus we would expect every 

distance i n  the  o r  d i rec t ions  t o  be given i n  terms of 

multiples of $!! and td respectively.  That i s  t o  say, a t  

any point  n = n*O5 , m = m*yq where n* and mX a re  dimension- 

l ess  parameters defined by the  geometry of the  mesh. 

Thus i f  it i s  decided t o  have P equally spaced 

points on the  wetted surface (ED of f i g u r e  4.3) then the  mesh 

length, n, between points  within t h a t  Lnterval, DZ, is (&/pa 

Hence every other  mesh length i n  the  hor izonta l  d i r ec t ion  is 

defined by the  geometry of the  net .  If the  mesh length i s  

doubled i n  the  grading a t  a point  such as  J, then the  

mesh length, n, between points  such a s  L and M i s  2 (&/P. 

I n  t h i s  problem i t  was decfded t h a t  the  most 

convenient values of P were those which were P = 2' where 

P was a pos i t ive  in teger .  It i s  a l s o  convenient i f ,  when 

a t  points  such as K and N a l a rge r  mesh length i s  allowable, 
S 

it  i s  i n  f a c t  doubled. Thus n* i s  always 2 where s i s  

an in teger ,  pos i t ive ,  zero or  negative. The l a s t  case 
N 

r a r e ly  a r i s e s  a s  the  doubling* i n  t he  (P di rec t ion  i s  

applied a t  the  most, th ree  times. 

On the  other  hand it was found t h a t  t he  correct  

medim between e f f ic iency  and accuracy was achieved by 

massive grading i n  the  di rect ion.  This w i l l  be 



FIGURE 4.3 



demonstrated numerically by the  e r r o r  analysis  (sect ion 

5.5.2 ) but the  same conclusion can be reached simply by 

considering the  geometry of the  physical  plane. These 

are  ant ic ipated here. The author found t h a t  t h e  

most convenient method of applying t h i s  large grading 

was t o  double the  mesh length, m , a f t e r  each mesh l i n e  

except t he  f i rs t ,  a s  shown i n  f i gu re  4.3. i .e .  If 

yl,, - % ' o , ~  - A ,say 
- 

Then : 

%,a - Y , a  = A 

%,a - ya,& - - 2A 

and f o r  o ther  i n t e r v a l s  

l4 . l  I Y' 5.1 ,h - Y,k - - .A 4s-', 
Thus : 

W 2 1  

the body streamline being taken as  Y /  = / t  J .  

It w i l l  be found t h a t  a l l  t he  f i n i t e  d i f ference  

equations t o  be used can be wr i t t en  i n  a form which includes 

only the  r a t i o  of m/n. This i s  t rue ,  f o r  example, of the  

various forms of the  f i e l d  equation, [4.18], [&.21]. But 

we know tha t ,  from equation [3.21a.1, the  f,  value of any 

streamline i s  direc'cly proport ional  t o  i t s  value : 

Thus the  di f ference  i n  the  f,, values f o r  two points  i s  a 

measure of the  increment, m. i. e l  

We s h a l l  put 

But from [4,3]  we a l so  have 



Therefore: 

NOW we a re  i n  a posi t ion t o  wri te  the  important r a t i o  

m/n as : 

Also 

- - 1 - I mi 
2XP U 

= # "  
f rrrsavnr 

cP5 

Hence the  importance of the  quanti ty %/Qsfq , whose 

relevance i n  sect ion 3.1.4 may have seemed a l i t t l e  

obscure. 

4.1.5 The Parameter Specif ica t ion i n  t he  Relaxation Mesh. 

Having found the  important r e l a t i o n  i4.61 i n  

the l a s t  sec t ion  we a r e  now i n  a posi t ion t o  discuss how 

the complete s e t  of' so lut ions  may be obtained. The con- 

clusion was reached i n  sect ion 3.1.4 t h a t  by varying 

the quant i t i es  

we could get  a complete set of unique solutions,provided 

the quantity,  X , re ta ined the  same value throughout. 

Having s e t  up a net  f o r  one s e t  of [4.71 and 

salved t h a t  p a r t i c u l m  problem t h e  question arLses as t o  

how a change i n  one of these parameters e f f e c t s  the  

geometry of the  net .  A change i n  Q means merely a change 

i n  the  boundary condition on DC. If an a l t e r a t i o n  i s  made 



i n  QL/qs then  t h e  obvious course i s  t o  add o r  s u b s t r z c t  

some mesh l i n e s  and move t h e  boundary AF e i t h e r  up o r  down- 

stream. However i f  a  change i s  t o  be made i n  f d  then 

two courses  of a c t i o n  a r e  open t o  us .  We can e i t h e r  a l t e r  

the value of f,,on t h e  mesh l i n e  AB, thus  a l t e r i n g  t h e  va lues  

of ( f u  ) a  and g on a l l  t h e  mesh l i n e s ,  o r  l i n e s  can be ;s 
added o r  subs t rac ted  from t h e  mesh s o  t h a t  the  boundary 

1 1) 
streamline now l i e s  on a  d i f f e r e n t  mesh l i n e ,  say A B , 
dotted i n  f i g u r e  4 = 3 *  The l a t t e r  course i s  obviously 

preferable  s ince  it can be arranged s o  t h a t  mesh l i n e s  

r e t a i n  t h e  same values of (f, )A and g. and t h e r e f o r e  
5 

the value of m/n a t  any poin t  ly ing  i n  both n e t s  remains 

the  same , by v i r t u e  of equat ion [4.6] . The k' values 

on these  l i n e s  may then  be used as a f i rs t  approximation 

t o  t h e  s o l u t i o n  of t h e  new problem. 

Also in section 3.1.4 , the conelusfon was reached 

t h a t  t h e  s p e c i f i c a t i o n  of C4.71 demanded t h a t  t h e  boundary 

BC ( f i g u r e  b .  1 ) be f r e e  t o  move , t h e  length  q), being 

determined as p a r t  of t h e  s o l u t i o n  t o  t h e  problem. The 

p o s i t i o n  of BC w i l l  t h e r e f o r e  change dur ing  an i t e r a t i v e  

process of s o l u t i o n  znd may not  coincide with a mesh l i n e .  

The mesh l i n e s  which s t r a d d l e  it a r e  marked i n  f i g u r e  4.1 

as B+C* and B' C '  , although t h e i r  p o s i t i o n  may vary 

according t o  t h e  p o s i t i o n  of' BC; a t  a given moment i n  t h e  

i t e r a t i v e  process t h c  p o s i t i o n  of E*Cs i s  descr ibed by 

k = K and t h a t  of BC by 

or i n  o the r  words 

* , /  c = LENGTH C-xC / LENGTU C C 



4.1. Useful iipproxfmate Formulae. 

It i s  useful ,  i n  order t o  prevent t ry ing  t o  f i n d  

solut ions f o r  s e t s  of parameters f o r  which no r e a l i s t i c  

solut ion ex i s t s ,  t o  develop some approximate formuhe. 

In doing so we w i l l  a l s o  f ind  convenient numerical values 

t o  assign t o  the  sca le  value X i n  the  case of the  sphere 

a d  t h s  disc.  

[ I ]  On the  surface of the  d isc .  

Let us assume t h a t  t h e  v s loc i ty  d i s t r i bu t ion  on 

the surface of the  d i sc  i n  the  so lu t ion  w i l l  be c losely  

re la ted  t o  the  valoci ty  d i s t r i bu t ion  Tor the  Di r ich le t  

flow which achieves the  veloci ty,  $I, , a t  the  s u e  

distznce rs Prom the  axis ,  shown diagrammatically i n  

f igure  4.3a. Then from [3.56], [3.56aIr [3.57] 

Then el iminating C and solving the  quadratic f o r  rS w e  

a f t e r  subs t i t u t i ng  f o r  U from [4.?1 and pu t t ing  X = Ifs f,,. 

T h i s  then i s  a simple guide t o  the  approximate value of f 

which we would expect given the  sca le  value, X, and the  

Cavitation number. The author decided t h a t  values of 

r, f, of t he  order of un i ty  would be convenient. 

Typical values of h are  ; Q = (1.2 , A = 1.412 ; 
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[21 On t h e  su r face  of t h e  sphere. 

Iie ~3.11 fol low a s i m i l a r  procedure as t h a t  f o r  

the d i sc .  I n  t h e  D i r i c h l e t  flow (equat ions  C3.241 ) 

it i s  e a s i l y  shown t h a t  t h z  ve loc i ty ,  q, a t  any poin t  

on the surface  of t h e  sphere i s  given by : 

L4.91 q = I . ,  K 3 fk  /R 

Eliminating R from t h i s  and equat ion [3.55a] we f i n d  : 

We w i l l  assume t h a t  the v e l o c i t y  dis t r ibut ion on the 

wetted su r face  i n  t h e  c a v i t a t i n g  Plow is c lose  t o  t h a t  

f o r  t h e  D i r i c h l e t  flow ?as$ a  sphere which achieves t h e  

ve loc i ty  qc  at t h e  same n d i u s ,  r f i r  4 . 3 .  The 

radius of t h e  spheres need not be identica1,though t h e  

I f r e e  stream v e l o c i t i e s  a re .  Thus p u t t i n g  q = q , f=fs =rs , 
C 

0 = i n  Ohe above equat ion and s u b s t i t u t i n g  f o r  X 

we f i n d  : 

= - )L ,where h now becones - 7 

Typical values f o r  are : zL = c.2 I = 9.795 Y ,' 

Q = c.6 , = u.608 . 
FOP Q > 1.25, ), becomes unreal s i n c e  t h e  maximum C p  occurs 

On t h e  wctted su r fzce  i n  t h e  D i r i c h l e t  flax a t  t h e  point  ' = 0 , where Cp = - 1.25. 



12 1 

In  order tha t  r5 was greater  than unity f o r  the 

range O <  & <  0 . 8 t h e  value c h o s e n f o r x w a s  0.45. In 

the actual  solutions , t h i s  gave typica l  values of r as  

follows j & =  0.6, r, s 1-15; Q =  0.2, r,a 1.42. 

The para-eter, & , used above only varies t o  a 

small degree, increasing as Q decreases i n  both cases. 

It i s  theref ore anticipated tha t  fS w i l l  increase s l igh t ly  

with C,, and tha t  the other two parameters, $ /&  and 

f w i l l  have small effects .  This i s  convenient since i t  

means tha t  the f values i n  the region of the  disc or 

sphere f o r  one solution, can be used t o  good ef fec t  as  

a f i r s t  approximation For a new problem with an al tered 

set of parmeters .  

131 Upstream. 

Although the  value which (P, w i l l  take, w i l l  

ultimately be decided by the process of increasing i t s  

value u n t i l  fur ther  increase has a negligible e f fec t  on 

the required resul ts ,  a reasonable value can be found 

by considering the nature of the upstream flow. From 

the investigation carried out i n  section 3.3.2$ the 

conclusion was reached tha t ,  fo r  values of a/f << 1 

On the upstrean boundary we subs t i tu te  9 = 9, and 

U = 
2 X q5 . Since the boundary condition only holds 

f o r  a/fu << 1 , in order t o  find a reasonable value for 

(/)I-/$ we must have 



The worst case i s  provided when f u  i s  small. The 

constant k i s  of the order 02 uni ty  and so, fo r  

our choices of X, i s  D, the typica l  length, i n  the case 

of both the disc  and the sphere. Thus we must have : 

For example : 

In the disc, putt ing X = 1.5 and @/@- = 12 we f ind t h a t  

the largest  value of' a/f, w i l l  be 1/64 ,approximately. 

For the sphere, with X = 2.45, q,/Qs = 4 , (a/f,, 1/64. 

Thus f o r  these values ?'/& , a/fu << 1 and these 

values are,in fac t ,  very close t o  those used i n i t i a l l y  

for  8' /& It subsequently proved tha t  these 

i n i t i a l  values did not require a l te ra t ion ,  an increase 

in them having very l i t t l e  e f fec t  on the resu l t s .  This 

w i l l  be demonstrated i n  the e r ro r  analysis.  (section 5.5.4) 

141 The Free Streamline. 

The potent ia l  distance qP i s ,  as was pointed 

out i n  section 3.1.4 , unlmown. In 

section 4.3.6 we w i l l  discuss how t h i s  may be dete-  mined 

i n  the process of solution, but from the point of' view 

of designing the relaxation mesh it i s  useful  t o  have 

an idea of the values of a /& which may resu l t .  

We know tha t  on any streamline, - ~4 = q, where s 
a s  

1 s  measured along tha t  streamline. Since q i s  Constant on 



the  surface of the  cavity, the  boundary CD of f igure  4.1, 

then a t  the  point C : 

S = t he  d is tance  measured along the  surface of t he  

cav i ty  from the  separat ion point t o  the  point  

of maximum diameter, C. 

Thenshaving some idea  of the  value of S , th is  

exact equation enables us t o  f i n d  the  corresponding 

value of (Pp/& , knowing both X and Q. For example 
1 i n  t he  case of t h e  d i sc  , Reichardt s empirical formula 

(equation[2.91) was used t o  est imate L, the  half- length 

of the  cavity,  and t h i s  [or ,  say, ( L ~ +  ( B - ~ r  )h] taken a s  

an estimate of S. Thus the  approximate f i n a l  posi t ion of 

the boundary BC i s  known. This i s  he lpfu l  when s e t t i n g  

up the  re laxat ion net  f o r  a p a r t i c u l a r  value of & . 

4.2 FINITE DIFFERENCE EQUATIONS. 

4.2.1 The Fie ld  Equation. 

The bas is  of a l l  the  f i n i t e  d i f ference  equations i n  

1 t h i s  t h e s i s  i s  Taylor s expansion. For example,the value 

of f a t  = %  , = 0, -k n w i l l  be r e l a t ed  t o  the  value of f 

a t  Y J = Y , ,  q = g ,  by: 

This expansion w i l l  only hold provided there  a re  no 



,ingul&rities in the interval, 

on the equipotential joining the two points. Care must 

be taken, therefore, not to apply a finite difference 
N \\ 

equation at a point, where the mesh length tentacles 

emanating from that point and used in the difference 

equation, cover or touch a sinalarity unless the presence 

of the singularity has been accounted for in that equation. 

Treatment of the singularities is given in section 4.4 . 
Since the operator and the variable upon which 

it acts are often widely separated it is much more convenient 
P 

to use the incorrect suffix notation N f, rather than 

its strict equivalent (IYPf )*. Confusion will not arise 

from such a substitution and the simplirication is 

considerable. 

In order to translate the field equation,[3.91, 

we could say : 

I4.1;; ln((r) = + nhi + - nZsz + n 3  + .... In fo 
l-2 I2 

[4.131 1n(f3 ) - 
1 

= [ I  - nN + nZIYz - d d  + .... in fo 

I l.2 l.2 1 

Using the local system shown in figure 4.4. Adding [4.12] 

t o  [4.13] w e  find : 

But, 



s imi la r ly  from [4.14], [4.15] : co 

Hence s u b s t i t u t i n g  i n  i4.1 I 1 we can say t h a t  t h e  equation, 

is a f i n i t e  d i f ference  approximation t o  t h e  f i e l d  equation. 

If E is the error involved in substituting r4.181 for [ k .  11 3 

then from t h e  above a n a l y s i s  it fol lows t h a t  

In other  words t h e  e r r o r  i s  a  func t ion  of n,m and t h e  4 t h  

and higher d e r i v a t i v e s  of' fo a t  t h e  po in t  O. Thus t h e  

smaller n  and m t h e  smal ler  t h e  e r r o r  of f i n i t e  d i f ference  

subs t i tu t ion .  

Woods (Ref. 46) a l s o  g ives  m o t h e r  form of t h e  

f i e l d  equatron based on the f i rs t  r a t h e r  than  t h e  second of 

[3.91. Thet i s  

C4.2~1 c ( f ,  + f 9  - 2f.I = 0 

fo + f3 

This i s  based on rough approximat5.ons and i s  much l e s s  

accurate than  [4.18]. It i s  however u s e f u l  i n  one case, 

as w i l l  be seen i n  s e c t i o n  4.4.3 , where [4-  181 and [4.211 

break down. 

The form [4.18] of t h e  f i e l d  equat ion can only be 

us@d,of course, f o r  t h e  p a r t i c u l a r  mesh system shown i n  

f igure 4.4. Figure 4.5 shows t h e  o t h e r  mesh system which 

isUaed. Taking t h e  expansions of t h e  form [4.141, [4.151 
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Thus we can w r i t e  t h e  f i e l d  equat ion as:  

where t h e  e r r o r  i s  
a7 

Hence, again , t h e  e r r o r  i s  of t h e  order  of t h e  f o u r t h  

d e r i v a t i v e  i n  f .  Indeed it i s  t h e  bes t  po l i cy  t o  meke 

a l l  t h e  f i n i t e  d i f f e r e n c e  equat ions t o  be appl ied accurate  
* 

t o  t h e  same order.  Then t h e  f i e l d  i s  refined'' t o  give 

g r e a t e r  accuracy where t h e  s o l u t i o n  demands it. Thus 

we w i l l  t r y  a s  f a r  a s  poss ib le  t o  make a l l  f i n i t e  d i f f e r e n c e  

equations have e r r o r s  not  lower t h a n  t h e  f o u r t h  d e r i v a t i v e s  

i n  f . The author  found t h i s  t h e  bes t  medium between a n  

excessive number of po in t s  dnd excessive computation f o r  

a s i n g l e  point .  

The form [4.18] of t h e  f i e l d  equation i s ,  

therefore ,  used on t h e  l i n e s  j = I and j = 2 ( f i g u r e  4.3) 

and t h e  form [4.21] on a l l  l i n e s  f o r  j & 3.  

A f u r t h e r  complication a r i s e s  a t  po in t s  i n  

t h e  regions  of t h e  mesh where t h e  mesh length  ns i s  doubled- 

Thus if we have 



second poin t  t o  t h e  l e f t  of J r a t h e r  than  t h e  f irst .  This  

is simpler than  involv ing  t h e  po in t  3* , the  presence of whose 

value would no t  improve t h e  accuracy of t h e  f i e l d  equdtion 

anyway un less  f u r t h e r  po in t s  a r e  involved. 

4.2.2 The F i r s t  Deri  va t ives .  

It i s  a l s o  u s e f u l  t o  da r ive  T i n i t e  d i f f e rence  

formulae f o r  t h e  f i r s t  d e r i v a t i v e s  i n  f .  These occur 

i n  t h e  equat ions f o r  t h e  v e l o c i t i e s  and t h e  d is tance ,  

x both of which a r e  requi red  a s  r e s u l t s .  I n  order  

t h a t  t h e s e  formulae w i l l  have e r r o r s  of no t  l e s s  than  t h e  

4 th  d e r i v a t i v e  i n  f we mu-st in t roduce  t h e  po in t s  9, 1 G  

and 1 1 ( f i g u m  4 .4 ) .  Writing 
3 3 

In  5 = [ I  + 2nN + ( 2  -I- 2 )  N -I- . . ] l o &  
L! L2 

and e l imina t ing  ~ I l n  f, and ? I n  f o  us ing  [4.12], [4.131 

we f i n d  

S imi la r ly  w r i t i n g  1 f i n  terms of i n  f, and e l imina t ing  

with [4.12],[4.13] we f i n d :  



carrying out exzc t ly  s i m i l a r  procedures with f r a t h e r  t h s n  

In f we f i n d  

The two a l t e r n a t i v e  forms of N I n  f ,  o r  N f ,  a re  used 

according t o  t h e  s i t u a t i o n .  For example a t  a poin t  nedr 

a boundary, say (j, 1 ) t h e  forms [4.23a] and [4.24a] 

must be used s ince  t h e r e  i s  no po in t  11. A s  mentioned 
I/ i n  s e c t i o n  4.2.1 we cannot go through" a s i n g u l a r i t y  s o  

t h a t ,  f o r  example, C4.23bI o r  [4.24b3 must ba used a t  t h e  

point  figure 4.6b) and [4.23a] o r  [4.24a] at t h e  point  

E**. 

A f u r t h e r  s l i g h t  complication i s  provided at 

o r  near  po in t s  where t h e  mesh l eng th  n* i s  doubled. This  

can,however, be overcome by t h e  r i g h t  choice of type of 

equation f o r  Nf, o r  N I n  f, . For example t h e  fo l lowing 

shows t h e  combinations chosen when t h e  po in t  O takes  

t h r e e  d i f f e r e n t  p o s i t i o n s  i n  such a region. 

'I' A h  "I' 'i' 6. 
1 I 

m 

Case 1. 7 3  0 1 

Case 2. 3  0 1 5 

Case 3. 3 u 1 5 

The o the r  g rad ien t  of f ,  , i s  only requi red  

v 
on t h e  boundary, j = O , i n  t h e  s o l u t i o n  of t h e  f i e l d  



problem. I n  t h i s  case,  us ing  f i g u r e  4 .4  we have : 

and e l imina t ing  between t h i s  and [4.14] : 

8fA - f , u  - 7f0 = G ~ t ~ f i l f ,  + 2nIa M' f, -I- f (8-zP ) ~ M ~ T ~  

p=4 E 
7. 

Then s u b s t i t u t i n g  N i n  f, = - ~~f~ and f o r  ~ ' l n  f ,  

This, therefore ,  g ives  u s  an e ~ u s t i o n  f o r  2 ( o r  M f , )  on 
JY 

the  boundaries DE o r  DC ( f i g u r e  4.1) i n  terms of t h e  

values at  the po in t s  0, 1, 2, 3 and IC. 

4.'2.3 Upstream Boundary Condition. 

On t h e  upstream boundary, AF of f i g u r e  4.6a, 

the value of f i s  r e l a t e d  t o  t h e  value of f a t  a  poin t  

within t h e  mesh on t h e  same s t reaml ine  by equat ion 13.541. 

Me, therefore ,  r e l a x  a mesh point  on t h i s  boundary by 

h, 4 
b~here t h e  (f ) a  values are ,  a s  was mentioned i n  s e c t i o n  4.1 3 ,  

B 



FIGURX 4.6 a 

FIGURE 4.6 b 



Then i n  a given s o l u t i o n  f j , 1 ,  depends simply on t h e  value 

of ria% and t h e  values of t h e  parameter p,/@ , t h e  s c a l e  

X, and t h e  r e l a t i v e  mesh length  n ,  *. 
Once a s o l u t i o n  has been obtained w e  can t e s t  

the parameter g,/& by c a l c u l a t i n g  from t h e  formula L3.541 

and t h e  values of Pi,, , Pi,, values f o r  t h e  po in t s  ( j ,3 ) ,  

(j,4) e t c .  and comparing them with t h e  a c t u a l  values 

obtained. An example of t h i s  procedure can be found i n  

sec t ion  5.5.4 . 

4 2 . 4  The Stream Limiting Boundary and t h e  Upstream 

Stagnat ion Streamline.  

The values of f on t h e  channel wall ,  AB of 

f igure  4.1, a r e  a l l  f i x e d  a t  f = f,, 5 t h e  values on t h e  

axis,  FE a t  zero. The r e l a x a t i o n  process  does not,  

therefore,  d e a l  with po in t s  on these  boundaries. 

4.2.5 The Wetted Surface Boundary Condition f o r  t h e  Disc. 

I n  s e c t i o n  3.1.3 we found t h a t  t h e  boundary 

Condition on t h e  su r face  of t h e  d i s c  ( i 3 . 2 ~ 1 )  was : 

Af = a - 
a Y 

o r  - M f , =  U 

f o r  a p o i n t  onED of f i g u r e  4.6b. From t h i s  we have 

t o  f i n d  a f i n i t e  diff 'erence equat ion connecting t h e  



value of f st t h e  imaginary po in t  4  ( f igure  4.6b),.to 

the values a t  t h e  corresponding po in t s  G,1,2 and 3. 

Then t h e  value of f q  i s  known and can be used i n  t h e  

f i e l d  e ~ u a t i o n ,  j4.181, t o  be appl ied  at  (3. This 

procedure can be c a r r i e d  out i n  t h e  two s t ages  ind ica ted  

or, which i s  more convenient, f can be el iminated from 

the two equat ions leaving  a s p e c i a l  Zorm of t h e  f i e l d  

equation f o r  t h i s  boundary. This form of t h e  f i e l d  

equation w i l l ,  therefore ,  conta in  only f, ,S, ,f,  and f3  . 
Thus s u b s t i t u t i n g  M f ,  = O i n  equat ion C4.251 

we f i n d  t h e  form t o  be appl ied  on t h e  wetted su r face  

boundary i n  t h e  case of t h e  d i sc .  

where t h e  e r r o r  i s  t h a t  of r4.261 divided by two. 

One unfor tunate  poin t  t h a t  a r i s e s  here i s  

t h a t  t h e  equs t ion  14.281 c l e a r l y  cannot be used a t  t h e  

point X+ ( f i g u r e  4.6b),  where f, = 0. This i s  due 

t o  t h e  e f f e c t  of t h e  presence of t h e  s t agna t ion  

s ingula,r i ty  a t  t h e  poin t  3 which means t h a t  equation [4.16] 

i s  no longer  ~ c c u r a t e  o r  appl icable .  The form, 

[4.20], of t h e  f i e l d  ecuat ion  i s  a t  l e a s t  appl icable  

though could hard ly  be any more accura te .  The 

treatment of t h e  s i n g u l a r i t y  a t  t h e  s t agna t ion  point  

( sec t ion  4.4.3) inc ludes  t h e  process  by which t h i s  

d i f f i c u l t y  i s  overcome. A s p e c i a l  equat ion must a l s o  

be used a t  t h e  pofnt D* s i n c e  t h i s  i s  c l o s e  t o  t h e  

separa t ion  poin t  s i n g u l a r i t y .  ( see  s e c t i o n  4.4.4 - ) 



4.2.6 The Wetted Surface Boundary Condition f o r  the Sphere. 

The condition on the  boundary DE f o r  the  sphere 

is ( sec t ion  3.1.3. equation [3.21]):  

This provides a more complex boundary form of the  f i e l d  

equation than t h a t  f o r  the  d i sc .  The der ivat ive  > f  - 
JY' 

is f i r s t  estimated on the  boundary. The above condition 

then gives a value of a t  the  p a r t i c u l a r  point under 
aY' 

consideration from which the  value of fy ,  o r  t he  ecjulvalent 

boundary form of the  f i e l d  eqyation can be obtained. 

Clearly t h i s  amounts t o  subs t i t u t i ng  f o r  M f o  and 

the form of t he  f i e l d  equation t o  be applied on the  

wetted surface boundary i n  the  case of t he  sphere. 

where , i f  

6 j n ~ f ,  = 6 f ,  - f q  - 2fs - 3'0 then 

O r  i f  6nNf, = - 6-C3 + f,, + 2f, + 3f, then the  e r r o r  
P 

i s  as [4.29a] except t h a t  the  last  term contains (-n) 

ra ther  than nP . 
The same comments obviously apply t o  the  use 

of equation [4.29] near  the  s i n g u l a r i t i e s  D and E 

as applied i n  t he  case of the  d isc .  

It i s  relevant  a t  t h i s  s tage  t o  comment on the  



major difference between the solutions f o r  the disc rmd 

those f o r  the  sphere , namely the addit ional  unknown 

of the direct ion of flow ;t separation , @$ . This 

i s  , of course , covered by the addit ional  condition of 

smooth separation i n  which the second , as well as the  

f i r s t  , derivatives of f  are  known 3t the  separation. 

(See section 3.4.4) 

The procedure followed i n  the solutions was 

that  i guess was made as t o  the value of O5 . The 

problem was then solved using t h i s  vslue ( see sections 

4.3.7 [2] and 5.2.7 ) which a t  any given momsnt i n  the 

i t e ra t iva  procedure provides the radius of the sphere, 

R, from the value of f a t  the separation point , f , 
as follows (see f igure  4.7a) 

The radius , R , i s  required f o r  use i n  equation C4.291 

for  the boundary condition on the wetted surface. 

The manner i n  which the correct BS was found 

is postponed u n t i l  a f t e r  the investigations of section 

4.3.7 [2] and i s  contained i n  sections 5.2.7 with 

resul ts  i n  section 5.4.2. 

The Free Streamline Boundary Condition. 

In  section 3.1.3 we found t h a t  the condition of 

Constant velocity magnitude on the f r e e  streamline 

became: 



2 

rn l t i p ly ing  through by ma and s e t t i n g  4 m i / ~ z  = ( ,gbT = ( g ,  ) 

(from equation 14.51) we f ind :  

In t h i s  case g ,  i s  simply the  f value of the  $=I  

streamline. 

On t h i s  boundary, a s  w i l l  be seen i n  sect ion 4.3.6, 

a di f fe ren t  re laxat ion procedure i s  employed t o  t h a t  

used on the  boundary DE. For t he  purposes of t h i s  
N \\ 

procedure we heve t o  estimate the  l oca l  cav i ta t ion  

number a t  every point  on t h i s  boundary. That i s  

say the  value of Q, whi ch would make equetion [4.30] 

ho ld  a t  the  point O given the  f values a t  the  points  

0, 1, 2, 3, 9, 10, 1 1  a t  t h a t  p a r t i c u l a r  time i n  the  

relaxation process. This l o c a l  cav i t a t i on  number, 

denoted by the  subscripted QG, must, i n  t he  solut ion 

be equal t o  the  chosen Q a t  every point.  From [4.30] : 

where nNfojk and mMT, a re  ca lcula ted using equations 
J 

[4.24a - or b] an3 C4.251 respectively.  The process by 

which a l l  the  Qk a re  made t o  converge t o  & i s  described 

i n  sect ion 4.3.6 . 

4.2.8 The Boundary of symmetry of the  Riabouchinslqy flow. 

I n  sect ion 4. I .  5 the pos i t ion  of the  boundary 

BC et 3. given moment i n  the  i t e r a t i v e  process was 

described by k = K and the  f r a c t i o n a l  mesh length , c. 

From sec t ion  3.1.3 the  condition on t h i s  boundary is : 



FIGURE 4.7 a 

FIGURE L.7 b 



or  - (Nf)Be = 0 

This condition w i l l  be used t o  f i n d  an expression 
I 

f o r  the  values of f on B'C i n  terms of the  values on 
9 

the  mesh l i ne s  BXC* and B**C** and the f r ac t ion  c. 

(Figure 4- 7b Taking an expansion f o r  N f  r a t h e r  than 

f we get  

Subst i tu t ing (Nf ) Q+ c-lc 
= O ,we f i n d  the  condition 

i n  terms of c and the  der ivat ives  a t  0. Now el iminating 

Nf, and ~ ' f  from [4.32] using expansions f o r  f , and f , 
i n  terms of the  der ivat ives  a t  O we f ind  

[4* 331 ( 2 c +  l ) f ,  = 4cf, + (I - 2 c ) f ,  + E 

This gives the  r e l a t i o n  f o r  f ,  i n  terms of' f, 

and f 3  The e r r o r  t e r n  i s  ,however ,of the  t h i r d  order. 

An equation f o r  f ,  can be developed whose e r r o r  i s  of 

the four th  order by including a f u r t h e r  value from the  

Point 12 but  this refinement i s  unneccessary i n  t h i s  

case. It can be an t ic ipa ted  t h a t  the  solut ion i s  wel l  

behaved i n  the  neighbourhood of t h i s  boundary , so t h a t  

E i s  small provided c i s  of an order not l a rger  than 

unity. T h i s  i s  acheived by means of s t raddl ing t he  

l ine  of symmetry by the  l a s t  two equipotent ia l  mesh 

l ines.  Thus t he  condition on t h i s  boundary i s  given by 

[4*  331 which determines the  values a t  a l l  points  on B'c'. 



4.3 THE RELAXATION PROCESS. 

4.3.1 The basic method. 

If we denote the f i n i t e  difference form of the 

f i e l d  equation by 

[4.351 F(fo s f ,  sf, , f3  ,fW rZ iL  = 

then,as mentioned i n  section 4.1.1 ,the basic principle 

of the relaxation method i s  t o  t r e a t  each point of the 

f i e l d  i n  turn , adjusting the value f, a t  tha t  point s o  

that L4.351 holds f o r  the present values a t  1,2,3,4,12, 

etc. . (Figure 4.2) The value a t  a par t icu lar  point a f t e r  
i i . .  

i i t e ra t ions  w i l l  be denoted by f, ,f, ,f: ,f: ; the  f i n a l  

value e f t e r  t h i s  process has converged by f$,f'T,f$,ete.. 

There are  a number of ways i n  which the relaxation 

process can be carried out : 
irl 

1 The method of Jacobi s e t s  the value f ,  a t  a 

point using the values f:,f:,fj . from the l a s t  

complete f i e l d  i te ra t ion .  The equation t o  be 

obeyed a t  O i s  therefore 
i i [4.36] F f f , . . . ) = o 

121 The Gauss-Seidel method,however,uses the most 

recent values obtained a t  any point. I f , f o r  

example,the point 3  has been t rea ted  pr ior  t o  the 

point O then f:" i s  used i n  [4.35] ra ther  than f j  . 
The condition w i l l  therefore depend on the order 

i n  which the points are  relaxed. If thf  s order i s  

j=O,k=1,2,3 ... N,J=l,k=1,2,3 ... N,etc. then C4.351 

becomes 

In both cases the value which F tzkes before the 



pelaxat ion of t h a t  poin t  i s  termed t h e  r e s i d u a l  , denoted 

throughout by Yo o r  i n  t h e  o the r  system Yj,$ ; t h e  process 

will have converged when t h e  r e s i d u a l s  are reduced t o  zero.  

4.3.2 Successive Relaxation by Poin ts .  

The f i n i t e  d i f f e rence  forms corresponding t o  

(4.351 which we s h a l l  use  a r e  [4.18] and [4.21] ; t h e r e  

are , i n  a d d i t i o n  , t h e  s p e c i a l  forms f o r  use on t h e  

boundaries. These a r e  a l l  non-l inear  equat ions and hence 

the  s t e p  involved i n  f i n d i n g  f i t '  us ing  [4.36] o r  i4.371 

i s  l e s s  simple than  i n  t h e  case of a l i n e a r  d i f f e r e n t i a l  

equation. I n  t h e  l a t t e r  case i t  i s  normally poss ib le  

t o  w r i t e  i4.361 , say , as 

[ 4 3 1  f , i + l  = F' ( f i  r )  f i  z > a t  fi f r  I& * * *  1 
where t h e  funct ion  F' i s  known. This i s  not  poss ib le  

with [4.18] o r  t4.21) i n  which an i t e r a t i v e  process w i l l  

be requi red  a t  each point  t o  so lve  f o r  fj'l . A t  t h i s  

stage t h e  r e s i d u a l s  become an i n t e g r a l  p a r t  of t h e  

Calculat ions and we w i l l  use t h e  s implest  method,nmely 

~ e w t o d s , t o  f i n d  t h e  value of f:' which @ves a zero 

res idual .  Thus , f o r  example , t h e  method of Jacobi  

becomes : 

and we put ,as  e f i r s t  approximstion 



Since t h i s  i s  an i t e r s t i v e  process wi th in  an i t e r s t i v e  

process,n-mely t h e  r e l a x z t i o n  technique, i t  i s  n o , m ~ l l y  
1 

s u f f i c i e n t  t o  use Newtons method a s i n g l e  time a t  3 

p a r t i c u l a r  poin t .  Thus t h e  change i n  value a t  a 

point  i s  c ~ l c u l z t e d  as  

If , f o r  example , t he  f i e l d  equat ion [4.18] 

i s  being used then 

An over-relaxat ion f a c t o r  can be introduced 

t o  optimise t h e  convergence of t h e  r e l a x a t i o n  process.  

(see , f o r  example , Ref. 39) Denoted by w , i t  i s  

used as  fol lows 

That i s  t o  say t h e  value a t  f i s  increased  by LU times 

the  required &mount , where W would normally be j u s t  

g rea te r  than  un i ty .  Clear ly  c e r t a i n  l i m i t s  e x i s t  a s  t o  

the m a x i m u m  value of W which cdn be used though t h e s e  

l imi t s  depend very much on t h e  p a r t i c u l a r  problem. It 

Will be seen i n  t h e  next s e c t i o n  t h a t  U) a l t e r s  t h e  

r a t e  of convergence sccording t o  a simple formulz. 

4-  3.3 Convergence. 

We w i l l  dcnote t h e  d i f fe rence  betT.een an i n t e r m ~ d i a t e  

value of f snd t h e  f i n s 1  value z t  t k e  3-e point  by 3 



where ,therefore 

e l  = f L  - f* 

~ u t  we must f i n a l l y  hrve 

( f f f f  . ) = 0 

SO t ha t  

. . 
[4.41a] &I i 

F($' - eo , f ,  - e;,f; - e i  .... ) = o 

This can be used i n  conjunction with l4.361 or  [4.37] t o  

give a re la t ion  between eLtl and e l  (see example below) of  

the form 

where [E] i s  a matrix whose elements are usuzlly known 

for  a par t icu lar  mesh and f i e l d  arrangement. 

Clearly,in order tha t  the process be convergent 

the e r rors  ,earnust be consFstently reduced. It can be 

shown ( ~ e f .  32) tha t  the neccessary condition f o r  t h i s  t o  

where 1 i s  the eigenvalue of [E] with the largest  spectral  

radius. In  fac t ,  \ A )  i s  a measure of the convergence 

of the relaxation process since , from [4.42] it foIlows 

that  

Let us take the example of the f i e l d  equation [4.18] 

i n  a Jacobi i t e r a t i v e  procedure. Equation C4.361 becomes 

Equation [4.41a] becomes 



We s h a l l  assume t h a t  e/f << 1 a t  a l l  points. Thus sub- 

~ h u s  we can wri te  L4.421 where t he  elements of [E] zre  

h o w .  Hence the  matrix E can be s e t  up and i t s  i I 
e i g e n v a l ~ e  , h ,  found. Clearly i f  e/f << 1 then the  

elements of [E] do not chmge s i g n i f i c a n t l y  during the  

re laxat ion process. 

If an over-relaxation f a c t o r  i s  used it  i s  

ea s i l y  seen t h a t  equation t4.421 becomes 

= p*] \ e q  

where the  relevant  eigenvalue , I*, of the  matrix pq 
i s  the re fore  given by 

Thus the  convergence of the  process on t h e  in t roduct ion 

of an 0. R. F. (given by /L*) can e a s i l y  be ant ic ipated 

knowing the  convergence of the  o r ig ina l  process (given 

by A 1 -  Further  inves t igat ions  a r e  ca r r ied  out i n  

sect ion 5.2 , i n  r e l a t i o n  t o  the  ac tua l  meshes and 

f f e l d  eayations used. 

4.3.4 Possible Semi-direct Method. 

By expanding the  method of sect ion 4.3.2 

it i s  possible t o  suggesk a semi-direct method of solut lon.  

The f i e l d  equation i s  applied a t  every point  a t  which f 

1 s  i n i t i a l l y  unknown. Thus we have a set of T equations 

f o r  T unknowns,where T i s  the  t o t a l  number of such points. 



In the  case of a l i nea r  d i f f e r e n t i a l  equation we therefore  

have T simple simultaneous equations , and the  d i r e c t  

method involves the  d i r e c t  so lu t ion  o f  these. i . e .  If the  

equations can be wr i t t en  as  

then 

where \ a \  and [M] a re  known. 

This i s  not possible where t he  equations a re  

non-linear s ince  we cannot wri te  t he  f i e l d  equations i n  

this matrix f o m .  Howeversthe following semi-direct 

method i s  possible.  
(1 

If the  approximate ,or  guessed" ,values are 

subst i tu ted  i n  the  f i e l d  equations,we have 

~ ( f , , f ,  ,f,,fS .... ) = Y, 

Then,to t he  f irst  order 

The required change, 0 Yo , i s  of course -Yo . Thus the  

reauired changes i n  f, ,I?, ,f, . . . . a r e  given by 

\ - ~ i , k \  = [MI 1 0  fa,k\ 

i n  matrix notatfon,where the  elements of 1 consis t  of 

the der ivat ives  of the  type . Thus 
b f 

[ f b & \  = [MI [ - y j J k l  
T h i s  process i s  then repeated since the  elements of 

may change,sorne of the  second der ivat ives  , , being 
2 f a  

non-zero. 

Such a method would,no doubt ,be more convergent 

than the  successive re laxat ion by points  , butb in  pract ice ,  

has a nwnber of disadvantages. Consider the  storage space 

required i n  a d i g i t a l  computer. The dimension of the  



,quare matrix [M] i s  equal t o  the  number of points  a t  

which a f i e l d  equation i s  applied. Usually i f  the  number - 
of such points  exceeds 70 , storage of t he  whole of LM] 
is impossible, since many other  quan t i t i es  must obviously 

be preserved. This matrix must then be inverted,a 

labourious,time-conswning task.  However , many of 

of [M] a re  zero , the  matrix having only a 

the  

few non- 

zero diagonals. Fox ( ~ e f .  12) gives methods of carrying 

out the  inversion 03 such s matrix which save time by 

t r ea t ing  only s ignirecant  non-zero sub-matrices and 

vectors. This cu t s  the  labour considerably,though the  

storage and time required a r e  s t i l l  much grea te r  than a 

single f i e l d  re laxat ion by points.  

4,3.5 Invest igat ions on the  Free Streanline.  

The flow on and i n  the  region of the  f r e e  

streamline and the  separat ion point c l e a r l y  cons t i tu tes  

the crux of the  problem. Consider the  following 

observations which can be made a t  t h i s  s tage : 

The posi t ion of the  boundary,BC,the plane of 

symmetry,is unknown j it i s  determined by the  

posi t ion of the  point of maximum radius of the  

cavity,a  property of the  f r e e  streamline. 

A g rea t  dea l  i s  known of the flow at  the 

separat ion point.  

I n t u i t i v e l y  we could say t h a t  t he  posi t ion of the  

f r e e  streamline will depend considerably on t h e  

flow a t  separation. 



General though t h e s e  observat ions may be,they 

do suggest t h e t  t h e  l a c k  of knowledge a t  t h e  poin t  C , 
the  poin t  of m z x i m ~  radius,ought t o  be complemented by 

an excess of knowledge of t h e  flow c?,t separa t ion .  

Now cons ider  t h e  f i e l d  equat ion f o r  a point  on 

the  f r e e  streamline,given by [4.31]. 

Since t h i s  may not  be obeyed,except i n  t h e  f i n a l  s o l u t i o n  

the  numerical value of t h e  right-hand s i d e  i s  denoted by 

Qk r e fe red  t o  a s  t h e  l o c a l  c a v i t a t i o n  number. The 

e f f e c t i v e  r e s i d u a l  a t  any poin t  i s  thus  b Q, = ' Qk - Q . 
Also from [4.25] and 14.24 a - o r  b]  : 

6nNf0,& = 6f,  - f g  - 2f - 3f0 

- - - 6f3 + f,, + 2 f ,  + 3f, 

Then , i f '  we a r e  t o  fol low t h e  procedure given i n  s e c t i o n  

4.3.2 a t  po in t s  on t h i s  boundary ,> 0 a/ 3 fo must be 

found . 
[4.50] - bOgh = - nNf, ( - n ~ f , ~  f,) -t 

1 fo 3 

The 7 s i g n  in t h e  middle of t h i s  expression i s  i r e s u l t  of 

the two a l t e r n a t i v e  expressions f o r  nNf, . I r r e s p e c t i v e  

of t h i s  , and given t h e  provis ion  t h a t  t h e  approximate shape 

of t h e  c a v i t y  always obeys t h e  b a s i c  r e l a t i o n s  of s e c t i o n  

3.2.4 (Mf,> 9 , N f , >  0 , ~ ' l n  f ,<  0 providing q <  OB, ), 

",p/b f, inv3-riably t a k e s  a nwnerical ly  p o s i t i v e  vzlue, in  

the  authors  experience. Thus , i f  a t  a l l  po in t s  on DC 

t h e  r e s i d u a l s  a r e  ca lcu la ted  a s  p o s i t i v e  ( i. e. Qp, l a r g e r  

than & a t  all p o i n t s )  t h i s  r e q u i r e s  us  t o  put 



That i s  t o  say , i n  t h i s  example , a11 t h e  f values on t h e  

f ree  s t r e m l i n e  would be decreased. 

But t h i s  i s  con t ra ry  t o  phys ica l  experience. 

Normally if t h e  c a v i t a t i o n  nwnber i s  t o o  l a rge  , w e  

would have t o  inc rease  t h e  s i z e  of t h e  c a v i t y  t o  reduce 

Q. Thus t h e  use  of t h e  normal procedure would seem t o  be 

i n c o r r e c t  on t h e  f r e e  s t r e m l i n e .  

Consider t h e  o t h e r  d e r i v a t i v e  : 

This,on t h e  o the r  hand,is always negat ive  , given t h e  

same provis ion  a s  before.  If a long t h e  length  of t h e  

f r e e  s t r e m l i n e  t h e  r e s i d u a l  at  t h e  po in t  O i s  d ispersed  

by a l t e r i n g  f ,  , t h e  d i r e c t l o n  of movement would seem t o  

be compatible wi th  phys ica l  experiencc.  Clear ly  one 

method would diverge t h e  other,seemingly t h e  la t ter ,would 

converge. 

This  inves t iga t ion , toge the r  wi th  t h e  i n i t i a l  

observat jons led  t h e  author  t o  conclude t h a t  one f e a s i b l e  

treatment of t h e  f r e e  s t reaml ine  was a s  follows. Suppose, 

i n i t i a l l y , t h a t  t h e  values of f 8t t h e  separa t ion  point ,  

k = k,,and t h e  next poin t ,  k = kS + 1 , a r e  f ixed .  Then 

if kb, i s  dispersed by a l t e r i n g  fo,4+2 and t h i s  

Procedure followed f o r  every po in t  a s  we move down t h e  

f r e e  strecmline,we f i n d  t h a t  fOK+, i s  determined by 0 iiK , 
J 

k = K being t h e  l a s t  poin t  a t  which Qg csn be ca lcula ted .  

Hence t h e  p o s i t i o n  of t h e  c e n t r e  line,BC,is au tomat ica l ly  

determined by t h i s  process , s i n c e  from C4.331 , c can be 



calcu12ted* 

Thus,if  t h e  vnlue of f 
o w  

can be found by 

cons idera t ions  o the r  than  t h e  s p p l i c ~ i t i o n  of t h e  f i e l d  

equation , 14.491 , a t  t h a t  poin t  t h e  s o l u t i o n  of t h e  

problem acqui res  f e a s i b i l i t y .  The i n i t i a l  observation, 

t h a t  t h e  l a c k  of knowledge et C aught t o  be complemented 

by .zn excess a t  D , would seem t o  be t h e  case.  Thus a 

major p a r t  of t h e  problem l i e s  i n  s n  i n v e s t i g a t i o n  of 

the f LON a t  s e p m a t i o n  , i n  order  t o  f i n d  e nethod of 

determining f o b  This w i l l  be c a r r i e d  out i n  s e c t i o n  , 5 + 1  

4.3.7 f o r  t h e  cases  of t h z  d i s c  2nd t h e  s ~ h e r e .  I n  

the next  s e c t i o n  t h e  p o s s i b i l i t y  of such a r e l a t i o n  w i l l  

be a n t i c i p a t e d  end t h e  method of s c l ~ t i o n  zdopted by t h e  

author w i l l  be aeveloped,based on t h e  method ou t l ined  

above. 

However, before t h e  Geta i  1s of such 2 method 

a re  discussed , i t  i s  r e l evan t  t o  cons ider  i t  i n  r e l a t i o n  

t o  t h e  s o l u t i o n  of t h e  problerri as a whole. Suppose 

an i n i t i a l  guess , based on approximate formulae , has 

been made f o r  t h e  values of f a t  a l l  po in t s  on t h e  f r e e  

s t reamline and wetted su r f  ace and t h a t  t h e  r e s t  of t h e  

f i e l d  has been f i l l e d  i n  with guessed values , poss lb ly  

taken from sketched e q u i p o t e n t i a l s  and s t reaml ines  i n  

t h e  phys ica l  plane. C lea r ly  t h e  && values cn which 

we must base any change of t h e  f values on t h a t  boundary 

a re  those ca lcu la ted  from a 3 i r i c h l e t  s o l u t i o n  i n  which 

the  boundary values a r e  kept f ixed .  These Qh values may 

bear no r e l a t i o n  t o  those  cz lcu la ted  when a l l  t h e  vzlues 

are guessed. A s i m i l a r  s i t u a t i o n  would a r i s e  e f t e r  any 

change i n  t h e  boundary values,  

For t h i s  reason,and from experience,the 



author found it neccessary t o  adopt & procedure which 

consisted , essent ia l ly  , of a l te rnz te ly  solving a 

~ i r i c h l e t  ,problem and chsnging the boundary values on 

CD according t o  the resul tant  Qk values. In f i n i t e  

difference terms , t h i s  amounts t o  relaxing a l l  points 

except those on the boundary CD f o r  a  number of i te ra t ions ,  

then relaxing the points on tha t  boundary and repeating 

the process. Clearly it i s  suf f ic ien t  t o  i t e r a t e  i n  

f i r s t  operation u n t i l  fi Qk values , indicative of the 

0 Qk values which would re su l t  were t h i s  process t o  be 

repeated t o  complete convergence , are  obtained. This 

usually en ta i l s  f a r  fewer i t e ra t ions  than the complete 

Dirichlet solution. 

Southwell and Vaisey ( ~ e f  . 43) recommended 

and used the l a t t e r  type of procedure i n  t h e i r  solutionz 

with  cusped cavi t ies .  (see section 2.5) They do not 

seem , however , t o  have developed any automatic method 

of f r e e  streamline adjustment such a x  t ha t  given above. 

4.3.6 Method of Solution f o r  the Free Streamline. 

Since equation [4.49] i s  essent iz l ly  a 

function of the f i r s t  derivatives of f , it  i s  eas i ly  

shown tha t  the value of Qq a t  a  point i s  more sensit ive 

t o  changes i n  the differences ( f ,  - f, ), (f ,  - f , ) ,  (q - f , )  

etc.  than t o  uniform changes i n  the magnitudes of the f  

values. I n  f a c t  the a l t e ra t ion  i n  QR due t o  a small 

equal change i n  a l l  the vzlues f, ,q ,f, ,f, .. a t  a point 

i s  negligible compared w i t h  the a l t e ra t ion  i n  CJa f o r  the 



same chmge zpplied only t o  f,  ,say, 

With t h i s  and the derivatives , [4.50] and 

[4.51], i n  mind , we w i l l  examine par t icu lar  methods of 

carrying out the procedure envisaged i n  the l a s t  section. 

~t w i l l  be found tha t  various r e s t r i c t ions  and modifications 

must be placed on t h a t  general method. To simplify the 

investigations a  s j tua t ion  w i l l  be used , i n  which a l l  the  

residuals except one , a t  the point i n  question , are zero. 

This w i l l  give an idea of the behaviour of the par t icu lar  

process being envisaged. 

[ 1 ] Gauss-Seidel. The f i r s t  method which w i l l  be 

investigated i s  tha t  i n  which the newest values are 

used a t  every point. Thus we must se t  

Now f R c l  being al tered , t h i s  w i l l  a l t e r  the value of 

Thus 

Now , w i t h  the aid of C4.501 and C4.511 , provided 

the f i r s t  derivatives of f a t  k and kfl are  reasonably 

close together , it can be seen tha t  the numerical 

value of the r ight  hand side of C4.531 i s  greater  than 

$1 . Thus the residual  i s  removed t o  the  next point, 

kfl , and ,which i s  even more unsatisfactory , usually 

magnified i n  the  t ransfer .  This method must therefore 



be discounted , i n  i t s  prGsent form , 2s u n s ~ t i s f a c t o r y .  

[ 2 ]  Jzcobi. On the other h a d  we could , i n  t he  
II * 

calculations f o r  O Q k  , use only the old vzlues of f a t  

evcry point. Thus [4.52] will s t i l l  b2 a p p l i ~ ~ i b l c  

but OC&+, w i l l  be unaffectoj. by tne resul tant  chmge 

i n  fb,l . The residuals a re  therefore not trans- 

ferred a d  the unsatisfactory mawification of the 

Gauss-Seidel eliminated. This method would work 

but the a t h o r  f ~ u n d  it unsst isfzctory , i n  tha t  

a f t e r  the subsequent Dirichlet  solution 3 residual  

But based on t h i s  the following,morc workzble 

method was designed. 

[31 Overall Downstream Displacement. This methcd! 

presents a sat isfactory compromise between [ I  ] m d  

c21. The values of bQpare calculated as In  121 

from the "old" values of f .  But instead of meking 

the r e g i s t e  change only i n  f k , ,  , sl l  the dotmstream 

values s r e  changed by the szme amount , b fk,, . 
Thus the whole f r ee  streamline downstrem of t h 3  po9nt 

i n  question i s  moved b o d i l y  t o  disperse the residual  

a t  t h a t  point. This I s  more simply csrr ied out by 

representing the values on the f r ee  streamline by 

the recurrence re la t ion  

%+, = f, + db 

If ,then,the dk vvlues are  a l tered according t o  b Qk 

we w i l l  get the desired ef fec t .  Clesrly 

' d ~  w i l l  a l so  use the notation 

(fl - f O ) O r B  = ;i'g 



I n  ticsigning the  procedure f o r  the f r e e  

stremil ine it must be borne i n  mind t h a t  the  object i s  

t o  eliminate or  successively reduce the  res iduals  ~~hlc'Y1 

occur a t  the  - end of the  next i n t e r n a l  o r  n i r i c h l e t  

solution. The res iduals  occuring immediabcly a f t e r  

the boundary change a re  r e l a t i  vc l y  unimportant. The 

issue w i l l  be complicated by the f a c t  t h a t  

changes w i l l  occur i n  the  i n t e r n a l  values , f,, 
f,,,during t h e  next I.nterna1 so lu t ion  and these values 

are used i n  the  ca lcula t ions  of the  res iduals .  Clearly 

any chinge i n  f ,  o r  d; a t  e point w i l l  a l so  a l t e r  

the r e su l t i ng  values, f, , f,,. Thus equation [ L C .  521 

does not represent  a tLwe p ic tu re  of t he  required 

change i n  t he  values and any method of solut ion 

attempted must Include or  take  account of these  unknown 

fac tors .  

Due t o  these  e f f e c t s  , i f  b Q Q n t  was estimated - 
a d'k 

from [4.51] and the  value subs t i t u t ed  i n  

then with p = 1 , t h s  change; i n  d; which resu l ted  were 

found (see sec t ion  5.2.5) t o  be t c o  large.  Thus some 

a l t e r a t i on  1172s required i n  the  basic method. 

Two z l t e rna t ive  methods were t r i e d  by t h s  

author. The f i r s t  involveci the  use of [4.54] with 

The second. involved a t r i a l  and e r r o r  

Procedure t o  find. s numerical value , d ,  , f o r  t h e  

gradient ad' which vlculd serve as follows ..p, 



where , since the  gradient assumed ought t o  include a  

mul t ip l ie r  P r o ~ o r t i o n a l  t o  the  r e l a t i v e  mesh length, ng , 
we introduce the  t e r n  n$ /nz = P.ng . (see sect ion 

4.1.4 ) 

The r e l a t i v e  merits of these  two methods , and 

the reasons f o r  the  second , apparently more empirical , 
are discussed i n  sect ion 5.2.5. 

F ina l ly  it must a l so  be pointed out t ha t ,  

due t o  the condition I? l n  f, < O on the  f r e e  stream- 

line (see  sect ion 3.2.4 ) it i s  e a s i l y  seen tha t  a  

physically r e a l i s t i c  solut ion has a t  every point 
1 

~ k + t  < d a  

provided the  r e l a t i v e  mesh-lengths np,, and ng a re  

the same. A const ra in t  was introduced t o  the  

programme s o  that this could never fail t o  be the 

case. Naturally the  const ra in t  only came i n t o  ac t ion  

during e a r l i e r  i t e r a t i o n s .  I f  ,however, the  cons t ra in t  

i s  not included divergence occasionally took place 

when dk,, became g rea t e r  than d& , depending on the  

i n i t i a l  guessed values. 

4.3.7 Invest igat ion a t  the Separation Point. 

The aim of t h i s  sect ion i s  t o  discover whether 

and how t h e  va lue  fh,+, may be determined without t h e  

applicat ion of the  boundary f i e l d  eciuation a t  t h a t  point .  

FOP t h a t  purpose the  s e r i e s  expansions of sect ion 3.4 

were derived. Since,as was pointed out i n  sec t ion4 .2 .1  , 



we cannot apply a f i n i t e  d i f ference  form of t h e  f i e l d  

equation st t h e  s i n g u l a r  s e ~ a r a t i o n  poin t  i t s e l f  , t h i s  

w i l l  a l s o  be inves t iga ted .  

It w i l l  be assumed t h a t  t h e  expansions must 

hold i n  t h e  neighbourhood of t h e  separa t ion  point .  It 

will a l s o  be assumed t h a t  t h e  f i e l d  equation , o r  t h e  

relevant bcundary type , can be appl ied  a t  a l l  po in t s  i n  

t h i s  region except t h e  sepzra t ion  po in t  i t s e l f .  This 

5s not p r e c i s e l y  t h e  case s ince  a t  poin ts  such as  1,2, 

3 ( f igure  4.8) t h e  presence of the  s i n g u l a r i t y  demands 

modified f i e l d  equations with ext ra- res iduals  . (See 

sections 4.4.3 t o  4.4.6 ) But f o r  t h e  purposes of t h e  

following d iscuss ion  t h i s  embellishment can be neglected.  

[ I  ] Abrupt Separat ion from t h e  Disc. 

The expansions [3.791,[3.80! and r3.811 must 

obviously be truncated a t  some power i n  order t ha t  

they  may be appl ied .  There w i l l  a l s o  be some l i m i t  

t o  t h e  number of poin ts  a t  which t h e y  can reasonably 

be expected t o  hold. Clear ly  t h e s e  two l i m i t s  must 

be interconnected.  One major problem which a r i s e s  

out of t h i s  i s  how t o  determine , say , t h e  range 

of po in t s  at  which t h e  expansions , t m c a t e d  a t  a 

given power , can be applied.  This problem w i l l  

be aemonstrated by an example. Suppose , in i t ia l ly ,  

t h a t  t h e  fol lowing t runcated  expansions aTe t o  be 

used : 



D 
Separation 

P o i n t  .' 



Terms with powers equal  o r  g r e a t e r  than  2 have been 

neglected.  [ I n  these  and a l l  t h e  fol lowing expansions 

0 i s  measured from t h e  separa t ion  po in t  , p o s i t i v e  

downst~earn. From s e c t i o n  4.1.4 we can wr i t e  

4 = ( k  - kg) 
qc 2XPJl -I- Q 

where t h e  address of t h e  poin t  i s  e i t h e r  ( O , k )  o r  

(LkJ  I 
This  in t roduces  two new unknowns , K, and K j  . 

Application of L4.581 a t  po in t s  3 and 7 produces 

two equations which can be solved f o r  K, and f ,  ; 

[4.59] appl ied  a t  2 gives K, ; [4.601 a t  1 f i n d s  

f , .  Thus neccessary and s u f f i c i e n t  condi t ions  f o r  

our purposes a r e  t h e  app l i ca t ions  of t h e  re levant  

expansions , [4.581,[4.591 o r  C4.601, at  po in t s  

7,3,2 and 1 .  If more poin ts  a r e  used t h e  problem 

becomes over-determined f o r  our purposes i n  t h i s  

reg ion  j i f  l e s s  t h e n  w e  cannot achieve our  ob jec t ive .  

Al t e rna t ive ly  , another  term could be included 

Then s u b s t i t u t i n g  values from 23,7 and 3 i n  r4.611 

enables us  t o  so lve  f o r  K 3 $ A 3  and f, j from 2 and 

6 i n  [4.621 enables us  t o  solve f o r  K,,A, ; from 1 

and 5 i n  [4.63] f i n d s  A ,  and f ,  . 
It i s  re l evan t  t o  poin t  out a t  t h i s  s t a g e  that  



a t  l e a s t  one poin t  must be used i n  each of t h e  t h r e e  

d i r e c t i o n s  s ince  t h e  expansions ensure t h a t  t h e  c o r r e c t  

condi t ions a r e  achieved a t  t h e  separa t ion  point .  

However t h e  procedure ou t l ined  above i s  , of 

course , only one of a  number of a l t e r n a t i v e s .  I n  

t h e  second case , f o r  example , we could s u b s t i t u t e  

f o r  t h e  use of t4.611 a t  23 , t h e  use of [4.621 a t  

22. The process of f ind ing  f i n  any case i s  

c l e a r l y  equivalent  t o  t h e  app l i ca t ion  of t h e  p a r t i a l  

d i f f e r e n t i a l  equat ion a t  t h e  separa t ion  poin t  ; t h e  

process of f i n d i n g  f could be imagined a s  t h e  

a p p l i c a t i o n  of t h e  e x t r a  information of t h e  flow a t  

separa t ion .  

I n  t h e  so lu t ions  c a r r i e d  out by t h e  author  

the  second s e t  of expansions and accompanying 

procedure was used , being ,presumably, more 

accura te .  

The author  could not  , however , J u s t i f y  t h e  

t h e  app l i ca t ion  of' t h e  expansions a t  t h e  neccessary 

and s u f f i c i e n t  number of poin ts  , except i n  so  f a r  

a s  it was neccessary and s u f f i c i e n t  f o r  t h e  s o l u t i o n  

of t h e  problem i n  f i n i t e  d i f f e rences .  Comparing 

t h e  t runca t ion  e r r o r s  of t h e  expansions with t h e  

t runca t ion  e r r o r s  involved i n  s e t t i n g  up t h e  ord inary  

f i e l d  equation leads nowhere , t h e  s e r i e s  being of 

d i f f e r e n t  types.  

[2 ]  Smooth Separat ion from t h e  Sphere. 

The expansions [3.85?, [3* 861 and [3*87I a r e  

t runcated  a s  follows : 



There i s  however an a d d i t i o n a l  unknown i n  t h i s  case,  

namely t h e  separa t ion  angle , @5 . Suppose t h a t  a 

guess has been made f o r  & . Then t h e  a p p l i c a t i o n  

of expansion [4.64] a t  3 and 7 ( r e f e r i n g  t o  f i g u r e  

4 .8)  w i l l  produce two equat ions , soluble  f o r  KX3 

and f o r  of [4.661 a t  1 and 5 g ives  KT and f, ,and 

of [4.65] a t  2 and 6 w i l l  a l s o  produce two equat ions.  

But t h e  l a s t  two equations w i l l  include only t h e  

unknown KT ,known f values and OS . Thus e l imina t ing  

K-"z from t h e s e  two w i l l  give an expression which 

w i l l  a c t  a s  a t e s t  t o  our i n i t i a l  guess f o r  o5 
A s  i n  t h e  case of t h e  d i s c  , t h i s  i s  only one of a number 

of ways i n  which t h e  neccessary and s u f f i c i e n t  number 

of equations can be obtained. The same problem of 

j u s t i f i c a t i o n  w i l l  a l s o  be re levant .  The procedure 

given above was t h e  one employed i n  t h e  authors  

so lu t ions .  

F i n a l l y  i t  remains t o  comment on one minor 

modification made t o  both procedures i n  t h e  a c t u a l  

Programme. In  view of t h e  importance of t h e  dB d i f fe rences ,  

dea l t  with i n  sec t ion  4.3.6 , t h e  procedure i n  t h e  f r e e  

streamline expansion app l i ca t ion  i s  s l i g h t l y  a l t e r e d *  

Instead of regarding f5  a s  being f i x e d  , t h e  value 

(fg - f ,  ) i s  t r e a t e d  a s  constant .  Thus ( f ,  - f, ) , o r  

Since (f ,  - f ,)/f, << 1 , In f ,  /f, , end K, ( o r  KT ) a r e  

t he  unknowns. 





I 
: [ 2  1 Find a  s u i t a b l e  a n a l y t i c  funct ion ,  say f (g,~), 

which has t h e  same type of s i n g u l a r i t y  m d  which 

r l s o  s a t i s f i e s  t h e  p a r t i a l  d i f f e r e n t i a l  equat ion 

and t h e  boundary condi t icns  i n  t h e  v i c i n i t y  of t h e  

s i n g u l a r i t y .  This i s  arranged s o  t h a t  we can 

wr i t e  14 671 where f' i s  well  behaved i n  t h i s  

?egion. The a c t u a l  funct ions  used i n  t h e  l i n e a r  

case do not  concern u s  here so i t  w i l l  s u f f i c e  t o  
En 

say t h a t  they  a r e  usua l ly  of t h e  type r2 o r  l n ( r )  

where r i s  a r a d i a l  v a r i a b l e .  

[31 Find some s p e c i a l  numerical t reatment  so  a s  t o  

s a t i s f y  t h e  a n a l y t i c a l  s o l u t i o n  nea r  t h e  s i n g u l a r i t y .  

One such method suggested by Woods (Fief 47) involves 
/I t! 

t h e  use of ex t ra - res idua l s  i n  t h e  neighbourhood of 

t h e  s i n g u l a r i t y  ; t h a t  i s  t o  say cor rec t ions  t o  t h e  

s tandard d i f fe rence  equations i n  t h e  v i c i n i t y  of the  

s i n g u l a r i t y  so  t h a t  i n  t h i s  region t h e  equation t o  

be appl ied  becomes 

[4.681 ~ ( f ,  ,f ,  .fa , f 3  . . = Z ,j,k 

r a t h e r  than  14.35:. 

Russell  (Ref 39) genera l izes  previous methods f o r  t h e  

l i n e a r  case  a s  fol lows : 

represent  t h e  exact s o l u t i o n  of t h e  p a r t i a l  

d i f f e r e n t i a l  equation ; 

be an approximation t o  f**; 

be t h e  chosen a n a l y t i c  f 'unction f' (4,p) j 

= f-* - f '  ; 

= f I - f  j 

represent  a d i f f e r e n t i a l  o?erator  ; 

represent  t h e  f i n i t e  d i f f e rence  equiva lent  of 2 - 



Then,in t h e  l i n e z r  c s se  

> f*" = + b f '  

d f  = S f '  + s r '  

and s ince  f D  i s  well-beh-ved lie may w r i t e  

3 fP* = S r a  

Thus 

[4 691 > f + *  = s f  + ( a f l  - S f ' )  
The term i n  brackets  i s  t h e r e f o r e  t h e  ex t ra - res idua l  

r e m i r e d  This i s  simply the  d i f fe rence  between t h e  
I I 

a n a l y t i c  r e s u l t ,  1 f  , obtdined by d i f f e r e n t i a t i n g  f and 

i t s  f i n i t e  d i f f e rence  emTlvalsnt , f '  , obteined us ing  

I / /  
fo  ,f, ,fa , e t c .  accord-ing t o  t h e  opera tor  5 

4 4 2 The Non-linear Case. 

blhen t h e  p a r t i a l  d i f f e r e n t i a l  equation i s  not 

l i n e a r  2 s i m i l w  method can be app l i a2  given c e r t a i n  
I I 

o ther  condi t ions  on f  . We w i l l  s t i p u l a t e  t h a t  f 

obey the  d i f P e r e n t i a 1  equat ion 3nd. t h e  boundery condi t ions 

i n  t h e  neighbourhood of t h e  s i n g u l a r i t y  ds wel l  having 

t h e  same typz of s i n g u l a r i t y  Then i n  genera l  ,us ing  

t h e  n o t a t i o n  of t h e  l a s t  s s c t i o n  

1 f*-% - ) f f  = p(P) 

where F'* i s  a func t ion  of f*" 2nd f ,and h *  i d i f f e r e n t i a l  

operz.tor where i n  gzneral ,  h $ I* Also 

d r - s f '  = $ * ( p a )  
S* F' being nn approximation t o  P i nd  5 * t h e  f i n i t e  

d i f f e rence  e m i v a l e n t  of Sub t r sc t ing  

14 701 p g  = f f  + ( s f ' - s f ' )  + p d )  
3% 

Thus [4 691 i s  s t i l l  app l i cab le  provided P i s  s u f f i c i e n t l y  



~ ~ 1 1 - b e h a v e d  so  t h a t  

as t h e  relcva--k example hT= have 

and 

Thus 

and wz c%n say t h a t  t h e  methoj [4  691 i s  applicz.blz 
/ 

provided f' i s  chosen i n  such 3 way thil t  both (f** - f ' )  

3n":f+++ - f")/f** zrr? non-;in&ulir i n  t h e  neighbourhood 
I 

of t h z  s i n g u l a r i t y  This c l a z r l y  r equ i r sa  t h ~ t  f' very 

c l o s e l y  rasemblg t h e  r?ruircd.  s o l u t i o n  P** 

The major problsm t h z r e f o r e  l i z s  i n  f i n d i n 2  

an s n s l g t i c  func t ion  f ' whose b3h?viour Vie lmow t o  be 

cxnct ly t h a t  of  f-%* a t  thz  s i n g u l s r i t y  :>.nd very c losz  t o  

4 4 3 The St:?gn&tion Point S i n g u l a r i t y .  

I n  t h e  case of t h i s  singul:irity,ivhether t h e  

flow be around 2 sphere o r  a diac,cn? obvious funct ion  

must c l o s z l y  raaernble t h e  exdct s o l ~ t i o n , n x n e l y  J. 

D i r i c h l e t  florr of thc? szme t ype ,  A s  will be seen I&-r 



obey th ;  j i r ? z T s n t i a l  ? jua t ion , tho  beundwy condit ions,  

the type of : ; i n ~ ; u l i r i t y  ;lurL:. t h e  -31~:~ c:t t h e  s i n & ~ l . j . r i t y  

exact ly It must bz rnantioned ~t t h i s  s t s , ~  t h a t  t h i s  

sin;;cli ir i ty i s  of type ona , 2 d i s c o n t i n u i t y  i n  t h z  

f i r s t  der ivrb t iva ,zs  w2.s d3,"ri?0ndt~3ted i n  s s c t i o n  3*3 3 
11 0 

It i s  the re fo r2  a s t rong  s i n g u l ~ r i t y  m d  ,wsra not  

a spearL-1 t r e z t m n t  proviijed,b;ould m.kz nonsensz of t h e  

s o l u t i o n  obts insd  i n  t h i s  region i f  not  i n  t h z  r e s t  oi' 

f i e l d .  The der ivs%ion and dpplic-itior?, of' tlis x r t r ; l -  

resi3u:ils 113s 2s follows : 

[ I  1 Thn coordindtas g / ~  md u &re known ;t avorjr 

po in t  i n  t h e  nesh. (@,u;tions [4-.Gal mil  L4.31 

r e s p e c t i v s l y )  Thus wz c m  solve  e i t h e r  [ 3  241 

o r  [3 251 , t h e  D i r i c h l e t  flows zround a sphere 

snci d d i sc ,  p ~ o v i u e d  R ( o r  C )  i s  known- The 

r e s u l t l n t  so lu t ion , f  (=rL ) woulrl br? dzpend-int 

only on t h e  z d d i t i o n z l  v a r i a b l s  , F ( o r  C )  , 
which i s  i n i t i a l l y  unknown For rr?Asons given 

bslow, i t  i s  more convenient t o  e x c h ~ n g e  the 
/ 

v a r i a b l e  R ( o r  C) f o r  - one of t h e  r e s u l t s , f  . 
The p l r t i c u l d r  r z s u l t  chosen was t h ~ t  f o r  t h z  poknt 

- I 
L *- ( f i g m e  4 -  6b) i n  both cases  

Thus a t  m y  poin t  i n  t h e  s o l u t i o n  t h e  r e l evan t  
I 

a n a l y t i c  i 'unct ion, l ' , i s  t h a t  f o r  which fE* = fEi and 

$ha v a r i a b l e  R ( o r  C) i s  d iscarded* 

The reason f o r  t h i s  interchange becomes 

apparent whan we consider  t h a t  i t  i s  requi red  t o  

match t h e  D i r i c h l e t  and x t u a l  s o l u t i o n s  only 

i n  t h e  immediate v i c i n i t y  of t h e  s t agna t ion  

p o i n t .  Thus t h e  convergsd r e s u l t s  may be b e t t s r  

matched i n  t h i s  r5gion by a D i r i c h l e t  s o l u t i o n  



- \\ 
whosa equivalent  LT i s  d i f f e r e n t  from the  a c t u a l  

r ad ius  of t h e  sphere obtained f o r  t h e  c a v i t a t i n g  

flow Clear ly  t h i s  i s  even more re levant  i n  t h e  

case  of t h e  d i s c .  

[ 2 ]  The second s t e p  involves t h e  s u b s t i t u t i o n  of t h e  
I r e l evan t  a n a l y t i c  so lu t ion , f  , i n t o  t h e  l e f t  hand 

s i d e  of t h e  f i e l d  equat ion t o  be appl ied a t  each 

point,be it [ 4  181 , i4 201 o r  [ 4  21 ] The r e s u l t  

obtdined f o r  each poin t  i s  t h e  ex t ra - res fdua l  f o r  

t h a t  point ,  Z j , k .  The Zj,k values should,of course, 

be l a r g e s t  a t  t h e  po in t s  irnmediat e l y  surrounding 

t h e  s ingular i ty , tena ing  t o  t h e  n e g l i g i b l e  t h e  

f u r t h e r  removed ( j , k )  i s  from t h a t  poin t .  I n  

f a c t , t h e  l i m i t  of t h e  po in t s  t o  which t reatment  

must be given i s  bes t  determined by t h e  condi t ion  

t h a t  f o r  po in t s  ou t s ide  t h i s  reg ion  t h e  Zi,k values 

a r e  n e g l i g i b l e .  ( s e e  s e c t i o n  5.5.3 a ) 

[3] Thus,knowing Z. f o r  a l l  t h e  surrounding po in t s  
J j 

t h e s e  values are used ds ext~3-resicj;Ual~ when the 

f i e l d  ecjuation i s  appl ied  t h e r e  j t h a t  i s  t o  say 

i n  t h e  mavlner of [4  681 

It would be labor ious  i n  t h e  extreme t o  c a r r y  

out t h i s  proccss , including t h e  d i f f i c u l t  s o l u t i o n  of 

the  D i r i c h l e t  flow,every time t h e  vslue f E x  a l t e r e d .  

A simpler procedure was found t o  serve  equal ly  we l l ,  

I n i t i a l l y , u s i n g  t h e  approximate formulae of s e c t i o n  

4 1 6 3 rough es t imate  of t h e  f i n a l  value of i',* can 
I 

be o b t a i n d  Two values of f,, c l o s e  t o  t h i s  a r e  taken - 
from which two s e t s  of Z values a r e  ca lcu la ted .  It i s  

then a simple t3sk to interpolate between these two se t s  



according t o  t h e  value of fE* a t  any s t age .  The Z 

s e t s  may be a l t e r e d  a t  some i n t e r v a l  i f '  t h e  o r i g i n a l  

es t imate  of r"p was i n s u f f i c i e n t l y  accura te .  This,then, 
# 

was t h e  procedure used 

However , s p e c i a l  a t t e n t i o n  besides t h e  

treatment g i v m  above , i s  rec-uired a t  t h e  poin t  E ;  ; 

here , a s  mentioned i n  sec t ions  4.2,5 and 4 ' 2  6 we 

cannot apply t h e  normal form of t h e  f i e l d  equation s ince  

t h i s  would involve the  logdrithm of zero A number of 

approaches could be made t o  t h i s  problem ; t h e  author  

decided t o  apply t h e  a l t e r n a t i v e  , though normally l e s s  

accurs te  form, i 4  201 ,of t h e  I i e 1 3  equat ion with t h e  

re levant  ex t ra - res idua l  i e In t h e  case of t h e  d i s c  it 

becomes : 

An a l t e r n a t i v e  was t o  apply t h e  simple 

r e l a t i o n s  which e x i s t  i n  t h e  D i r i c h l e t  s o l u t i o n  between 

the  values a t  E* and E**, From s e c t i o n  3 .3 .3  we have 

[4 731 For t h e  Sphere: f = - 1 . f ,r* + 
2 - 

Obviously an ex t ra - res idua l  i s  not  requi red  i n  t h i s  case .  

The l a t t e r  ecpat ions  were used i n  t h e  rougher 

so lu t ions  , s ince  they  proved more s t a b l e  I n  t h e  

f i n a l  s o l u t i o n s  f o r  t h e  sphere t h e  d i f fe rence  between 

the  values found us ing  t h e  two methods was neg l ig ib le ,  

though f o r  t h e  d i s c  it was g r e a t e r .  



4.4.4 The Separat ion Point  S i n g u l a r i t i e s ,  

The expansions used i n  s e c t i o n  4.3.6 w i l l  

form t h e  b a s i s  of t h e  a n a l y t i c  func t ion  , f ' , i n  t h e  

neighbourhood of t h e  separa t ion  po in t .  The ex t ra -  

r e s i d u a l s  w i l l  bs saen t o  be d i r e c t l y  propor t ional ,  

as  a f i rs t  approximation , t o  t h e  c o e f f i c i e n t  of t h e  

f irst  odd half-power term j t h a t  i s  t o  say  t o  K,,K, 

and KS i n  t h e  case of t h e  d i s c  and K:,Kr and K+$ i n  t h e  

case of t h e  sphere* 

However , un l ike  t h e  f r o n t  s t agna t ion  point  , 
t he  s i n g u l a r i t i e s  a t  t h e  separa t ion  poin t  a r e  comparatively 

weak I n  t h e  case of abrupt we have a type  two , and 
i n  t h e  case  of smooth separa t ion  a type t h r e e  s i n g u l a r i t y .  

This impl ies  t h a t  t h e  range of po in t s  a t  which we must 

apply some s o r t  of co r rec t ion  w i l l  be smaller  t h a n  t h e  

equivalent  range f o r  t h e  s t agna t ion  p o i n t ,  I n  f a c t  

it was Pound t h a t  t h e  only c o r r e c t i o n s  which were 

neccesaary i n  both cases  were those  t o  f i n i t e  d i f f e r e n c e  

forms of d e r i v a t i v e s  which included t h e  value at t h e  

separa t ion  poin t  , O of f i g u r e  4 .9  . 
I n  t h e  fol lowing two s e c t i o n s  we w i l l  d e a l  

sepa ra te ly  wi th  abrupt  sepa ra t ion  from t h e  d i s c  and 

smooth separa t ion  from t h e  sphere.  The ex t ra - res idua l s  

which w i l l  be obtained a r e  those  f o r  use  with t h e  f i e l d  

equation o r  r e l evan t  boundary type , though cor rec t ions  

f o r  o t h s r  d e r i v a t i v e s  used i n  c a l c u l a t i n g  r e s u l t s  from 

t h e  f i n a l  f i e l d  w i l l  be r ezu i red .  Since , however , t h e  

Procedure i s  t h e  same i n  any casz i t  w i l l  suff ' ice t o  

aeel only wi th  that  one e x m p l e .  



FIGURE 4.9 

Separation 
Point. 



4 4  5 Abrupt Separat ion from t h e  Disc* 

The procedure ou t l ined  i n  s e c t i o n  4.4.1 w i l l  

f i rst  t h e  poin t  3 , from t h e  2xpdnsion i4.611 i t  ix round 

t h a t ,  a n a l y t i c a l l y  , 

Normally we used t h e  f i n i t e  d i f f e rence  .iipproximation 

B u t  u s i n g  t h e  expansion [4.61]  

[ I n  t h e s e  equdtions n/yG and rn/q, w i l l  be given by t h e  

same i d e n t i t i e s  a s  i n  s e c t i o n  4.3.7 ] 

Then we f i n d  t h a t  f o r  t h i s  d e r i v a t i v e  t h e  ex t ra - res idua l  i s  

given by 

Thus t h e  ex t ra - res idua l  which w e  w i l l  u se  a t  t h e  poin t  

3 i n  t h e  a p p l i c a t i o n  of t h e  f i e l d  equat ion a t  t h a t  point  

w i l l  be 

No f irst  derivatives a r e  est imated a t  t h i s  poin t  s o  no 

o the r  ex t ra - res idua l s  a r e  requi red .  Repeating t h e  process 

f o r  t h e  poin t  1 we f i n d  Z ,  = O s i n c e  t h e  expansion L4.631 

contains  no 1/2 power term. This  a p p l i e s  not  only t o  t h e  

second d e r i v a t i v e  but a l s o  t o  which must also 

be est imated a t  t h i s  poin t .  A t  t h e  po in t  2 t h e  ex t ra -  

r e s i d u a l  comes from t h e  d e r i v a t i v e  - f r a t h e r  than bLln f ,  

N"f' w L  
but otherwise t h e  procedure i s  similar. 



1f t h e  f i e l d  equat ion a t  t h e  poin t  6 inc ludes  t h e  value a t  

the  poin t  a similar procedure i s  followed f o r  t h a t  po in t .  

It i s  no t i ceab le  t h a t  t h e  d i f f e rence  between 

the two s u b t r a c t i n g  terms i n  any of t h e s e  de r iva t ions  i s  

only one t e n t h  , approximately , of t h e  s i z e  of t h e  t e r n s  

themselvesa This i s  i n d i c a t i v e  of the fact that  t h e  

s i n g u l a r i t y  i s  much weaker than  t h a t  a t  t h e  s t agna t ion  

point 

4.4.6 Smooth Separat ion from t h e  Sphere. 

Taking t h e  expansions , [4.643,[4.651 and 

14.661 , and fol lowing t h e  procedure used i n  t h e  case  of 

the d i s c  it i s  e a s i l y  shown t h a t  t h e  ex t ra - res idua l s  f o r  

the second de r iva t ives  b21n f ( 2,. ,, kg), (":;.f), "'" 
respect ive ly  : 



'4.781 

The 'c within t h e  l a r g e r  bracket  of [4.76] 

.give an idea  of t h e  r e l a t i v e  magnitudes of t h e  terms 

resul t ing from t h e  a n a l y t i c  and f i n i t e  d i f f e rence  f a c t o r s .  

m e  t o  t h e  very weak s i n g u l a r i t y  ( ty2e  3) t h e  numerical  

value of t h e  ex t rz - res idua l  i s  l e s s  than  1/30 t h  of t h e  

two sub t rac t ing  terms. 

We must a l s o  i n s e r t  ex t ra - res idua l s  f o r  t h e  f i r s t  

der ivat ive es t imat ions  s ince  at  t h e  poin ts  1 and 3 , 
'If i s  found us ing  t h e  value a t  t h e  poin t  0. 
Y 

The simple d e r i v a t i v e s  a r e  e a s i l y  found by mul t ip ly ing  

by f3 and f r e spec t ive ly .  

49 5 SUMMARY OF OPE3ATIONS ANC SOP43 REYINEi'rIENTS. 

4.5.1 General. 

I n  t h i s  s e c t i o n  we w i l l  summarize t h e  

operations involved i n  t h e  i n t e r n a l  and e x t e r n r l  

i t e r a t i o n s .  These t e r m s  a r e  used t o  denote t h e  f i e l d  

i t e r a t i o n s  c a r r i e d  out between t h e  boundary changes 

a d  t h e  boundary changes themselves , r e spec t ive ly .  

Mention w i l l  a l s o  be made of some 

refinements made t o  speed t h e  convergence of t h e  processes .  



Whereas , it i s  very d i f f i c u l t  t o  a n t i c i p a t e  

t h e  convergence of t h e  method as a  whole , some simple 

experiments can be c a r r i e d  out t o  t e s t  t h e  convergence 

of t h e  i n t e r n a l  procedure when appl ied  t o  a f i x e d  

boundary value problem. This a l s o  enables us  t o  f i n d  

an optimum over-relaxat ion f a c t o r  ( see  s e c t i o n  4.3.3) 

which t o  use  i n  t h e  i n t e r n a l  i t e r a t i o n s .  Some simple 

tests c a r r i e d  out by t h e  author  with var ious n e t s  and 

f i e l d  equat ions can be found i n  sec t ion  5.2 . 

4 . 5  2 The I n t e r n a l  I t e r a t i o n .  

It i s  perhaps se l f -evident  t h a t  t h e  i n t e r n a l  

operat ion be given a s  much freedom as poss ib le  and y e t  

s t i l l  r e t a i n  s t a b i l i t y  and convergence. Thus , f o r  

example it was found p e r f e c t l y  s a t i s f a c t o r y  t o  r e l a x  

the  po in t s  on t h e  wetted sur face  every i n t e r n a l  i t e r a t i o n .  

It w i l l  be convenient t o  l i s t  the  s e q e n c e  of opera t ions  

which c o n s t i t u t e d  an i n t e r n a l  f i e l d  i t e r a t i o n  : 

[ I ]  The po in t s  on t h e  wetted sur face  , up t o  k = k, - 1, 

were relaxed wi th  any re levant  ex t ra - res idua l s .  

[ 2 ]  The process of s o l u t i o n  a t  t h e  separa t ion  poin t  w a s  

c a r r i e d  by t h e  methods ind ica ted  i n  s e c t i o n  4.3.7 , 
giving  new values of f and ( f  - f ) and % 
t h e r e f o r e  f %*' . 

131 The values of d; , b k 5  4-1 ,k, 4-2 . . . K rrom t h e  last 

boundary change were used t o  c r e a t e  new values on 

t h e  f r e e  s t reamline.  Thus the  f r e e  s t reaml ine  was 

moved bodi ly during each i n t e r n a l  i t e r a t i o n  

according t o  t h e  change i n  fgs+, . 



[.4] The extra-residuals  a t  the  stagnation point a r e  

adJusted t o  conform t o  tne  new value of f,r . 
[5f A l l  o ther  points  ( f o e .  points  on a l l  l i n e s  except 

j = 0 ) are  relaxed. 

As s t a t ed  above,the object w a s  t o  r e l ax  

as many quant i t ies  as  possible during each i n t e r n a l  

i t e r a t i o n  while s t i l l  re ta in ing  s t a b i l i t y  and convergence. 
I 

The values of dk  , k = ks+l ,ks+2,. . . K , of course r e t a i n  

the same value thoughout the  i n t e r n a l  operation. So a l s o  

does c , as i t  is e a s i l y  seen from equation [4.333 t h a t  

it i s  a function only of 3;-, and d; . Unfortunately 

it was found neccessary t o  carry  out a s imi la r  process 

with a few other  , but r e l a t i v e l y  minor quant i t ies .  

Divergence took place unless  these were only t r ea t ed  
N r' 
occasionally. That i s  t o  say every f i v e  o r  t en  i n t e r n a l  

i t e r a t i o n s .  In  this way all were found t o  converge s o  

t h a t  , merely f o r  convenience , they were relaxed o r  

changed only a t  the  same time a s  the  external  iteration. 

"re following were the  quant i t ies  which had t o  be t r e a t e d  

i n  t h i s  way. 

[ I ]  Two a l t e rna t ive  procedures were @ven i n  sec t ion  

4.4.3 f o r  the  treatment of the  point  E* ( t h e  f i r s t  

point on the  wetted surf ace downstream of s tagnat ion) .  

If the  f i r s t  of these , l4.711 , was used and t h e  

point relaxed every i n t e r n a l  i t e r a t i o n  divergence 

took place. By r e t a in ing  the  same value a t  t h i s  

point and a l t e r i n g  only during an external  

i t e r a t i o n  i t  was found t h a t  t h e  value converged 

f a i r l y  rapidly.  Thismay be due t o  t he  f a c t  that 

by far the l a rges t  ext ra-res idual  i s  encountered 



a t  this point. If,however,the second equations , 
C4.721 or  [4.731, are used no such divergence took 

place and i t  was possible t o  a l t e r  fE* every in te rna l  

iterati 'on. 

[2] A somewhat s imilar  d i f f i cu l ty  was encounterea a t  the  

separation point. A s  a d i rec t  consequence of par t  

[2] of an in te rna l  i t e r a t i o n  , values are found f o r  

K,,K3(or KT,KZ and K$ ) .  If these were immediately 

used i n  the calculation of new extra-residuals f o r  

the points surrounding the separation point , 
divergence often occured. If , however , these 

extra-residuals were only a l t e r sd  every external  

i t e r a t i o n  convergence was achieved. Thus although 

K, ,K, (or K'$,K; and iC): ) varied with each in te rna l  

i t e r a t i o n  , the  extra-residuals were only a l tered 

according t o  those values every external  i t e r a t i o n .  

Before the sequence of events occuring during 

an external  i t e r a t i o n  are l i s t e d  three refinements t o  

the method as it stands must be mentioned. These are 

given i n  the following 3 sections. 

4.5.3 Linearizetion of the  late Free Streamline Differences. 

Here we w i l l  anticipate the numerical r e s u l t s  

of section 5.2.5 , i n  order t o  outline a harmful e f fec t  

whfch ar i ses  and the steps taken t o  overcome i t .  In  t h a t  

section i t  w i l l  be demonstrated tha t  under the present 
N 

scheme of solution we get a whiplashx' e f fec t  a t  the end 

Of the f r ee  streamline ; the  l a t t e r  par t  , during successive 



boundary changes , tends  t o  exh ib i t  a weaving , o s c i l l a t i n g  

motion , t h e  p o s i t i o n  of t h e  boundary BC o s c i l l a t i n g  about 

a c e r t a i n  pos i t ion .  This  w a s  d e l e t e r i o u s  t o  t h e  

convergence of t h e  method. However i t  was no t i ced  t h a t  
1 i f  a diagram were drawn i n  which t h e  dh d i f re rences  were 

p l o t t e d  aga ins t  (P,or t h e  p o s i t i o n  of thn po in t  k , t h e  

mean of t h e  o s c i l l a t i o n s  was almost exac t ly  a s t r a i g h t  

l i n e , c u t t i n g  t h e  a x i s  at  t h e  mean value of c. This  
N whiplash effect"  only oecured over t h e  las t  f i v e  o r  

I 
s i x  dk values.  The obvious s o l u t i o n  was t o  

impose l i n e a r i t y  on these  l a s t  few dk values a f t e r  each 

boundary change. This was done by l i n e a r i z i n g  t h e  d': 

values from k = K - 5 ,say, t o  k = K. Thus i n  t h e  

c a l c u l a t i o n  of c  , t he  value found immediately a f t e r  

the  boundary change ( ana the re fo re  t h e  value r e t a i n e d  

throughout t h e  next i n t e r n a l  s o l u t i o n  ) corresponded 

t o  t h e  point  of i n t e r s e c t i o n  of t h e  mean s t r a i g h t  l i n e  

with t h e  ax i s .  

This  was very success fu l  i n  damping out t h e  

whiplash e f f e c t .  Clear ly  , however , it i s  only 

j u s t i f i e d  i f  t h e  ( IQQ values on t h i s  l i n e a r i z e d  por t ion  

a re  able  t o  approach zero i n  t h e  so lu t ion .  Thls was 

found t o  be the  case.  It i s  evidence of the well known 

f a c t  t h a t  t h e  shape of t h e  Free s t reamline c lose  t o  

the  l i n e  of symmetry and remote from t h e  separz t ion  po in t  

i s  very c lose  t o  e l l i p t i c .  ( see  Ref. 35 , f o r  example. ) 

In  f a c t  it w a s  found ( s e e  s e c t i o n  5.2.5) 

t h a t  providlng t h e  l i n e a r i z e d  por t ion  i s  confined t o  

Poin ts  a t  which 
( P a - P  < o.a 

- 9, 
t he  method worked s a t i s f a c t o r i l y .  



4.5.4 Adjustment of in te rna l  values following an external  

i t e ra t ion .  

The- l a s t  refinement aideci the convergence of 

the method as  a  whole j the following i s  an aid t o  the  

in te rna l  solution. 

The new values on the f r ee  streamline a re  

generated immediately a f t e r  each boundary a l te ra t ion .  

To help the subsequent internal solution , the in te rna l  

values can be roughly adjusted according t o  the change 

between the boundary values before and a f t e r  the external  

i te ra t ion .  If  the difference i s  denoted by 5 f,,&,then 

the author found the following change In  the in te rna l  

values reduced the neccessary number of subsequent i n t e r n a l  

where j = J i s  the channel wall. 

4 .5 .5  Alternate Points. 

The density of equipotential mesh l ines  i n  

the region n e a  the wetted surface needs t o  be greater  

thanelsewhere i n  the f i e l d .  But as themesh stands a t  

Present the same density occurs on the channel wall 

opposite the wetted surface. This i s  uneconomical and 

the programme was so writ ten tha t  on the streamlines, 

J > J* , only a l te rna te  mesh points are used. This 

Pequires K t o  be oda, The limit J* was a programme 

Parameter. 



4.5.6 The Externa l  I t e r a t i o n .  

The sequence of operat ions making up an 

ex te rna l  i t e r a t i o n  can now be l i s t e d .  

The bBb values a r e  ca lcu la ted  and t h e  dk values 

adjus ted  accordingly by one of t h e  methods 

ind ica ted  i n  s e c t i o n  4.3.6 . The fol lowing con- 

s t r a i n t s  a r e  present .  

( A )  If t h e  i d e n t i t y  
I cia < dk-, f o r  n& = n$-, 

i s  not  obeyed then  dL i s  s e t  a s  fol lows 
I I I 

d~ = 2d&*, - dk-, 

and t h e  programme p r i n t s  t h e  l e t t e r  G .  

Normally once G occurs a t  a  poin t  it does so  

f o r  a l l  downstream po in t s  but t h i s  was found 

p re fe rab le  t o  d i s t o r t i n g  t h e  shape. It 

only occurs , i n  any case , during t h e  e a r l y  

i t e r a t i o n s .  

(8) The author  a l s o  i n s e r t e d  a maximum change 

c o n s t r a i n t  where 

This proved u s e f u l  during t h e  e a r l i e r  i t e r a t i o n s .  

It p r in ted  lX when c a l l e d  i n t o  ac t ion .  

The l i n e a r i z e d  por t ion  i s  confined t o  

K r ,  k < K 

where KL is i n s e r t e d  a s  a programme parameter. The 
I 

new dk values a r e  p r in ted  out with t h e  l e t t e r s  ZIN.  

next t h e  value d' a. 

K L 

The f r a c t i o n a l  mesh length  c  i s  calculates. The 

value of K i s  adjus ted  so  t h a t  c  cannot be negat ive .  



The following s t eps  a r e  sepa ra te  : 

[4] The separa t ion  poin t  r e s i d u a l s  a r e  ad jus ted  according 

t o  t h e  values of K, and Kt ( o r  K:,K: and K; ) .  

5 If , r e r e r i n g  t o  s e c t i o n  4 . 4 + 3  , t h e  f i rs t  type  of 

equat ion i s  used a t  t h e  poin t  E+t t hen  t h i s  poin t  i s  

relaxed.  

[6] I n  t h e  case of t h e  sphere , t h e  separa t ion  angle  
I1 

t e s t  equat ion i s  appl ied  and t h e  t e s t n  value 

p r in ted .  It was unneccessary t o  do t h i s  every 

i n t e r n a l  i t e r a t i o n .  [Fur ther  comment on t h i s  

t e s t i n g  of t h e  separa t ion  angle  i s  l e f t  u n t i l  

s e c t i o n  5.2.7 .I 

4.5.7 Conclusion. 

I n  t h i s  chapter  a method has been developed 

f o r  t h e  s o l u t i o n  of t h e  axisymmetric c a v i t a t i n g  flow 

problem. The methods descr ibed were those  which were 

found t o  work. This could , i n  many cases  , only be 

discovered by t r i a l  , many other  methods having been 

developed only t o  be found wanting , u s u a l l y  through 

divergence. 

The next chapter  inc ludes  one of t h e  

Programmes used , t h e  r e s u l t s  and o t h e r  r e l evan t  

computations. The author  began h i s  work with t h e  

F e r r a n t i  Mercury computer of t h e  Oxford Univers i ty  

Computing Laboratory; i t  was continued on t h e i r  English 

E l e c t r i c  KDFg 



CHAPTER 5 



CHAPTER ,- 5 

5 .1  MESH POINT GISTRIBUTIONS. 

5 .1  . 1 Streamline mesh point  d i s t r i b u t i o n .  

I n  t h i s  and t h e  next  sec t ion  t h e  p r e c i s e  

geometry of the  mesh used i s  discussed.  Comments on t h e  

equ ipo ten t i a l  mesh poin t  d i s t r i b u t i o n  a r e  contained i n  t h e  

next s e c t i o n .  

I n  s e c t i o n  4 1 . 4  w e  def ined t h e  r e l a t i v e  mesh 

length n* a s  n i t 5  Thus t h e  r e l a t i v e  mesh length  between 

points  on t h e  wetted su r face  was 1 / ~  , P being t h e  number 

of equal ly  spaced po in t s  on t h a t  p a r t  of t h e  boundary ( DE 

of f i g u r e  5.1 ) .  I n  view of t h i s  , t h e  number and spacing of 

poin ts  on t h e  boundary FEDC ( f i g u r e  5.1,5.2 from f i g u r e  4 .1)  

and t h e r e f o r e  t h e  number and spacing on every s t r eaml ine  

mesh l i n e  , w i l l  be ou t l ined  f o r  both types  of body. 

[A] The Disc.  

I n t i a l l y  P was chosen t o  be 8 i n  t h e  case of 

t h e  d i s c  , but w a s  l a t e r  r e f i n e d  t o  16. These 16 

po in t s  were equal ly  spaced i n   figure 5.1) .  But 

us ing  t h e  recommended r e s u l t  of s e c t i o n  4.1.6 131 : 

rp'/#, = 12 

f o r  t h e  chosen value of X f o r  t h e  d i s c  ( 1 . 5 )  , w e  

c l e a r l y  cannot use  t h e  same spacing i n  t h e  e n t i r e  

i n t e r v a l  EF without having an excessive number of 

po in t s .  Bearing i n  mind t h e  a l t e r n a t e  point  

t reatment  of s e c t i o n  4.5.5 , even numbers of equal  





i n t e r v a l s  a r e  used and a s u i t a b l e  d i s t r i b u t i o n  

( f i g u r e  5.1 ) designed f o r  t h e  i n t e r v a l  EF. The 

maximum value of n-% occuring i s  1/2 and t h e  

minimum , 1/16 . This d i s t r i b u t i o n  i n  EF w a s  

used f o r  a l l  d i s c  so lu t ions .  However t h e  d i s t r i b u t i o n  

on t h e  f r e e  s t reaml ine  p a r t  , DC , var ied  with c a v i t -  

a t i o n  number , although i n  a l l  cases  a similar type  of 

design , t o  t h a t  i n  t h e  i n t e r v a l  EF , w a s  used. Thus 

f i g u r e  5.1 was designed f o r  Q = 0.5 where b/fls " 8. 

For c a v i t a t i o n  numbers below 0.2 i t  w a s  requi red  

t o  use  t h e  l a r g e r  spacing , n* = 1 , i n  t h e  i n t e r v a l  

DC i n  order  t h a t  t h e  t o t a l  number of po in t s  p e r  l i n e  

was contained wi th in  t h e  programming l i m i t  of 100. 

Note t h a t  k5 = 53. 

[B] The Sphere. 

The s i t u a t i o n  i s  s l i g h t l y  e a s i e r  i n  t h e  case  of 

t h e  sphere where , from sec t ion  4.1 .6 [31 , $L./@$ need 

only be of t h e  order  of 4  ( X = 0.45 ) + The c a v i t i e s  

a r e  s h o r t e r  so  t h a t  . $ / ~ ) 5  i s  smaller  than  f o r  

t h e  d i s c  f o r  t h e  same Q . For example , (P,/q5 * 7.5 

f o r  & = 0.3  The d i s t r i b u t i o n  chosen i s  shown i n  

f i g u r e  5 .2  , t h a t  p a r t i c u l a r  f r e e  s t reaml ine  d i s t r i b u t i o n  

having been designed f o r  & = 0 .3  . The d i s t r i b u t i o n  

of t h e  24 po in t s  on t h e  wetted su r face  w a s  a l s o  d i f f e r e n t  

from t h a t  used i n  t h e  d i s c .  Normally (n*),,d = 1/32 

and (n*),,, = 1/4 though f o r  c a v i t a t i o n  numbers below 

0 .3  , n* = 1/2 had t o  be used. Again k, = 53 . 



5.1.2 Zquipc ten t i a l  Mesh Point Dis t r ibu t ion .  

The number and spacing of po in t s  cn a s t reaml ine  

was d i c t a t e d  by ( I )  t h e  na ture  of the  problem (ii) t h e  

n e c c e ~ ~ i t y  of having a  minimu-m number of po in t s  on t h e  

wetted sur face  m d  (iii) t h e  liait t o  t h e  t o t a l  number of 

points per  l i n e .  The consequent d i s t r i b u t i o n s  a r e  t h e  

f a i r l y  obvious types t o  choose. On t h e  o the r  hand t h e  

equ ipo ten t i a l  d i s t r i b u t i c n s  a r e  much more d i f f i c u l t .  

It was found t h a t  i n  order  t o  g e t  any reasonable 

r a t e  of convergence per  u n i t  t ime , it wes neccessary t o  

l i m i t  J t o  something of t h e  order  of 15. ( see  s e c t i o n  5 . 2 )  

In s e c t i o n  4.1.6 t h e  X values f o r  t h e  d i s c  and t h e  sphere 

( 1.5 and 0.45 r e spec t ive ly  ) were chosen i n  such a way 

tha t  t h e  r e s u l t a n t  fS values would be c'lcse t o  un i ty .  

Clearly , then , ( f u ) j = ,  must be considerably l e s s  than  

uni ty .  The value eventua l ly  taken was 1/16. But i n  

sect ion 3.3.1 it was found t h a t  , f o r  a given (2 ,a minimum 

value of f,,/f,existed given by equation [3.441. Thus f o r  

a  given f5 t h e r e  i s  a minimum value which f?,, must t a k e  

i n  order  t h a t  a s o l u t i o n  e x i s t .  For 2 = G .  3 , f o r  example, 

equation L3.441 gives  ( fH/fL ),,r +! 8.15 . Thus , i f  we 

say f, = 2fs , then t h i s  implies  t h a t  t h e  l i m i t  

Occurs at  about ( f H  )*W = 16.3 . Comparing t h i s  with t h e  

chosen value of (f  ,, it i s  c l e a r  t h a t  massive grading 
- 

is r e w i r e d  i n  t h e  d i r e c t i o n .  9igures  5.3 and 5.4 

8hot.r two a l t e r n a t i v e  schemes , u i t h  the field e q w t i o n s  

which would be appl ied on each l i n e .  Both a r e  i n v e s t i g a t e d  

Tor convergence i n  the  next sec t ion .  The former 

was chosen i n  view of t h e  convergence / u n i t  time it gave 

for both t h e  i n t e r n a l  and e x t e r n a l  i t e r a t i o n s .  





Z It must be borne i n  mind t h a t  , s ince  f  = r , 
the r e l a t i v e  spacing i s  l e s s  d r a s t i c  i n  t h e  phys ica l  

plane. 

The design c r i t e r i o n  of t h e  e r r o r  d i s t r i b u t i o n  a l s o  

&owed t h a t  t h e  e x t r a  accuracy involved i n  t h e  use of 

the d i s t r i b u t i o n  5.4 d id  not  warrant t h e  much g r e a t e r  

time requi red  t o  r i n d  a so lu t ion .  

5.2 CONVERGENCE. 

5.2.1 Test Meshes and Ecjuations. 
/ 

The matr ix  LE] of sec t ion  4.3.3 i s  c l e a r l y  

of' t h e  same s i z e  a s  t h e  matr ix  [MI of sec t ion  4.3.4 f o r  

a  given n e t .  Thus t h e  same problems of space and t i m e  

a r i s e .  However , by car ry ing  out convergence t e s t s  on 

much smaller  , but s i m i l a r  , n e t s  , we w i l l  hope t o  

a n t i c i p a t e  t h e  convergence of t h e  i n t e r n a l  i t e r a t i o n s .  

A s  mentioned i n  s e c t i o n  4.5.1 , it  i s  almost 

impossible t o  p r e d i c t  t h e  convergence of t h e  method as a ,  

whole. This can only be discovered by a c t u a l l y  ca r ry ing  

Out t h e  so lu t ions .  The convergence of t h e  i n t e r n a l  

i t e r a t i o n s  can , however , be inves t iga ted  by cons ider ing  

the  same equations and type of mesh app l i ed  t o  a f i x e d  

boundary value problem. I n  t h e  fol lowing sec t ions  . .  

the  r e s u l t s  given a r e  f o r  t h e  convergence of t h i s  type of 

Problem. 

The eigenvalue , l ) ~ ]  , i s  found f o r  each 

matrix [El  s e t  u;, , by t h e  simple method of continuous 



s t a r t i n g  with a random vector .  [See Ref. 32, 

p.241 This  i s  e s s e n t i a l l y  t h e  same process a s  t h a t  

which t akes  place during re l axa t ion  s ince  t h e  i n i t i a l  

guessed values have unknown , o r  random , e r r o r s .  Thus, 

if (b lo  i s  a random vector  of t h e  same dimension as  [E] , 
we put 

The r a t i o s  of corresponding elements i n  [b 1;'' and [ b] 

should converge t o  t h e  requi red  eigenvalue , h . 
The matr ix  E i s  given by equat ion C4.421 , I I 

where t h e  elements a r e  determined from equation f4.461 

o r  t h e  corresponding equation f o r  t h e  o t h e r  form of t h e  

f i e l d  equation , [4.21]. Taking [4.461 as an example , it 
i k l  i 

i s  c l e a r  t h a t  t h e  elements a r e  funct ions  of f ,  ,f: and f j  , 
which a r e  unlmown. I n  order  t o  c a r r y  out t h i s  i n v e s t i g a t i o n  

we w i l l  assume that t h e s e  can be replaced by t h e i r  

upstream values , f u ,  without se r ious  e r r o r .  These 

values a r e  known f o r  a given equ ipo ten t i a l  mesh poin t  

d i s t r i b u t i o n  (e .g.  f i g u r e  5.3 o r  5 .4)  , given t h e  value 

f o r  one s t reaml ine  , say ( fv ) i z l  . 
A l l  t h e  t e s t  meshes w i l l  , f o r  s i m p l i c i t y  , 

have an equal ly  spaced s t reaml ine  d i s t r i b u t i o n  though t h e  

a c t u a l  i n t e r v a l  , n* , w i l l  be a va r i ab le .  For a given 

equ ipo ten t i a l  d i s t r i b u t i o n  t h e  v a r i a t i o n  of JL with t h e  

following q u a n t i t i e s  w i l l  be required : 

( 1  ) K and J , t h e  dimensions. 

( 2 )  ( f )  . Therefore def ines  a l l  o the r  f U  values.  

( 3 )  x 
(4 )  n* 

However , by inspec t ion  of C4.461 , t h e  number 



of parameters can be reduced. It i s  c l e a r  from t h a t  

equation , s u b s t i t u t i n g  f o  = f, = f = f , t h a t  only 

i n  - 1 ("r w i l l  e f f e c t  t h e  matr ix  k] Thus 
f b  

we de f ine  t h e  parameter 

using s e c t i o n  4.1.4. Thus 7 replaces  t n e  va r i ab les  X, 

n* and (f,, ) d v ,  . 
With n e t s  f o r  t h e  Laplace and Poisson equations,  

it can be shown (See Ref. 39 ) t i a t  i f  one dimension 

( K  i n  t h i s  case )  i s  much l a r g e r  than  t h e  o the r  ( J )  , t h e  

v a r i a t i o n  of ik] with K i s  s m a l l  compared with t h a t  wi th  J. 

I n  t h a t  case , 1 ) ~  1 i s  given by 

L5.21 I 4  = 1 Ices + .OF, T 
'Ti: 

Thus t h e  problem w i l l  reduce t o  f i n d i n g  t h e  

v a r i a t i o n  of 111 with and J , with a few t e s t s  t o  show t h e  1 
r e l a t i v e  unimportance of t h e  v a r i a t i o n  with K. 

5 .2 .2 Types of Mesh Inves t iga ted .  

The f i e l d  e ~ u a t i o n  [4.18] gives t h e  approximate 

e r r o r  equation (from [ 4.461 ) : 

[5-31 e i H [ 2 + 2 b  ] = b  e: -I- b  e; -+ e: + e; Î 7 1 
where b  i s  a m u l t i p l i e r  depending on t h e  value of j f o r  a  

given e q u i p o t e n t i a l  d i s t r i b u t i  on. 

S imi la r ly  , t h e  f i e l d  equation [4 .21]  gives 



I n  both cases  t h e  f a c t o r s  [2 t 2  b 1 and I 
correspond t o  t h e  d e r i v a t i v e s  , 3Yp , used i n  

3 fo 

equation 

Type !A] 

[4.39] when re lax ing  a  po in t .  

Three types  of mat r ix  E were inves t iga ted .  1 3  
The form given using t h e  e q u i p o t e n t i a l  d i s t r i b u t i o n  

of f i g u r e  5. with t h e  e r r o r  equation r5.31 

s ince  only t h e  f i e l d  equation [4 .18]  i s  used with 

t h a t  d i s t r i b u t i o n .  

The form given us ing  t h e  e y u i p o t e n t i a l  d i s t r i b u t i o n  

of f i g u r e  5 .3  with t h e  r e l evan t  e r r o r  ecluation , 
C5.31 o r  [5.4] , a t  every poin t .  

A s  type [B] except t h a t  where t h e  e r r o r  equat ion 

[5.4]  i s  used t h e  f a c t o r  [2 + 4b /3] i s  replaced 7 
T h i s  corresponds t o  using t h e  

i n  t h e  r e l a x a t i o n  

process r a t h e r  than  7 + 10.5 m [ inr +J .t 
.t 

which t h e  f i e l d  e ~ u a t i o n  [4 .21]  i s  appl ied .  The 

reasons f o r  t h i s  s u b s t i t u t i o n  w i l l  become apparent 

i n  s e c t i o n  5.2.4.  

5.2.3 The Over-Relaxation Factor  , W . 

Thus fer , we have r e f e r r e d  only t o  a r e l a x a t i o n  

process i n  which W = 1 . ( see  s e c t i o n  4.3.3) If k) i s  non- 

zero then t h e  r a t e  of convergence , A* , i s  given by 

L5.51 1 -  A* = w ( 1 - 4 )  



It i s  now re levant  t o  d iscuss  t h e  d i f fe rences  

occuring i n  t h e  behaviour of the  r e l a x a t i o n  process wi th  

v a r i a t i o n  i n  k) . This can be compared with t h e  response 

of a p o s i t i o n  c o n t r o l  system t o  s s t e p  inpu t  where t h e  

damping corresponds t o  1/w . Thus 0 = O gives no change 

i n  any of t h e  values.  As (h) i nc reases  t h e  r a t e  of approach 
I1 *\ 

t o  t h e  c o r r e c t  p o s i t i o n  gradual ly  inc reases .  An optimum 

value of W , denoted by u), ( e * g .  Ref. 39) , i s  t h e  maximum 

value a t  which no overshoot o r  o s c i l l a t i o n  of t h e  dependent 

var iable  values occurs.  For ~ i )  g r e a t e r  t h a n w o  t h e  process  

o s c i l l a t e s  but may s t i l l  converge unless  Ch) i s  g r e a t e r  t h a n  

another c r i t i c a l  value above which convergence never 

takes place.  Russe l l  (fief. 39) recommends , f o r  

Laplace and Poisson equations , t h a t  id should take a 

value smaller  than W, r a t h e r  than l a r g e r  f o r  reasons of 

convergence . 
I n  some t e s t s  c a r r i e d  out with each of t h e  

types , [ A ] ,  [B], [c] , l~ was varied t o  observe t h e s e  

e f f e c t s .  O s c i l l a t i o n  of values i n v a r i a b l y  f i r s t  occured 

on t h e  l i n e  j = 1 a s  Ch) w a s  increased , though t h e  value 

varied both with and with type.  I n  t h e  s o l u t i o n s  7 
f o r  t h e  major problem it was found t h e s e  o s c i l l a t i o n s  on 

j = 1 had a se r ious  e f f e c t  on t h e  convergence of t h e  method 

as  z whole s ince  they  e f f e c t e d  t h e  b Qk values.  This  

implied t h a t  a value of b~ not  g r e a t e r  than  M, had t o  be 

used. The value of wo was found t o  behave a s  fo l lows.  

[ I ]  It increased with ' 7 -  Thus t h e  w,which was used 

i n  any s o l u t i o n  was t h a t  f o r  t h e  minimum 7 Occuring 
i n  t h e  mesh. The minimum occurs a t  t h e  extremes "I 
of t h e  s t reaml ine  d i s t r i b u t i o n  where n* takes  i t s  



maxima value.  

[2] It var ied  considerably with type.  

[3] It. d id  not  depend appreciably on t h e  dimensions K 

an2 J. 

These v a r i a t i o n s  a r e  demonstrated i n  f i g u r e  5 .6  , though 

t h e  a c t u a l  values a r e  only roughly c o r r e c t .  On average , 
these values a r e  lower t h a w t h o s e  perriiissable i n  Laplace 

and Poisson f i e l d s .  

I n  t h e  a c t u a l  so lu t ions  c a r r i e d  out t h e  fo l lowing 

minimum values of occured : 

[ I  Disc - 
7 

( f v ) d = ,  = 0.0525 , X = 1.5 , ( n ~ ) ~ ~ =  0.5 

then  ( M i d  = (1.5625 

o r  i f  (n*),,, = 1.0 then  = 0.140625. 

[ 2 ]  Sphere 

( f  = "0625 , X = 0.45 , (n*) = 0.25 
H4 w 

then  ) = U.SG25 

o r  if ( n ~ ) , , , ~  = 0.5 then  ( 7 ) = 0.050625 

5.2.4 Conclusions of Convergence Tes ts .  

Clecr ly  t h e  re levant  comp3rison between t h e  

r e s u l t s  f o r  type [ A ]  and those f o r  [B] and [C] a r e  f o r  

t h e  same f dimension of t h e  f i e l d  , namely f,,. Thus 

K = 10, J = 10 i n  type [ A ]  corresponds t o  X = 10, J = 6 

f o r  types [B] and [ c ]  . Figure 5.5, shows t h e  r e s u l t s  of 

a logari thmic p l o t  of lJL\ agains t  *) using  t h e  types 

indica ted  and t h e  dimensions , (X X J ) .  I n  passing i t  

may be remarked t h a t  t h e s e  values a r e  s u b s t a n t i a l l y  





FIQURE 5.6 ROUGH RELATION BBTWEN wo AND 7 
FOR THE THREE TEST MZSH TYPES. 



l a rge r  than those  ca lcu la ted  from [5.5] f o r  Laplace and 

poisson f i e l d s .  

From t h i s  graph we can draw t h e  conclusion 

t h a t  t h e  wor'st convergence r a t e  occurs a t  t h e  maximum 

present  i n  t h e  problem ; t h a t  i s  t o  say  i n  t h e  region  

of minimm nX. For t h e  d i s c  , (T)~,.+~ = 36 and f o r  t h e  

sphere (9)rRu = 3.24 . The value of ( v a r i e s  

l i t t l e  with 3 o r  t h e  type used. 

However i n  order  t o  compare t h e  convergence 

per u n i t  time of t h e  t h r e e  types two a d d i t i o n a l  f a c t o r s  

must be taken i n t o  account. 

[ I ]  The k) which i s  , o r  must be , used. 

[2] The computer time taken f o r  one complete f i e l d  

i t e r a t i o n .  This i s  c l e a r l y  g r e a t e r  f o r  type [A] 

s i n c e  a l a r g e r  number of po in t s  must be used f o r  a 

given f,, and same ( f , ) j = , .  

We w i l l  use  , N , suggested by Russe l l  (Ref. 39) t o  

denote t h e  number of i t e r a t i o n s  requi red  t o  reduce t h e  

e r r o r s  , e , through a decade. 

C lea r ly  from f i g u r e  5.5 , type  i s  p r e f e r a b l e  

t o  type [B]. This a l s o  follows from f i g u r e  5.6 where a 

smaller W i s  requi red  f o r  [B] than f o r  [cl , t hus  reducing 

t h e  r a t e  of convergence. Comparing [GI and [A]  , it i s  

t h e  same ( 0.957 ) i n  each case.  However , i t  fol lows 

from f i g u r e  5.6 t h a t  a l a r g e r  W may be used i n  type [A] 

than i n  type  [ C ] .  Thus f o r  example ; f o r  ( 7 ),,,,J = 3 

using f i g u r e  5.6 and equations [5.61 and [5-51 : 

the number of i t e r a t i o n s  t o  reduce t h e  e r r o r  by 5 t imes 



i n  type [A] = 35 (with W = 1.04, ) 

the  number of i t e r a t i o n s  t o  reduce t h e  e r r o r  by 5 t imes 

i n  type .  [B] = 45 (wi th  0 = 0.8'3 ) 

But t h e  rat io  of  t h e  times requi red  f o r  one i t e r a t i o n  

w i l l  be approximately i n  the  r a t i o  of t h e  t o t a l  number 

of mesh po in t s  , i n  t h i s  case 60 / 100 . Thus a much 

b e t t e r  convergence / u n i t  time i s  acheived wi th  type [c] . 
This i s  t r u e  throughout t h e  range of ( )M,u given above 1 
and encountered i n  t h e  a c t u a l  so lu t ions .  

In view of the results of t h i s  inves%igak,ion 

t h e  number of i n t e r n a l  i t e r a t i o n s  t o  5e c a r r i e d  out 

between each e x t e r n a l  i t e r a t i o n  could reasonably be of 

the order  of 3 C .  This number and t h e  type [c] were 

the re fo re  used I n  t h e  a c t u a l  so lu t ions  , t h e  former s i n c e  

a reduct ion of t h e  e r r o r s  , e , by about 5 t imes gave 

s i g n i f i c a n t  changes i n  t h e  b &k values.  ( s e e  s e c t i o n  

4.3.5 ) 

Comperison of t h e  Methods f o r  t h e  Externa l  I t e r a t i o n .  

Two approaches t o  the  t reatment  of t h e  O Q ~  
r e s i i u a l s  and t h e  consequent chmges i n  t h e  d h  values 

were given i n  s e c t i o n  4.3.6. Both involved t h e  use  of 

unknown 2arameters f o r  which s u i t a b l e  values could only be 

found by t r i a l  and e r r o r  , though t h e  value of 13 t o  be 

used with t h e  f i rs t  method , once. found , cou'ld be used 

Universally.  

The number of ex te rna l  i t e r a t i o n s  which a r e  

required befcre  t h e  values on t h e  wetted su r face  and f r e e  



streamline converge i s  , of course , dependent on t h e  

accuracy of t h e  i n i t i a l  guess. It was found d e s i r a b l e  

f o r  t h e  i n i t i a l  genera l  shape of t h e  c a v i t y  t o  be c o r r e c t  ; 

t h a t  i s  t o  say f o r  t h e  i d e n t i t i e s  of s e c t i o n  3.2.4 t o  

hold throughout t h e  so lu t ion .  

For t h e  sake of an e x m p l e  a f a i r l y  bad guess 

i s  taken t o  t h e  problem Q = 0.5 , fk, = 256 f o r  t h e  d i s c .  

The fol lowing were t h e  r e s u l t s  obtained i n  some of t h e  

t r i a l s  of t h e  var ious methods us ing  t h i s  e x m p l e .  It 

i s  important t o  reallze that the opt-imm value of either 

(3 o r  d l  (ecuat ions  r4.541 and [4.551) may vary with t h e  

over-relaxat ion f a c t o r  employed and t h e  number of i n t e r n a l  

i t e r a t i o n s  used between each externa l ,  s i n c e  , r e f e r r i n g  

t o  sec t ion  4.3.5 , t h e  i n t e r n a l  process i s  not  taken t o  

complete convergence. I n  view of t h e  r e s u l t s  of s e c t i o n  

2 .  a l l  t h e  t r i a l s  employed 27 i n t e r n a l  i t e r a t i o n s  / 

ex te rna l  i t e r a t i o n  and an li) of 0.9 . 

[ I ]  Method of equat ion [4.54].  

Simple i n i t i a l  t e s t s  showed t h a t  t h e  value of 

(3 i n  t h i s  method had t o  be l e s s  than un i ty .  With 15 = 0 .2  

the v z ~ i a t i o n s  in f and Qk w the free streamline f o ~  

successive e x t e r n a l  i t e r a t i o n s  i s  shown i n  f i g u r e s  5.7 

and 5.8 r e spec t ive ly .  [1n these  g raph ica l  r ep resen ta t ions  

only t h e  i n i t i a l  i t e r a t i o n s  a r e  shown f o r  t h e  sake of 

c l a r i t y .  The successive i t e r a t i o n s  a r e  numbered i n  t h e  

graphs. 1 Prom t h i s  and o t h e r  t e s t s  , 
s p e c i f i c a l l y  with 0.4 and 0.1 , t h e  fol lowing p o i n t s  

emerged : 

(A) That t h e  values of f converged much more r a p i d l y  

than  t h e  values of 3% and t h e  o s c i l l a t i o n s  i n  t h e  







downstream !dk values were only mirrored by smal l  

o s c i l l a t i o n s  i n  t h e  downstream f values.  This i s  

t h e  whiplash e f f e c t  mentioned i n  s e c t i o n  4.5.3 . 
The e f f e c t  i s  damped considerably by t h e  method 

ou t l ined  i n  t h a t  s e c t i o n  and employed i n  a l l  t h e s e  

t r iz ls .  

From f i g u r e  5.8 i t  i s  c l e a r  t h a t  f o r  = 0.2 t h e  P 
ups t rean  values of G& a r e  monotonically converging 

while t h e  downstream values e r e  o s c i l l a t i n g  about 

t h e  requi red  value.  For l a r g e r  /3 (0.4)  t h e  convergence 

of t h e  upstream values was more rapid,  but t h e  

downstream o s c i l l a t i o n s  more dramatic wi th  consequent 

d e t e r i o r a t i o n  i n  t h e  r a t e  of convergence. With 

smaller  p (0 .1 )  these  t rends  were reversed.  

It was a l s o  found t h a t  , i n  genera l  , t h e  downstream 

values converged l a s t  , since change i n  the upstream 

values led  t o  downstream changes a s  a n t i c i p a t e d  

i n  s e c t i o n  4.3.6.  It was the re fo re  advisable  t o  

obta in  reasonably rap id  convergence of t h e  upstream 

values i n  order  t o  hasten t h e  complete convergence. 

I n  a n t i c i p a t i o n  of t e s t s  on t h e  second method 

of sec t ion  4 .3 .6  t h e  converged. values of - b dk f o r  
3 5 %  

each poin t  a r e  p l o t t e d  aga ins t  p o s i t i o n  on t h e  f z x i s  

i n  f i g u r e  5.9. (shown by dot ted  l i n e )  

E21 Method of equat ion [4.551. 

Clear ly  one required modffication of the 

f irst  method would be t o  use  d i f f e r e n t  values of P 
along t h e  f r e e  s t r e m l i n e  ; thus  P would t a k e  values 

l a r g e r  et po in t s  upstream than a t  po in t s  downstream , 



FIGURE 5.9 



g iv ing  b e t t e r  o v e r a l l  convergence. The form of t h e  curve 

p l o t t e d  i n  f i g u r e  5.9 suggested t h a t  t h i s  could be done 

simply by rep lac ing  t h a t  curve by t h e  func t ion  d, ( n ~  P) , 
shown by f u l l  l i n e s  f o r  = 3.C2. Comparison of equat ions  

[4.541 and 14.551 shows t h a t  t h e  f a c t o r  - p ( ) in 

the  former method i s  replaced by ol, (n& P) i n  t h e  l a t t e r  ; 

hence t h e  reason f o r  t h e  apparent ly more empir ica l  second 

method. The value of d,  which corresponds , i n  t h i s  exm-ple , 
t o  ( 3 =  0.5  would t h e r e f o r e  be 0.01. Figures 5.10 and 5.11 

show t h e  r e s u l t a n t  e f f e c t  on t h e  f and QI)~ values of' u s i n g  

t h e  second method wi th  oLI = 0.007 . The fol lowing 

comments could be made : 

(A) The upstream Qh values can be made t o  converge much 

more r a p i d l y  than  with t h e  f i r s t  method s ince  t h e  

v io len t  o s c i l l a t i o n s  no longer  occur i n  t h e  downstream 

values.  

(B) I n  comparing t h e  two graphs 5.8 and 5.11 t h e  fo l lowing 

f a c t  , which i s  d i f f i c u l t  t o  represent  t h e r e  , must be 

taken i n t o  account. I n  f u r t h e r  i t e r a t i o n s  , t h e  

o s c i l l a t i o n s  of 5.8 p e r s i s t  f o r  some time, whereas t h e  

bah values of 5.11 converge t o  a b e t t e r  accuracy a f t e r  

a couple of slow o s c i l l a t i o n s  j t h i s  i s  t h e  f e a t u r e  

which makes t h e  second method more e f f i c i e n t  d e s p i t e  

t h e  r e l a t i v e  s luggishness  of t h e  e a r l i e r  i t e r a t i o n s .  

( c )  This s luggishness  i n  t h e  downstream values i s  caused , 
presumably , by t h e  carr ied-over  e f f e c t  of t h e  

upstream changes. Thus t h e  upstream values con- 

verge f i r s t .  

(D) Comparison of t h e  f i g u r e s  5.7 and 5.10 shows t h a t  

t h e r e  i s  l i t t l e  appreciable  d i f f e rence  i n  t h e  more 







rapid  convergence of t h e  f values except f o r  t h e  

Tfihiplash e f f e c t  i n  t h e  former j if anything , t h e  

convergence of t h e  second method i s  more rap id  and 

c e r t z i n l y  more s a t i s f a c t o r y .  

A 1ini.t on t n e  value p e r x i t t e d  f o r  $, w a s  discovered 

as follows. On i n c r e a s i n g d , t h e  convergence of t h e  

second method improved u n t i l  m optimum value w a s  

reached above which t h e  d e l e t e r i o u s  whiplash 

e f f e c t  was again observed. The optimum value of d l  

var ied  with c a v i t a t i o n  number and between t h e  two 

types  of s o l u t i o n  c a r r i e d  out , f o r  t h e  d i s c  and t h e  

sphere.  Figure 5.12 shows t h e  approximate optimum 

values used i n  t h e  so lu t ions .  

Other more involved methods and funct ions  

giving /3 a s  a  func t ion  of k  were t r i e d  but f a i l e d  t o  

improve t o  any no t i ceab le  extent  on t h e  second method. 

An i n c i d e n t a l  r e s u l t  of t h e s e  t e s t s  was some 

c o r r e l a t i o n  of t h e  e r r o r s  , b ;$I, , t o  t h e  e r r o r s  i n  f .  

It i s  c l e a r  from both t h e  t e s t s  presented t h a t  a f t e r  

t h e  e a r l y  i t e r a t i o n s  ( say  10) f i r t h e r  10 pe r  cent  changes 

i n  t h e  Qk values produce l e s s  than one per  cent  change 

i n  t h e  f values.  A proper est imate of t h i s  c o r r e l a t i o n  

i s  however c o ~ p l i c a t e d  by t h e  f a c t  t h a t  t h e  i n t e r n a l  

i t e r a t i o n s  m e  not taken t o  complete convergence and t h e  

f a c t  t h a t  an e r r o r  , b&k , a t  an upstream poin t  ( where t h e s e  

a r e  smal les t  i n  t h e  f i n a l  s o l u t i o n  ) may have a d i f f e r e n t  

e f f e c t  than an e r r o r  a t  s downstream poin t .  



FIGURE 5.12 

OPTIMUM VALUES OF = I  



5 2 6 Conch~xion of Overa l l  Convergence. 

I n  t h z  las t  s e c t i o n  a few of t h e  many inves t ig -  

d t ions  c a r r i e d  out by t h e  author  were given f o r  t h e  sake of 

demonstrati  on One conclusion t h h t  r u s t  be dram Is that 

m y  of t h e  methods ~ t t e m p t e d  d id  not  g ive  vsry rap id  

convergence* I n  cases  of t h i s  kind i t  i s  sometimes found 

t h a t  t h e  re,uired r e s u l t  converges more r s p i d l y  than  t h e  

dependent vnr l ab la  values.  This  i s  t r u e  FOP some of t h s  

r e s u l t s  r ecp i red  i n  t h i s  case , such as CD , but no t  f o r  

o the r s  , such a s  L/C. 

Since the v a r i a t i o n s  occuring i n  t h e  (1 1 . 2 ~  v.ilues 

is g r e a t e r  then  those  i n  t h e  f vcrilues , i n  determining t h e  

accuracy of t h e  s o l u t i o n  et  a given moment i t  i s  b e s t  t o  

concent ra te  on t h e  former. Ths c r i t e r i o n  , chosen by t h e  

author  , f o r  t h e  conclusion of m y  s o l u t i o n  was t h a t  a l l  

t h e  Qh values should be wi th in  0.0~i6 of t h e  prescr ibed  

value of Q A t  t h i s  poin t  i n  t h e  i t e r a t i v e  process 

most of t h e  required r e s u l t s  had converged s u f f i c i e n t l y  

f o r  f u r t h e r  i t e r a t i o n s  t o  have a n e g l i g i b l e  e f f e c t .  The 

following a r e  some rough observat ions on t h e  number of 

e x t e r n a l  i t e r d t i o n s  r equ i red  t o  achieve t h i s  ob jec t ive  : 

If t h e  i n i t i a l  f i e l d  wss , i n  f a c t  , a s o l u t i o n  f o r  

one c a v i t a t i o n  number d i f f e r e n t  by 0.1 from t h e  

prescr ibed  2 i n  t h e  new problem , some 20 i t e r a t f o n s  

QJere needed. 

If , however , t h2  i n i t i a l  f i e l d  had t h %  same & 

but a d i f f e r e n t  value of fy t h e n  t h e  number re:;uired 

~ 3 s  of t h e  order  of 12 a 

The averazs  l eng th  of t ime requ.ired f o r  one externzf  

i t z r a t i a n  with i t s  s saoc ia ted  i n t a r n a l  i t e r a t i o n s  was 

1 2 minutes on t h e  HDFg computzr. Thus , on average , 



one s o l u t i o n  f o r  t h e  d i s c  took 15 minutes. The 

'cime rsqui red  f o r  a sphere s o l u t i o n  i s  dependent 

on. t h e  f a c t o r s  out l ined  i n  t h e  next  sec t ion .  

A f i na l  comment must be made on t h e  behaviour 

of t h e  nethod when a problem with no r e a l  s o l u t i o n  i s  

attempted ; t h a t  i s  t o  say a problem whose s o l u t i o n  l i e s  
n \\ 

below t h e  choked flow condit ion.  I n  t h i s  case t h e  f 

values on t h e  f r e e  s t reamline continued t o  r i s e  i n d e f i n i t e l y  

s ince  t h e  values of Qk could never be reduced t o  t h e  

prescr ibed Q 3 hence divergence took place.  

5.2.7 Separat ion Angle f o r  t h e  Sphere. 

The bas ic  methcd employed t o  f i n d  t h e  a d d i t i o n a l  

r e s u l t  , t h e  sepa ra t ion  angle ( Os), i n  t h e  case of t h e  

so lu t ions  with t h e  sphere was discussed i n  sec t ions  4 .2 .6  

and 4 3 7 ,  The quest ion which w i l l  now be d e a l t  wi th  i s  

how t h e  guessed value ,&, and t h e  t e s t  value , 8: , a r e  

made t o  converge t o  one and t h e  s m e .  

I n i t i a l l y  , t h e  programmes were w r i t t e n  s o  t h a t  

t h e  input  value , oh, d id  no t  vary throughout t h e  computations. 

The computed vzlue of 8; was p r i n t e d  out every e x t e r n a l  

i t e r a t i o n .  However , some e igh t  e x t e r n a l  i t e r a t i o n s  were 

required before t h i s  t e s t  value converged. Thus it was 

most convenient t o  c a r r y  out t h e  adjustment of QS u s i n g  

personal  observat ion by te rminat ing  t h e  programme , p r i n t i n g  

out t h e  f i n a l  f i e l d  and r e s t a r t i n g  with a d i f f e r e n t  

according t o  t h e  f i n z l  value of 02. ( s e e  s e c t i o n  5.3.2) 

A rough formula was thus  a r r ived  a t  by t r i a l  and e r r o r  f o r  
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t h e  appropr ia te  adjustment of 

L5.71 ( 8,) 
new 

The number 

out to achieve a small 

t h e  i n i t i a l  guess f o r  

of s o l u t i o n s  which had t o  be c a r r i e d  

error , @+: - 4 w a s  tiependent on 

es -4 on t h e  accurscy r e i u i r e d .  

Reference t o  figure 5 -  18 shows t h a t  t h e  t o t a l  v d r i a t i o n  

i n  os i n  t h e  f i n a l  so lu t ions  f o r  a l l  8 m d  H/C (", from 
0 

0.2 t o  0.6) was a mere 8 The a t t a i n a b l e  objgc t iva  

f i x e d  by t h z  author  For t h e  mzximum f i n a l  values of 
6 

\ - ) was 0.07 . 
A s  more complete s o l u t i o n s  were obtained t h e  

i n i t i a l  guessed value of Bs became progress ive ly  be t  t o r .  

However , t o  give an es t imate  , t h e  number of' ,say, eighb 

e x t e r n a l  i t e r a t i o n  so lu t ions  requi red  t o  a t t a i n  t h e  chosen 

accuracy , given t h e  i n i t i e l  s t a r t i n g  value of 4 one degree 

d i f f e r s n t  from t h e  c o r r e c t  value , was of t h e  o rde r  of 5. 

This number was however smaller  For lower c a v i t a t i o n  

numbers ad. l a r g e r  f o r  h igher  82, The sphere s o l u t i o n s  

took on average t h r e e  t imes a s  long as t h e i r  d i s c  counter- 

p a r t s  

5.3 PROGRAMMING a 

5 a 3.1 The simple r e s u l t s  requi red .  

Before t h e  programmes themselves a r e  included 

i t  i s  convenient t o  d i scuss  t h e  main r e s u l t s  which w i l l  

be requi red  From t h e  f i n a l  f i e l d  s o l u t i o n .  Two 

of t h e  chapters  i n  the progrmme a r e  lJevoted t o  c ' lculating 



t he  following r e su l t s .  

[ I ]  The r a t i o s  of the  overa l l  dimensions of the  cavi ty  , 
tha  rnsximurn radius snd t h e  h2lf'-length , t o  the  

t y p i c a l  dimension of the  body. The h s l r  length i s  

obtained uslng eclu%tion [3 .10]  where the  de r i  vat ive 

bf i s  calculated i n  the  usual  w;y , using extra-  - w 
res idu&ls  a t  points  near  the  s ingu la r i t y  a t  separdtion. 

I n  the  case of both the  d i sc  and t h e  sphere thLs 

half- length i s  calculatad as  t he  length from the  f ron t  

s t agna t i  on point t o  the  point  of msximum radius.  The 

m2xima-n radius i s  estimated fron the value of the 

f r a c t i o n z l  mesh length , c , and the  f values 

surrounding the  point , k = K , 3 = O . 
[2] A t  every point  on the  wetted s u r f w e  the  coef f ic ien t  

of pressure i s  found by means of t he  formulae [3.39] 

and [3.40]. Then t h e  i n t eg ra t ion  of  equation [3.41] 

i s  carried. out t o  give a value f o r  the  coef f ic ien t  of 

drag , "9 ' 
[ ? I  Using these r e s u l t s  t he  vrlues of 

m 8 X  

a r e  ca lcula ted according t o  sect ion 3.3.1. 

Thus a t  the  conclusion of the  s e t  number of 

ex te rna l  i t e r a t i o n s  t he  programmes pr in ted  the  Following : 

[ A ]  For every point on the  wetted surface , 
For the  d i sc  C p  r I? 

For t h e  sphere 5 - 0  9 x 
2 

t he  o r ig in  of' t he  l a s t  being the  stegnatlon point.  

I n  t h e  czss  of t he  sphere , s ince  t h e  radius , R , Fs 

dependent on the  value of o6 (equation [4.30a] ) , tuo  

set's of values are pr in ted j one f o r  the  s e t  value 



and t h e  o the r  f o r  t h s  f i n 3 1  t e s t  v-lue ,@:. These 

give some est imate of a x u r e c y .  

The values of CD 2nd c=/( 1 + Q) which r e s u l t .  

For evzry poin t  on t h e  f r e e  s t r e - m l i n e  

; ; , r , x  3 

t h e  last two a r e  a l s o  p r i n t e d  f o r  t h e  poin t  of maximum 

~ d d i ~ ~  83 i n  [ I  1 above 

The bas ic  parameters , z-g&.nst mhich it i s  

intended t o  p l o t  t h e  Important r e s u l t s  , iira Q <and H/C. 

The r e s u l t i n g  curves , it c m  be a n t i c i p a t e d  , w i l l  be 

of t h e  s2me form as t h e  plane flow r e s u l t s  given Zn 

Appendix A , with s f m i l a r  types  of choked flow l i n e s  , 
obtained i n  t h e  same manner. The c a v i t a t i o n  numbers 

f o r  which s e r i e s  of s o l u t i o n s  f o r  dif.Yerent H/C were 

obtained were as fol lows : 

[ l ]  For t h e  d i s c  from \2 = 0.2 t o  0.7 i n  s t e p s  of (-1.1 . 
[2]  For t h e  sphere from & = 0.2 t o  0.6 i n  s t e p s  of 0.1 . 
Higher Q, would be outs ide  t h e  range of f u l l y  developed 

c a v i t i e s  i n  each case.  

D i f f i c u l t i e s  were experienced when an attempt 

was made t o  consider  c a v i t a t i o n  numbers lower than  0.2. 

These d i f  83.cklties a rose  from t h e  f a c t  t h a t  t h e  l eng th  

of t h e  c a v i t i e s  increased s o  r a p i d l y  wi th  lower Q 

t h a t  t h e  f i e l d s  beczime t o o  l a rge  t o  be d e a l t  with 

by t h e  present  progrmme, Howevzr t h e  zuthor  hopes t o  

r e w r i t e  p a r t  of t h e  programmes t o  overcome t h e  s to rage  

d i f  . ' i c u l t i e s  and. thus  produce s o l u t i o n s  f o r  8 = 0.1.  

For ezch c a v i t a t i o n  number t h e  rang2 of H/C 

values f o r  which so lu t ions  wers obtained i s  l imi ted  a s  

fo l lows.  



[ A ]  Choked Flow l i m i t s  t h e  minimum H/C. The values of 

(H/c), ,~ can only be guessed i n i t i s l l y  , appewing  

2s r e s u l t s .  

[B] Some maximum l i m i t  on :I/C i s  provided by t h ?  t i m e  

2nd space r squ i red  f o r  t h e  computations. The f k, 

vclues were increased  u n t i l  l i t t l z  change occured 

i n  t h e  r e q i r e d  r e s u l t s  f o r  each c a v i t s t i o n  number. 

5 3.2 The F i n a l  F ie ld .  

The programmes a r e  designed so t h a t  on a 

r e s t a r t  t h e  c o n t r o l  moves t o  a d i f f e r e n t  sec t ion  of t h e  

programme from t h e  i n i t i a l  s t a r t  and t h e  f i n a l  f i e l d  of 

f values i s  printed. out on pzper t ape .  The form of t h i s  

print out coincf des p r e c i s e l y  with t h e  form t o  be read I n  

a s  t h e  i n i t i a l  guessed f i e l d  of f except f o r  3 small number 

of e s s e n t i a l  p a r m e t e r s  which can be tacked on t h e  end. 

This  f i n a l  f i e l d  p r i n t  out can then  ba used i n  t h e  fo l lowing 

ways. 

With an a n c i l l a r y  prog>rarnme t o  c a l c u l a t e  f u r t h e r  

r e s u l t s  such a s  t h e  p o s i t i o n  of' every mesh po in t  i n  

t h e  phys ica l  p lane .  

Mith an snc i l l -dry  progrmme t o  c a r r y  out an e r r o r  

z n a l y s i s  of %ny of t h e  types  ou t l ined  i n  s e c t i o n  

5 5 "  

A s  i n i t i d l  guessed f i e l d  f o r  a problem with d i f f e r e n t  

p a r n m ~ t e r s .  Thus i n  t h e  c&sa of t h e  sphere it i s  

r ecu i red  t o  re- input  wi th  i n  id jus tad  value of & (see 

s e c t i o n  5.2.7). 



f i n a l  f i e l d  i s  pr ln ted i n  thz  form : 

K 

n., , k = 1 , 2  .... K. 
(J - 1 )  dnd J*. (see  sec t ion  4.5.5) 

F o r j = o , l  .... J ; ( 1 )  ( f o ) j  

j ( 2 )  f i ,%,  k =  192 ..... K* 

The reference f E x  f o r  t h s  s tsgnat ion point ext ra-  

Those extrd-residuals  end the  gradients  - 8 Z f o r  the  
afE, 

rererence value , fE# . These values a r e  calculated 

by an i n i t i a l  anc i l l a ry  programme. 

An addi t iona l  p r i n t  out of the  f i n a l  dk values on the  

f r e e  streamline bounda~y , preceded by K end followed 

by t he  f i n a l  value of c .  This i s  t o  a s s i s t  re-input.  

Since f t  m a y  be relqyirwl t o  a l t s r  t h e  geometry 

of t h i s  f i e l d  before s new solut ion i s  s t a r t e d  , the  

t s s e n t i a l  p s r a e t e r s  mentioned above , include the means 

by which t h e  pragr~mme s s i l l  do t h i s .  A s e t  of t h w e  

parameters may include 

( A )  K , (J  - 1 )  , J* . These msy be d i f f e r en t  from the  

values inputed w i t h  t he  i n i t i a l  f i e l d .  The f i e l d  

i s  , however , jdjusted t o  t h i s  new geometry before 

the  s t a r t  of t he  main computations. 

(B)  The number of i n t e r n a l  i t e r a t i o n s  t o  be ca r r ied  out 

before the  f i r s t  externs l .  

(c) x 
( D )  Q 

[(~a) The i n i t i a l  value of li - - Bs i n  the  case of the  sphere.] 
a 



Thz nurber  of e x t a r n a l  i t e r a t i o n s  t o  be c a r r i e d  out .  

Thz numbzr of in te rvsn ing  i n t  a m a l  it z r a t i  ons , 

p " d l -  ( see  s e c t i o n  5.2.5) 

% *  ( ~ e =  s e c t i o n  4 .5  6 )  

The value of K L  . (See s e c t i o n  4-*  5# 3 )  

The next  s e c t i o n  ~ i v e s  one sample progrmme 

t h i s  case f o r  t h e  s p h ~ r a  ) with  comments i n s e r t e d  t o  

dzscr ibe  c3;7ch pdr t .  The programe i s  w r i t t a n  i n  C203 

Autoco3a. 

5 3 .3  A Typical  Programme f o r  t h e  Problem of t h e  Sphere, 

The fol lowing i s  a typicsl progr8mm.e used 

f o r  t h e  sphsre s o l u t i o n s -  Comments a r e  i n s e r t e d  i n  

s:,u-wtl b r a c k t s  t o  descr ibe  t h z  p a r t i c u l a r  t a s k  of each 

p s r t  of t h e  pro6rdmme. Sgnbols used i n  t h e  progrzznme 

could not  , i n  rnclny cases  , ba t h e  s?mc 2s  those used 

i n  t h e  t z x t .  I n  tliz torments , where a t e x t  sTmbol 

i s  reFerrec3. t o  , it 93 folloirved by t h e  programme symbol 

i n  br:zcket s 



T I T L R  
FAEAA 52 A SPHERE T-JBE* 
CHAPTER 1 [Chapter 1 contains a l l  the  

JUMP3,UT)O. 1 

NEWLINE 
NEMLINE 
K = 1 ( 1 ) 2  

operations carried out during 
an external  i t e ra t ion .  ] 

[Bzforz the f i r s t  ex tcmal  i t e r a t i o n  , t h i s  
short l i s t  of pmzmetcrs i s  read in .  These 
correspond t o  (F )  -+ (J )  of the  l a s t  l i s t  
of the  section 5.3.21 

RSAD ( A K )  
PRINT ( A R )  1,5 
REPEAT 

3 ) ~ 6 ( 6 5 3 ) ~ 1 , 1  
D 2 = 5  6 5 6 8 5 4 2 5 G 5 3 - D l  -4 65685425~53-us 4 1  42 1 3 5 6 ~ ~ ~ / ~ 5 3  
D 2 = 0  273459 1 ~2/\?1f 
J U M P 1 2 , 1 > D 2  E ~ h i s  section calculs tes  the  t e s t  value of 
CAPTIObJ r / 2  - (qS ( ~ 3 )  end the new values of KT ( A 5 )  
THETA UNREAL- and K: ( A 7 )  t o  be used f o r  the soparetion 
JUMP1 1 point extra-residuals. ] 
1 2 ) D ~ = X S ~ < R T  ( 1 -D2D2 ) 
n3=9u- 1  OXA ARC TAN ( ~ 2 ,  i 1 4 ) / 2  
NEW L I N E  
NElJLINE 
C A P T I O N  
THETA TEST 
P R I N T ( D ~ ) ~ , ~  
NEWLINE 
1 1 )NE~JLINE 
AT=G53-F53-DTW ?- 0. ~ ~ T J J T I ~ ' T ' / F ~ ~  
D 1 =XS$RT ( ~ 5 3  ) 
A ~ = X L O G  ( ~ 5 2 / ~ 5 3 ) + ~ ' i ' / ~ 1 + 0 ~  25Zzi'Z'T'/F'53 
P R I N T  ~ 5 ) 1 , 8  
P R I N T  ~ 7 )  1 , 8  
s=o 

I 
NEWLINT 
NEldLINE 



NEWLINE [This c a l c u h t e s  111 t h e  OQ& values on 
PRINT(P~~)I,~ t h e  f r e e  s t r e a n l i n e  (~g).] 
K=I (1 ) 12 
SPACE 
REPEAT 
PRINT (~54)3,7 
~ = 5 4  ( i )N 
Q=K+ 1 
RZK-XINTPT(BK/B(K-1)+0.6) 
H=XGO/BK 
x6(600+~)~5,1 
~ ~ ~ 9 3 2 ,  ~ 7 ~ 5 4  
D2=XLOG (~54/~53 ) 
D3=0.4.375~?~~/~53+3.75D2-3.75~~/13 1 
F3=HHD3+&GK-oA 5D5-3.5FK 
D&=- 1 , ~CT/D~ +0. 125~T'Z,;/~53+2 5D2 
F 1 = I - I D ~ F ~ ~  
JUMP33 
32) JUMP~O,K=N 
JUMP30,B K4-1 >BK+o (jCj00" 1 
~1=6FL?,-9 K+2 -2FR-3FK 
JUMP 3 1 

I 1  
30 F~=-~FR+F (K-2 ) + ~ F & I - ~ F K  
31 1 F1=0 16666666QG6~~1 
F2= 1 /PK 
F ~ = H H x L O G ( F R F ~ F ~ F ~ ) + ~ G K - G ~ ~ D ~ - ~ ~ K  
33)~3=0*3333333333F3 
P ~ = F ~ F ~ / F K + F ~ F ~  
F~=GOGO/P~-~-Z 

D ~ = B K / B ~ ~  
D1=lil FgD2 
JUMP~,A~>XMOD(D~ ) [This a l t e r s  t h e  d& values (C (~4-1) 
CAPTION f r e e  s t r e ~ m l i n e  according t o  t h e  
M and t h e  second method ( in t h i s  
Dl =A~><SIGN (I31 ) s e c t i o n  5.2.5 It a l s o  conta ins  the G 
~)D~=c(K+I)+D~ and M c o n s t r a i n t s  r e f e r r e d  t o  i n  s e c t i o n  
 JUMP^, 57)K 4.5.6.1 
JUI'JIP 6, K-~=R 
JUMP6, CK>D3 
D ~ = C  (K- 1 ) 
JuNP~~~B(K-~)>B(K-~ )-0.0 01 
D ~ = D ~ + c  (K-2 ) 
I~)D~=~CK-D& 
C(K+I )=D& 
CAPTION 
G 
JUMP? 
6]c (K+1 )=D3 
7 JUMP~,S;'O 
JUMP~,C(K+I )>0 
S=K 
~)PRINT(C(K+~ ))3,7 
 JUMP^ S KP M- 1 
CAPTION 
LIN. 
28) REPEAT 



JUMPS,  S=O 
J U N P l o , U .  ~ > x F B P T ( ~ . ~ s + o . u ~ ~ )  
N=S 
J U M P 9  [ T h i s  section l inear izes  t h e  d i f f  erences 
I O)N=S- 1 from t h e  points  b K L  (M) t o  k=K ( N ) .  It 
9)  JUMP27,N>M+2 - also adjusts t he  value of K (N). f 
M=N-4 
2 7 ) n 1 = o  
P M ( I  )N 
D?=DI+BEZ 
REPEAT 
D2=CM-C ( ~ 4 - 1 )  
D3=0 
K=~.I( I ) N  
D3=D3+BK 
c ( x + ~ ) = c M - D ~ D ~ / D I  
REPEAT 

C = D I C ( N + I ) / D ~  
D ~ = D  1 +C C ~ s l c u l a t e x  the  n s w  value of c ( c )  and the  
D~=FM+o ~ C M ~ ~ / B N  approximate m n x i m u m  f of the  f r e e  s t rem-  
C=C/BN+O 5 line ( ~ 4 ) .  1 
JUMP5,C)-O 3 
N=N-2 
C=C+2 
5 )  ~ u M P 2 6 , 3 0 > C  
c=30 
2 6 ) NEljJLIm 

C A P T I O N  
N C =FM 

PRINT ( ~ 4 )  2,5 
NEWLINE 
NEWLINE 

CLOSE 



CHAPTE32 
VARIABLES 1 

[Chapter 2 conta ins  a l l  t h e  opera t ions  
c a r r i e d  out during an i n t e r n a l  i t e r a t i o n . ]  

D 1 =xSiQRT ( ~ 5 3  ) 
~2=5.65685425~~@~(~52)-~~@~(~51)+3~65685425~?/~l+U~~~l421356~?~~/~5~ 

0.2 147372~2) 

~2=~~0~(~55/~54)+3.65685425~~/~1-0~41421356~?~~/~5~ 
03=?53~~~~(0.2147372~2)-~53 
~7(30(1)~3~1 [Calcula tes  new valueo f o r  f5 (~53), 

R(Y) and (f&, - & )  ( ~ 3 )  according 
to s e c t i o n  4.3+7 121. I 

x6(30o)c54,46 
R=N+ 1  
W=I -GU/E  [Applies t h e  dl, values t o  generate  
~==54 ( 1 )R t h e  f values on t h e  f r e e  stream- 
E(K-53)=~(~-l )+cK-FK l i n e  according t o  s e c t i o n  4.5.2.1 
FK=F (K- I )+CK 
GK=GK+D 1  E (K-53) 
REPEAT 

[ A l t e r s  t h e  s tagnat fon  r e s i d u a l s  
according t o  sec t ion  4.4.3.1 



NEWLINE 

PRINT PN) 1,5 
PRINT ~ 3 1 ) 1 , 5  
PRINT GN)  1,5 
PRINT I y ) l , 5  

REPEAT 
2 5 ) ~ 6  ( 1 00~+400)FU, 100 
x6 ( 100~+500)~0,10G 
G=GO-FO 
JUMP 18, JSL 
0=2 
D1=1+C 
A = ~ C / D  1 
B=A- 1 

[ I n t e r n ~ ~ i  I t e r a t i o n  print out. ] 

  ela axes all other po in t s . ]  

I~)B~=F(OCI)-FO 
D2=FO+A (0+10) 
D3=FO+A 1 3 
D ~ = D ~ / D ?  
F I =FO+D 1 D ~ X S Q R T  ( ~ 4  ) 
~ 6 = 1  -GO/E 
T=0+ 1 
K=T(Q)N [points  on lz = 1 . 1  
JUMP20,53>K 
JUMP20, J=T 
GK=GK+DGDGE (K- 53 ) 

G=OB (K-S) [Points using the  field equation 
H=XG/H [4 .21] . ]  
D5=F 
J u M P ~ ~ , H > c I .  9 
D5=1.1111111HF 
~ ~ ) R = K - C I X I N T P T ( B K / ! ~ ( K -  1 )+0* 6 )  
D I = I / F K  



REPEAT 

CLOSE 

CHAPTER3 [Chapter 3 contains t h e  i n s t m c t l o n s  f o r  
VAF1IABLES2 t h e  f i n a l  f i e l d  p r i n t  out r e f e r r ed  t o  i n  

sec t ion  5.3.2.1 
24 ) R=C: ( 1 ) 201; 
PUNCH ( O ) 
REPEA? 

NEW LTFJE 

r>, , L L 0  ( 1 ) 50 
PUNCH ( 0) 



NEWLINE 
x6 ( 1 2 ~ ) ~ 0 , 8  
~ = 0 ( 1 ) 7  
PRINT (FK) I ,  6 

E==Q ( I ) 1 of.! 
PUNCH ( O ) 

x6 (30 ]c53,45 
-F3 &-,J(l N 

NZWLINE 
PEINT ( C K )  1 ,7 
REPEAT 
NZMLINZ 
NEIL'LINE 
P R I N T ( C ) ~ , ~  
NEIJLITJE 



pra in ts  out some Inf oFra~t ion  e oncspni.ng 
this Initid cxijustad f i z l d .  1 

JUMP 1 C, I=S 

J = I  (I )I 
x6 ( 1 (1 JS-40 )PO, I OiJ 
TT- ~~-1(1)99 
yK=17K+il'OFfJGK 

NEWLIIQ 
CAPTION 
C . STRET 
PRINT(C)~,~ 
CAPTION 
N . I . L +  
P ~ I N T  ( ~ ) 2 , 0  



P~IPE' [I 12, ti 
PRINT I, 2,Cj 
Km.c,Ipry 

CMAPTER5 [chapter 5  contains the  ins tmct ions  f o r  
vATIIAELES~ calculating the For the  watted 

surface. I 



22 1 
1 5 ) JUMP 1 5, ~;.'52 -- 
L L ~ - ~ . ~ F ~ P ~ ~ > < L O C  (~53/~5 1 ) -1-0 C1 3281127 1 2A5XF52 

PRINT 
PRINT 
P R I  NT 
PRIM? 
PRINT 

 his calculutcs r $n/2 - €3 .and 
x f o r  each mssh po in t .  It also 
c a l c u l a t e s  C p  2nd t h e  C Q  for the 
s m e  poin t  i n  t h e  ckuivalent  
D i r i c h l e t  Flow bnd by i n t e g r s t i n g  
t h e  Former values s r r f v e a  a t  t h e  
zoelPiclrnt of drag. This i s  
c a r r i e d  out f o r  both t h e  i n p u t  
and teest values of eS and t h e r e -  
f o r e  8. ( s e e  s e c t i o n  5 .3 .1)  ] 

NEW LINE 
D I = l + Z  
E 7 6 = ~  1 t j / ~  I [ P r i n t s  o u t  the final value of? Cp 

i n  all forms. NB. CD(O) r e f e r s  
t o  ~ ~ , ' ( 1 + ~ ~ ) ~ 1  

NEWLINE 
NEWLINE 

C A P T I O N  
SURFACE WITH TEST R A C I U S  

1 9) NEWLINE 
NEWLINE 

CLOSE 



CHAPTZR~ [Chdpter 6 calculates  the  r e su l t s  required 
VAEIABLES5 from the  f i n a l  Tree s t r e m l i n e  vaiucs . ]  



95=E'J-P (N- 1  ) 
D ~ = = ~ J ? N - F J - F ( N - I )  
1 X k ~ N - l - 0  5C25- 0.5SCD2 
D~=xS~\RT ~6 ) 
DS=XSG$?I' [ 1 -FZ )  
G ~ = G ( ~ / D ~ + C N  
D5=O ~ ~ D ~ c / H - ! - D I  
N23LLINZ 
CAPTION 
CL. VALUES 
NZW LIXG 

K = t i ( 1  )2 
CAPTION 

B/C L/C 
JUMP22,K Ij  
CAPTION c -TEST - -1 '.I 

JUMP25 

MSkJLTNE 
DT=Y/D~ 
PRINT[D~/?!] 1 , 4  
P R I N T  D 5 / Y  2,4 

f4Et;lLINE 
PEPEAT 
D7=xS':ET (E ) 
CAPTION 
ri/c = 
PRINT ( D ~ / Y  ) 4,4 
NEIILINE 
IJEIILTNE 

[ C a l c u l ~ t e s  the values of r and 
x 2G the point of rnaxirilum dic- 
met m. ] 

A C R O S S ~ O / O  
CLOSE 
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[ ~ o n t r o l  and init1:j.l input  ehapter ]  

[ I n i t i a l  f i e l d  input. See s e c t l o n  5 .3 .2 . j  



[Some other ~ ~ ~ z n t i t i e s  rzquired 
throughout the programme. 1 



Y-jyupe 3 5-73 shows a t y p i c s l  pressure  d i s t r i b u t i o n  

!shich r e s u l t s d  Ppom t h e  s o l u t i o n s  03 t h e  c s v i t a t i n g  flow 

behind s d i sc .  Tha.-b p a r t i c u 1 . i ~  s 0 l ~ ~ t i o . j  ~ 5 s  1-or :; = (2.3 s 

?</C = 13. $7 2nd thz fis-ure o ahov~.~ t h e  r z s u l t  02 p l o t t i n g  

t h e  va1w.s of C p  obi;sTned a t  esch mesh p0in.t. The -u--i;Ilor 

$-yew many cul-ves of t h i s  t ype  ;sid P ~ u ~ i d  t h a t  f o r  2 payt icul2y 

c a v i t a t i o n  fiumber t h e  d i s t r i b u t i o n s  obtained Pop d i f f e r e n %  

H/C wzre ind i s t ingu i shab le  on t h e  s c a l e  of' Pigure 5-73. 

The var iu t ioE wi th  :ii was a l s o  very siilzll- and 

f i m r e  0 - 5. 111. shows C, p l o t t e d  agdins t  f o r  a = 0 3 7 

G), = 0.7. The curves for other c a v i t a t i o n  num&rs are not  

i n s e r t 2 d  l f o ~  t h e  sake of c l a r i t y .  but If= regur7aply bztween 

t h e  two ( i n  t h e  c d s ~  of Q = 0.&,0.5,0.6). It f s  t2ms 

anticipated t h a t  t h e r e  w i l l  be l i t t l e  vz r i a t ion  of t h e  

funct ion  C s / ( l  +- 2 )  with e i t h e r  Q o r  H/C. 

Rouse and I\'ic Noim (Fief. 38) produe.;. e;;pzrimental 

pressure  d i s t r i b u t i o n s  4 hobever 9 t h e i r  i n t e r e s t  l i e s  

more i n  the  c a v i t y  pressure  d i  s t p i b u t i o n s  so th2.t 3% only 

f o w ~  po ln t s  on t h s  sui-face of t h e  d l s c  i s  s pressure  

measurem:m.t mada. Thz  author  hss pep~odu-ced one s e t  of 

t h e i r  measurements [ Poi; ( c ~ ) ~  = - 0.211. ] ind. t h i s  1 5  shown 

n by t h e  po in t s  i n  f i g u r e  5. 1 h .  Ihe agreement i s  clo.se , 
L ~11ough i n  vfebs of t h e  lotver drag  coeffTcfcnts given by 

. . e:;pe'/rimen% , l t  13 a l i t t l e  surprisPng t h a t  t h e  values a r e  

not  beloti those ori" theory.  (See azc t ion  5.4.3) S C M ~  e r ra r  

msy , howaver , have occured i n  reproduct ion due to %he 

smzll  s i z e  of t h i s  region i n  t h e  graphs of Rouse and 



A Pressure Distribution for the 

Disc showing the positioning of 

the Mesh Points. 



Pressure distributions for 
I 
I -Q----0*3- a n ( y - - Q - - - O  7 ---'----------. - - . .  
I 

s denote experimental 

asurernent,~ of Rouse and 
I 

- - - - - . I I 
- - - - -- - - - -- . h ~ ~ ~ o w n  for 1 ( c ~ ) ~  =-0.24 . 

I I 
I 



As a ccnsequcme of t h i s  NE? w i l l  make an 

assurnption which proves sxtremely useful in t e n t a t i v e l y  

const:ru.ctfng l z t e ~  choked flow l i n e s .  This assurflption 

is t h a t  the choked Plow condi t ion  occurs , for zach Q > 

a t  the  val,uzs o r  H/C i nd ica ted  by t h e  v e r t i c a l  l i n e s  in 

i'igxre 5. 15. This i s  a reasonable assumption since t h e  

two curves , for ( ~ ~ ) / ( l i - , . ~ ~ )  and (c,),,~ / ( 1 + ~ 1 )  , w i l l  , 
presumably , not 5znt:srsect a t  vzlues of C ~ / ( ~ + L J )  very 

f a r  below tliose i n  t h e  f igure  5'. 15, is" the p k n e  i"1oi:i 





Experimental measurements of Cgfor thz disc 

have? been rfisde by Raichardt (~ef. 34) en3 Eisenb~~g a.rd 

Pond 1 0 )  ; th~se sets of results both indicate EL 

constant vzlue of ~ ~ / ( 1 4 - Q )  , any deviation being within 
experiment el er-or. Ths v-lues of (C, )a=o so obtained e re  

0.79 2nd 0,& pesgectivsly , values which are substanti%?ly -. - - 

lower than those or theo~y. A comment on this is found. 

in section 5.4.3. 
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FIGURE 5.16 





5.4.2 Thz Angle of Separat ion Cram t h z  Sphere. 

A s  mentioned i n  s e c t i o n  5.2*7 , t h e  sepa ra t ion  

?nb~le = A  s o l u t i o n s  a m  terminatzd when - 0 ~ 1  < 0.07 . 
,g * Fivvro o 5.18 shows th,e r o s u l t s  fop  - and n / 2  - 

i n  t h e  f i n a l  s o l u t i o n s ,  Within each r i n g  t h e m  a r e  two 

po in t s  I; a  square i n d i c a t e s  that?-@* <1.0 ;nd a c i r c l e  t h e  
5 1 5  

T C V $ T S 8 .  ,-I lne  I appro:;ima,te r e l a t i o n  of - thaJ~  s e c t i o n  would 

show t h e  eppoys i n  t h e  f i n a l  v ~ l u e  of 8, t o  be l i t t l e  

,sqr 2 a t  c 'G ha,= + 2 ( 0; - Os ) . -- In viaw of t h i s  t h e  

d i f ference  of behavf our i n  t h e  r e s u l t s  f o r  $1 = 0 . 2 , G .  3 

and those f o r  & = ti. 4,U. 5,O. 6 near  t h e  choked flow 

condi t ion  would seam to be outside the margin of error. 

I n  f i g u r e  5.19 t h c  v a r i a t i o n  of 1 / 2  - 
with G, i s  shown f o r  c e r t a i n  f i x e d  values of' W/C (marked 

on the curves ) .  I n  both 5-18 and 5,19 any choked f low 

l i n s  constructed woulcl be extremely t e n t a t i v e  but t h e  

author  has drawn e rough est imdte i n  5.19 based on the 

assumption of t h z  l a s t  s e c t i o n  and %he r e s u l t s  of th2 

next .  

The c l e a r l y  def ined l l n e  fop  H/C = W i s  

rzproduc?d i n  f'igurt.: 5.201 on a much l a r g e r  s c a l e *  Thi.3 

D .  . ~ l s u r e  s l s o  sh.ows t h e  r e s u l t s  of Armstrong and Tadman (Fief. 3)  

f o r  both a cyl inder  and. ii sphere.  The a.uthor f i n d s  i t  

vary s u r p r i s i n g  t h r t  t h e i r  r e s u l t s  show bs-+ O as 

p? + i n  both cases .  Since t h e  D i r i c h l c t  flow around 

s sphere e x h i b i t s  a minimum Cp of - 1  - 2 5  st 8 = (j , it 
5 ,, 1 ,.25, Thz woulcl s2em more l i k e l y  Tor @ -> O ss c: -+ 

D i r f c h l e t  flow i s  i d e n t i c s l  with a Rlabouchinslrgr flow 

f o r  (?, 5 1 25 , t h ?  length  of t h e  c a v i t y  being zspo. 

 his i d m t i t y  extends t o  the szcon3 d e r i v a t i v e  of 



FIGURE 5.18 

la 16 



FIGURE 5.19 





s e c t i o n  3 .4 .4  as t,jzLI a s  t h e  v e l o c i t y  2~s  can e a s i l y  be 

shoi,vn from t h e  B i r i c h l s t  so lu t ion .  ) In  t h e  c a e  of t h e  

cy l inder  , t h e  safie reasoning giv-s o,-+ 0 a s  -+ 1 .5 . 
I n  f igure  5.19 t h e  authors  I -csul ts  a r e  

t e n t d t i v a l g  produce2 t o  = 6 and ij9~ould seem t o  be cl-osest 

t o  t h e  r<?su l t s  of' Armstrong an3 Tadman et lowar (? . 
Sorne ?xperiniental r e s u l t s  given by I-Isu. and 

Perry ( ~ e f ,  19) are included. i n  f i g u r e  5*20. These 

shov: marked d i s  a ~ r ~ e r f i z n t  t;3 , E O ~  only x i t h  t h e  t h e o r e t i c a l  

r e s u l t s  but a l s o  vdith t h e  fol lowing observat ions* 

Rzichardt   sf. 34 , ,c;uoting r e s u l t s  of 

experiments by ~ c k z r e t  ) inc lud?s  pressure  d i s t r i b u t i o n s  

f o r  t h e  c a v i t a t i n g  f l o ~  pzs t  3 sphere.  From these  

t h e  segs ra t ion  angles  wou-ld szem t o  be roughly 3"s 

inc",S_cz.ted i n  fiv-ure a 5.213~ Sirnil-arly t h e  experimznt2.ll 

cXstributiona of R.ouse and. PIC N o r m  (Re?. 3 8 )  ijaouI.6 seem 

t o  d i s p l i y  values of TI' /2 - OS varying from 66' a t  

i ?  . = 0.2 t o  8;j" ;t = 0.7 * 
-.* 

.rr i ~ ~ n s t ~ i z n t i n o v  ( R e f .  24) gives  expaximental 

pressure  d i s t r i b u t i o n s  f o r  t h e  c a v i t a t i n g  fl-ow pas t  a 

c y l i n c ? . ~ ~  ; t h e s e  show f.-ir agreement with .  t h e  r e s u l t s  
0 of Armstrong and Tsi-l-rnan wi th  values between 5C :~nd 

0 7U f o r  ?, fyom 0.5 t o  1,2 . 
Bsu and Perry conclu8e , however , t h a t  

L b n e i - ~  7 measursnents , bssed 0% t h e  obscyvdnce of a 

scalloped l i n e  ,4erl,.'--n ; u l ~ : ~ t i o n  - (due , i n  t h e i p  oi:.inion, 

t o  sup:fs,ce tell390n,) , rfiay be a l-ji;.tle high. 

? i n a l l y  , of coursa ,., , 2 p2m:3yk of s e c t i o n  

1 1; 5 musJc ba y e - ~ e a J ~ s d l  'the 2 l o ~ ~ ~  of 3 viscous f l u i d  
A 

i;h2 2ofni; of srfi~ot;h s s a r z t i o n .  p j i l l  '02 ~ ~ ~ ~ ~ i - r f l - j ~ 2 t ~ ~ ~ - j  L L- by 

bou.lldtiry layep and t h e  pi-.assuPe ,&JsJcr%bution just  





FIGURE 5.21 

A Pressure  D i s t r i b u t i o n  on the Surface 

of the  Sphere showing the  Pos i t ion ing  of 

t h e  Mesh Points .  & 

D i r i c h l e t  Flow ----- 
Rouse and riC ~ o w n  EI 



Pressure Distribution Variation 

with Cavitation Number. Sphere. 





Cylinder Sphere 

- Armstrong and Tadman -0 - Brennen 

a Waid --- Eisenberg + Pond 



5.4.4- c;vity Dimensi on Resui t s  f o r  t h e  Disc. 

Ficrure o 5.26 ' shoi\rs a l l  t h e  p e s u l t s  obtained fay 

3 

(c/B) f o r  t h e  d i sc .  Also presented are most of t h e  
% 

values of (c/B~~,,, corresponding t o  'cha points  f o r  (c /E) .  

Idhere ezch p a i r  of curves i n t e r s e c t  , t h a t  poin t  should 

giva 'the choked flow condi t ion  For t h a t  p a r t i c u l a r  ,Q . 
The bahaviour of t h e  two curvas i n  each s e t  

nea r  the choked flow condi t ion  i s  no t  very wel l  def'inzd 

by 'ch? r e s u l t s  obtained.  Ho~~~cver , vrith t h e  a i d  of' thz  



FIGURE 5.25 

Armstrong and Tadman (sphere). 

Brennen. 





FIGURE 5.27 

Results for the Disc. 

H (g)O for various 3 

--- ~hoke& ~ l o w  Line. 



FIGURE 5.28 Results for the Disc. 

-0- Armstrong and Dunharn -8- Rouse and Mc Nown 

- - - - - -  Eisenberg and Pond -- Reichardt 

n Brunauer - Brennen 

-.- Choked Flow Line 



~ s s w ~ 2 t i o n  given I n  szc t ion  5.4-. 1 , t h z t  t h e  chokcd f l o ~  

condi t ion  occurs ~.i; those  V ~ ' * ~ U C S  o f  H/c shoifn i n  r"i;ure 

5 15 t h e  chok3d Slow po in t s  can ba obt2.incd wi th  

f ~ i r  x c u r 2 c y  i n  il"igura 5 -26  . They mu-st be t h e  po in t s  

whex t h e  'chrce l i n e s  i n t c r s c c t  i n  each case.  

The l i n e  jo in ing  t h e  c h o h d  Plou po in t s  , t h e  

chokcd i ' lo~;  l i n z  , i s  theriei"ore cons t ruc ted  a d -  s h o m  i n  

Pigure 5.26- 
a 

The corrzsponding g z p h s  of (c/B) aga lns t  2 

f o r  vurious values of H/C i s  shorn i n  figxi2 5.27 ; the 

choIC.22 flow l i n e  i s  Lzlso t r z i s c r i b e d  t o  t h i s  graph. The 

l a t t e r  e x h l b i t s  a srnoothnesx i n  both 5-26 and 5.27 which 

would seem t o  indicabs  t h a t  t h e  t e n t a t i v e  cons t ruc t ion  

h a  given f s i r l y  eccurz te  r e s u l t s .  The reader  i s  

remindad "L12%- t h f  cholccd flow l i n e  i s  5nc;iependm.t of t h e  

- ma thcma ,2~ l s a l  model. chosen. 

Clear ly  t h e  most accurdte  d z r i n i t i o n  of r e s u l t s  

i s  obt z in& d.t la-rgel- II/C , The l i n e  , H/C = so , i s  

rcprotiuced i n  f'i&urs 5028 f o p  t h e  s ~ k c  02 ~ornpwison.  Also 

shown t h e r e  a r e  t h e  t h e o r e t i c a l  r e s u l t s  of Arr~strong and 

13v.nha.in (fief., 1 ) and Brunauer (Ref. 9 )  ; t h e  sxperirnental 

r e s u l t s  of Rouse and Mc Nown (Ref, 35) , Ef senberg 2nd 

Pond (~ef, 1 0  , a mean l i n e )  and t h e  resu- l t s  of Reicherdts 

empir icz l  formula (%i,uation [2.10] ) .  The l a s t  I s  of 

n course , only designcd f o r  %-he range 5 < C2 < 0 . 1  Lhe 

authors  r e s u l t s  would seem a l i t t l e  higher  than o the r s  

though c l o s e  t o  those of Armstrong and D~znhm ant3* Eisenbsrg 

and Pond, 

The authors  r e s u l t s  f o r  C/L ape shown i n  PLgure 
2%. 

5 . 2 9  A s imi la r  t e n t a t i v s  cons t ruc t ion  t o  t h z t  f o r  (c/B) 

i s  ma.de i n  t h d t  sTsph , being s impler  i n  t h i s  case s ince  





reproduced t o  cornpdre 2g~ i .n  with r e s u l t s  by n o w  of t h e  

t ~ u t h o ~ s  mmtioned sbovs. Also p r c s m t e d  a r e  some 

a ms;n l i n s  ) .  

out i n  a f i x e d  ~ ~ w l l ? c l  channel w i t h .  "I/C = 14.67 ; t hose  of' 

5 4.5 Cavity Dimension Resul ts  f o r  t h ?  Sphere. 

P i ~ u r e s  5.3Z35.33,5.34,5.35 p r s sen t  t:2e 

authors  r e s u l t s  f o r  t h e  dimmsions of s c a v i t y  behind s 

sphere 5 t hesz  r igupss  are p a r z l l e l  t o  5.26,5.27,5,29 

2nd 5,3(j  f o r  tho  d i s c  so l i t t l e  f u r t h e r  comxn:~nt on thei:r * 

construction i s  r:?c;uired. 

Ffb-re 5 . 3 3  shows t h e  en-oroprizte x. s o r t  of 



F I G U R E  5.30 

Results for the Disc 

C H for various 7; 



FIGURE 5.31 

Armstrong and Dunham 

R e s u l t s  f o r  t h e  Disc 
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Rousa and Mc Nown 

Gadd and Grant  
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FIGURE 5.32 R e s u l t s  f o r  t he  Sphere 

-.- Choked Flow Line 
i 1 - r I 
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FIGURE 5.33 Results f o r  t h e  Sphere  

($1 for v a r i o u s  ($1 
Choked Flow Line 

Rouse and Mc Nown 
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FIGURE 5.36 

Results for the Sphere 



FIGURE 5.35 

R e s u l t s  for t h e  Sphere 

-0- (5) for various (a) 
A Rouse and Mc Nown 



Z ; t h 2 t  is , / -.> 1 as  2, - 1 i:ji;50 

pyesente5. in t h a t  Fisvby- ( a;;  ell 2.3 f-jaj-p~3 5= 35 ) Z - y e  t h e  

experirfisntal r e s u l t s  taken f r o m  czv9ty p r o f i l e s  given 

by Rou.sa 2nd Mc Noi;)fn (Xej?. 39) ., Tliose 1 3 ~ o f i  l.es a r e  

pa ther  sn;all bjhich mqi- have lad  t o  inazcupacies  I n  t h e  

authors  measurements from them. This s p p l i e s  l e s s  t o  

%hi;? yesu.lts p r s sen t& a s  frorn Rouse and Mc I\Toi;an. fop t h e  

d i s c  , t;lie c a v i t i e s  bainp zluch ]-r+ygeyl H0;jsver 
a i t  

,zoplies more i n  tile T a s u l t s  of .?i&u.rz 5-35 ,whiell m47- 

accou-nt Tor the rz.%hzr l a r g e r  df screpaney tb2.n i n  5-33 

s ince  c a v i t f  es  a t  higher  liJ s r e  very small ,  

Th:? r e s u l t s  given i n  t h z  I ' ins l  so lu t ions  ?ai- 

DIM. (El,) 

D I N .  ( K ~ )  

Sphere DIM. (KT) 



The resu- l t s  f o r  t h z  : ~ i s c  zpe pre-  Gented i n  

r Piguyas 5,3u and 5.37. Thzse e x h i b i t  t h e  saxe type of 

behaviour a s  t h e  ma jo r i ty  of t h a  o the r  s e s u l t s  and, were 

c l e a r l y  def ined i n  t h e i r  converged s t a t e .  It i s  

li2"cyesting t o  note  t h h a ' ~  t h e  y e l a t i o n  DIM. (K.,)z= - 1  -26 x 

DIM. (I<=) holds f a i r l y  c l o s e l y  f o r  211 pairs o? val-ues , 
indicat inp:  Ld a definitz s t r e n g t h  of s-Jnguizurity in 2;~ch 

C8Se. 

The magnitudes of t h e  values in.  f i g u r e s  5-36 
- 2nd 3;i. 37 a r e  rnixleadingly l a rge .  The f a c t o r s  used i n  the 

convers-jon t o  dimLznsj.onless :qu&ntit-jes (ebove) ape l3-yc-o 
bb 

due t o  t h e  small  mesh lengths , m jzo m d  n 
ks , appear i  ng 

i n  t h e  denominators. Tyjpic:11. conversion rn'c;ilJt:ipliers 

a r ~  ... 256 Tor IC, and 543 f o r  K 3 .  Thu.3 the q . c \ n J ~ i t i e s  

appearing i n  t h , ~  expansions of s e c t i o n  4 .3 .7  a r e  smzll- 

i n  r e l . a t ion  t o  t h e  o"i;?r terms s i n c e  K, anti £ Z 3  a r e  again 

mu-lt iplied by f'~"ac'i;o:rs inclucling 'the mao lengths I n  t h e  

numncrnt or.. 

The r e s u l t s  Fop I<: ;(+: and K3 i n  t h e  s o l u t i o n s  

f o r  t h e  sphere were , however , l e s s  s a t i s f a c t o r y .  Only 

one s e t  , naillely t h a t  f o r  K+ , i s  displayed ( f igure  5.38). 3 
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FIGURE 5.36 b 



FIGURE 5.37 a 



FIGURE 5.38 

LEGEND - 



ijhsngz occurec;i. i n  the r;-.su?_ts of R': ,""-porfi $h?_e s3:zond 

s o l u t i o n .  This n~ust , i n  psrt , b? due t o  t h e  minute 

P 0 mqpitud3;?S those i;-aantfti2s s-ince , c,J -i?jFth df sc ,t'fla 

dimensionl.;ss convzrsion mul.biplie?.s -!vere Lar(?e. - For e:<3nlp:!.e3 

f o r  , a tli-p-jcal va l~!?  of -i;his Tactor w8.s 12Q:j , rr,&illg 
V - 

t h s  relevznt teyn i n  expansf on [4.6$] alsncst negligible + 

n ibis -js 3-n ixld-jca,tlon 01' the weal;r?anc+ 03 t h i s  s i n s ~ l & r i t y ,  

snd t h a  Pse'i; that  thc3 fntrot;Iuctiolz of the 5/2 power t e r n s  

In 'i;)le e r p ~ n s f  on8 of ssectiol? b-.  3.7 malees iittie dif ference  



FIGURE 5.39 



FIGURE 5.40 



FIGURE 5,l;S 



FIGURE 5-42 



I n  ba th  ccuscs t h e  f " o ~ ~ ~  Zn t h ~  region of 

separa t ion  exbFbits t h ?  coprect  b ~ h a v i o ~ ~ r  ; t h i s  Is  , 
f m  Psc t  ensuped by t h e  -i;ree,tnent of t h 2 t  poin t .  

3 

5 2 Evaluat ion of s r r o r  tsrms, 

C l e s r l ~ ~  %hz 2ssenft;ia.l asp?& o r  an el-por 

,z-nalysTs 5s t h a t  t h , ~  zprors  i n  t h e  -pield e;-;uq-i--on 
-& -- 

substf tu . t ion by t h e  f i n i t ?  dfi'fcrence forms be n e g l i g i b l e  

o r  wi th in  s-l accqtsb1-e  '~o le rznc  db := s This  can be cheeked 

by an e r s t ina t ion  of t h e  f i r s t  terns i n  the expansions [ I . ! .  191 

oT [14*22], I-i~i..iever , if' t h e  el;~i.~~t%ons [4.18] o r  [4..21] si-e 

mul t ip l i ed  through by s f a c t o r  , whicli ~iiakes no c1if'fe;"ence 

t o  t h e i r  applrication , t h e  e:;uivalent a l s o  

changed by 'ch-js s~rfie f::,ctor. Tllus t h e  magn%tu-des of t h e  

- .. v a l u ~ s  -, -- obtained by computing t h e  f i r s t  tern.3 , S zux ~ ; r  , i n  

o , ,~p~nsions TT -- ?- [ L I *  191 op [ll-. 221 ;ye not  s i z n i f i c z n t  i n  

L ~l~emsel_ves ., Tlzey nw.st be conver'ced t o  some meaningful 

e r r o r  i n  t h e  v3*l~ .es  of f , depen$-en$ i j ~ p i : ~ ~ b ~ , ~ .  



i s  coinputed a t  each poin t .  

Table 5.1 shows t h e  r e s u l t  of' such 3. computation 

with t h e  f i n a l  s o l u t i o n  f o r  a. d i s c  2.t Q, = 0.11 , Pr( = 256. 
ni Ine numbers a r e  given i n  f l o a t i n g  decimal form, Only t ha  

r a s u l t s  f o r  t h e  l i n e s  j = 1 t o  j = 6 are prasented . In 

t h i s  case t h e  channel w? I I  i s  j = J = 13 but t h e  vzlues 

.O L o r  lines above j = 6 fall of? pyadually t o  t h e  o rde r  

-7 of 10 on j = 12* T h ~ s ,  In general, a s l i ~ h t  peak 

occurs i n  t h e  values around j = h .  

As expzcted "c-e values Ti8~ rnarked1-y fn the 

-pr> r* - .-,ion os" t h e  s t agna t ion  po in t .  Since e x t ~ r - r e s i d u a l s  are  

appl ied wi th in  the region shown by the do t t ed  l i n e s  , any 

r e s u l t s  obtdined th3er2 ~ o u l d  be rnzanin~"1ess a i n  vf =w of the  

above ~nalysis , since those  e x t r a - r e s i d u a l s  a r e  meant to 

c o u n t ~ r a c t  the e ryor  duc t o  t h e  l a r g e r  vs luss  or" t h e  f o u ~ t h  

2.. 2nd higher dePiva t ives  i n  t h s t  region. Also , bhe r e s u l t s  

on the bord.;si?s oT thz-t region a r e  suspect  s ince  , i n  t l i e f r  

estirn3-tion , f values wi th in  the dot'csd rsg ion  ~riust be used. 

A b e J ~ t e r  e s t ima t ion  of t h e  ~ Y T O ~ S  i n  t h i s  region i s  

provida.3 i n  s e c t i o n  5.5.3. 



TABLE 5.1 

0% 
Values computed for the fractional errors , E , in f 
in the solution for the disc with Q = 0.4 , fn = 256 . 
The stagnation point is marked , E . 
The separation point is marked , D . 

(continued overleaf) 
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TABLE 5.1 (continued) 

- 2 .  I ?  -5 
2 + E r  - 4  

4 . 3 ,  - 4  

4 a R 1  o4 
4 . b ~  - 3  
4.1) - 3  

3 e 4 ,  - A  

2 r B r  ~4 
2 4 ,  - 4  

1 . 7 ~  o 4  
1 ~ 3 r  - 4  

l * l m  w r ,  

9 . l ~  -5  
f i e 2 8  - 5  
a o d t  - 5  
9 ~ 7 ' 8  mt, 

m l e 4 a  m 5  
- 2 , 5 r  m 4  

~ i 9 f ) r  n 4  
* 3 * 2 #  F 5  
P ( ! ~ B ~ J  fVp> 

n 4 . 1 ,  - 5  
n 2 c 8 0  -5 
- 2 4 1 2  --i 
n S * S ?  n 3  
- 3 . 0 r  .p5 
- ! c T a  PC; 

a l e 0 8  -5 
- 6 e b t  v h  
..E,.hr - 5  
- 1 . 4 0  w 5  

w 7 e r 5 ,  * h  
3 4 r 2 2  - 6  
-296, . rh 
-1.6, * b  
m I r l *  n b  
- * 7 * 5 r  - 7  
W5,4? " 7  
- 3 , l r  - 7  
- 3 . 2 ,  a7 
- Z 1 5 s  P-7 
-2 .24 7 7  
c l c 7 ,  c"/ 

- l o g #  m 7  
w 3 a 5 p  "73 
1.53 -77 

- 3 * 1 r  -7 
-7-71 - a  
- 4 . 3 r  - 5  



TABLE 5.2 

Values computed f o r  the f r a c t i o n a l  e r r o r s  , E" , i n  f 

i n  the  solut ion f o r  t he  sphere w i t h  & = 0.3 , f,= 128. 

The stagnation point  i s  marked , E . 
The separat ion point  i s  marked , D . 



TABLE 5.2 (continued) 

3 '2 

... 4 

" tY - 4 
3 .li 

C .< 
.. -1 - /;. 
r L 

"=t .:, 

w 4 
." ::> 

I I., a ,  - ' 
n ,: 

- ;'l 
- ,.'? 
-, : 
- 0 

T. 7 
" .' - :> 
- r; 
." ::> 
.w :. 
.,- 7 
* - j -  

". a - b 
-7 - ; j  

, 7 

- ,  - i - -7 
- '; - 7 

- - / 

, '7 

- , ,  

- 5  

- ,  .. 7 
." - i 
, 7 

, Y 
- .  
- 8 - 
- .J 

- 7 



This  leads  , on average , t o  t o t e l  clim.ges never :;reatcr 

than  0. ci5 p$r ct3nt. The rzuthor .Feels , laolrevcr , t h a t  

t h i s  would be a very o p t i m i s t i c  z s s m p t i o n  , th2  fins.1 

values of t h z  l o c a l  c s v i t z t l o n  number g5.vin; , perhsps , 

These r e s u l t s  ax encouraging provided another 

me'choc"! , 5ivc;r-i i n  s e c t i o n  5 . 5 . 3  shoius t h e  i n v a l i d i t y  

of' t h e  r e s u l t s  obtalned n:?ar t h e  s t zgna t ion  point, 

5.. 5.3 A Test a t  t h e  Stagns t ion  Point .  

Figure 5.43 shows t h e  grsph of' t h e  funct ions  

2: (9) f o r  P, = 0 , 0.0625 , 11.125 and 0.25 i n  th- region 

o r  t h a  s t agna t ion  point  f o r  t h e  d i s c  solution. , (-2 = (: _ . 5 9 

f ,  = 128, The fuller l i n e s  present  the a c t u a l  vzlu-ss 

obtained and t h e  brok2n t h e  s o l u t i o n  f o r  t h e  D i r i c h l e t  



FIGURE 5.43 

Stagnation Point Test . 



flow which has t h s  sarm u p s t ~ e i m  v e l o c i t y  and t h e  sxne  

- va.lue st t h e  poin t  li ' .  That i s  t o  sag  , y e f e r r i n g  t o  s z c t i o n  

4 4 3 , t h e  funct ion  uszd t o  f i n d  t h e  e x t r a - r e s i c k ~ a l s  i n  

t h i s  region , i' I N a t u r ~ l l y  t h e  so lu t ions  d i v e ~ g z  wi th  

:listi?.nce Tram t h e  s t agns t ion  poin t  but , i n  t h e  c losz  

L proximity or t h a t  poin t  , t,h? d f f f e r e n c ~  between t h e  
I f'umctions f and f ( see  section:; 4-&. 1,4.4?2) i s  ve ry -  

slX2ll. * 

I n  opdzr t o  Judge t h e  L in i t  of s p p l i c & t i o n  

1:,3qu1rec!. of' the a x t r a - r e s i d u s l s  , Z , t h e  cbang2s :wh%ch 

t h e s e  w0u.M p o d u c e  II? t h e  vz?-ues of f a t  each poin'c 

i j ~ ~ y e  - 2st-jln&& from coupu'i;a'i;-jom of z/[- 21 0 For - 

3 fo 

.C bne 1 s o l u t i o n  depicted i n  f i g u r e  5.1$3 t h e s e  values 

dre shown 1 ~ 1  f i g u r e  5.141.!. 3oJch t h e s e  f i g u r e s  @ve rzsul-i-s 

mh--ch ai-e typic;31 02 "hose for  'the d i sc .  

1% i s  c l e a r l y  s u f ' ~ i e - J ~ l 1 ~  t o  ' k p r e t  po in t s  

- ringed i n  f i g u r e  >,LC4 and , coyrespomdinglg , i n  f i g u r e  

5- 43 wi th  ex t ra - res idua l s .  This rznge was used f o r  t h e  

s o l u t i o n s  with both t h e  disc: 3.nd the sphere , t h e  la'ctep 

givfnb very s imil ,zr  r e s u l t s  i n  'i;hLs regj-on. 

G 5 4 The U p s t y s a - f i  Test 
2 

Piguya 5.45 shows some r e s u l t s  of t h e  upstream 

t e s t  mentioned i n  s z c t i o n  4.. 2 . 3 $  on the s o l u t i o n  f o r  t h c  

di3 / '  L2 ~,ji.'C;h ,,:; = (j-4 f4 = 512; The values of f - c 3-re --0 

12fotted f o r  poin'bs n z a r  tho  upstream boundary f o r  t h e  
.& 

z ~ t , ~ d l  s o l u t i o n  ( s o l i d  l i n a s )  2nd for bh- values give11 

u s i n g  [4* 271 2% po in t s  ciovrnski-ezm of k = 1 . The curves 

For f, - (j.7c!,525 ( j  = 1 )  , C.50 ( J  = l i )  ~ n d  32 ( 5  - l o )  
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FIGURE 5044- 

Stagnation Point Residual Test. 





s r e  neccessa r i  l y  p r ~ s e n t e d  on d i f f  w e n t  s c ~ J e s .  

The r e s u l t s  of t h e s e  t e s t s  substdnti.dted t h e  

r e s u l t s  of s e c t i o n  5.5.2 i n  showing a s l i g h t  pedr  i n  t h e  

e r r o r s  around j = 4 o r  5. Thus t h e  g r e ~ t e s t  r e l a t i n  

d i f f e r e n c e  betwean t h e  two curves f o r  311 s t r s m l i n e s  

occured 2t j = 4 o r  fo = 0.5 -in t h i s  t e s t .  To show 

t h i s  two o the r  s e t s  are  presented i n  f i g u r e  5.45 , 
one f o r  s stre3mlinc above m d  one f o r  s s t r e ~ m l i n e  

below 5 = 4. 

The r e s u l t s  of t h i s  t e s t  a r e  d i f f i c u l t  t o  

comment on. They a r e  not  , p e r h ~ p s  , 2s s a t i s f s c t o r y  

ds might be wished. Accordingly t h e  zuthor  c a r r i e d  

out a couple of' major s o l u t i o n s  wi th  s 12rger vczlue of' 

9, , but  no s i g n i f i c a n t  changes took p lzce  i n  t h z  

r e s u l t s  ; t h a t  i s  t o  say none t h z t  could be essigned t o  

@ . The conclusion was t h e r e f o r e  t h i s  a l t e r a t i o n  i n  

r e x h e d  t h a t  t h e  u p s t r e m  s o l u t i o n  was s z t i s f x t o r y .  

This  was p a r t i z l l y  ensured by t h e  dns lys i s  or s e c t i o n  

4.1.6 [ 3 ] .  

5.4.5 Tes t s  by I n t e g r a t i o n  t o  Find x Differences by 

Severa l  routzs .  

This  provides L demonstration or  t h e  a x u r x y  

of' t h e  f i n d l  f f i e l d .  Using erpit t ion [3.10] , Ire cJn 

i n t e g r - t e  t h e  re levant  f i r s t  d e r i v s t l v e  of f d o n g  

s i t h e r  a s t rzaml ine  o r  2n aquipotent i21  t o  f i n d  t h e  d i f f  srence 

i n  a x i a l  d i s t ance  , x , between t ~ o  mesh poin ts .  Thus t h e  

szmc 2 i s t znce  can ba zstirnated by s?vzrzl routas .  

However , sny e r r o r s  whlch occur cannot be 



simply m z l y s e 2  s ince  thcy  mzy be due t o  e i t h e r  o r  both of 

e r r o r s  i n  t h e  f v ~ l u e s  and e r r o r s  i n  t h e  n m e r i c 3 1  i n t e g r a t i c n  

c a r r i e d  out.  Some exsrnples a r c  given below from t h e  

s o l u t i o n  f o r  t h e  d i s c  with G = 0.4 , fy = 256. 

[A] To f i n d  t h z  d i s t znce  from (0,225) (on t h e  s t ~ g n a t i o n  

s t r saml ine )  t o  ( 0 ~ 4 5 )  (on t h e  wettzd su r face ) ,  

(i) by i n t e g m t i o n  along t h e  l i n e  j = 6 , t r d v c l l i n g  

through t h ?  s tzgndt ion  poin t  , x = 1.23217 , 
(ii) by t h e  m u t e  , (!1,25) -; (2,25) + (2,45) 

-: (0~45) , x = 1.21590 . 
Thus , desp i t e  t h z  presence of t h e  s i n s u l a r i t y  , w e  

f i n d  an e r r o r  of l e s s  than  2  p e r  cent .  

[B] Between two po in t s  on t h e  Prze s t reaml ine  : 

(i) (0,51) -+ ( ~ $ 6 7 )  x = 0.28918 , 
(ii) ( ~ $ 6 1 )  -+ (2,51) -' (2367) + (0,67) , x = 0.28925 , 
g iv ing  a n e g l i g i b l e  e r r o r .  

[ c ]  Between t h z  s m e  two po in t s  : 

(iii) ( ~ $ 6 1 )  * (6,61) + (6,67) -> ( ~ $ 6 7 )  , x = 0.28733 . 
This i s  a long way i n  comparison with t h e  z c t u a l  

However , du-e t o  t h e  d i f f i c u l t y  i n  andaysis 

of the52 e r r o r s  , t h i s  sec t ion  i s  merely presented as 

confirmetion of accuracy. I n  f a c t  , i n  any t 2 s t  of t h i s  

s o r t  , i t  was fou .~d  t h z t  t h e  e r r o r s  were r a r e l y  g r e a t e r  

t h s n  one pe r  cent  , zxczpt when t h e  f r o n t  s tegnat ion  point  

wzs incluck?< , whzn t h e  m r o r s  r o s e  t o  around 2  p e r  cent .  



The mathod OF so lv ing  2 x i s p m e t r i c  c e v i t y  

flows , &v8zloped i n  t h i s  t h e s i s  hzs t h e  g rea t  silvant.2ge 

of f ' l a x i b i l i t y .  Al t e rna t ive  types  of f lo~~. i  which t h e  

method can be simply sdapted t o  t r e a t  a r e  , f o r  example , 
those  i n  which t h e  ou te r  boundary t ekzs  m y  a x i s j r m l ~ t r i c  

form , o r  i n  3-aliich i t  i s  a f r e e  j e t .  Resides t h i s  , 
t h z  s,uthor i s  considerin.- r 3  t h e  p o s s i b i l i t y  of adapta t ion  

t o  unstzedy c a v i t y  flow. 

Both t h e  previous s i g n i f i c a n t  methods , t hose  

oP Gzrabeclim and of Armstrong and Dunhm , aye l imi ted  t o  

t h z  ini ' ini te  stream casz. 

Another ?dvz~nt~-se  oS t h i s  msthod i s  t h a t  i t  

so lves  t h e  complnte flor"i F ie ld .  Thus t h z  su thor  i s  

c o n s i d w i n g  t h e  problem of d i f f u s i o n  of absorbed a i r  i n  a 

c z v i t y  Plow , us ing  t h e s e  s o l u t i o n s  a s  d frmework. 

It i s  d i f f i c u l t  t o  cornpsre t h z  corflputztiond 

work re;-uirzd i n  tliz thxe  metholls , though th - t  of 

Garabedizn must bc t h e  most complex. 

The method h3s b u m  employ~d t o  aolvc t h z  

sta?dy s t a t e  c ~ v i t d t i n g  f loi i~s  behind ,:. 2phei.e a d  a d i s c  , 
d ~ m o n s t r s t i n g  t h e  belinviour of those  cL?.vities 2nJ d r t . . ~  

on th2  boey as t h ?  condi t ion  of' choked Plow i s  appro~chzc'l : 
t h e  s o l u t i o n ?  ~ l s o  provi:!e v2lues f c ?  t h s  szpardt ion  zngl-e 

i n  t h e  c z s s  of t b s  sphcre. 
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APPENDIX A - - 

A . l  Computations on t h e  Riabouchinsky Planar  Flow pas t  a 

F l a t  P l s t e  s e t  norm31 t o  a Uniform S t r e w  i n  a Chmnel.  

One of t h e  r 3 s u l t s  of t h i s  t h e s i s  i s  zn 

attzmpt t o  discover  t h e  bch3viour of t h e  c a v i t y  behind 

2 d i ~ c  i n  .I chsnnel f o r  v a r y h g  C; and H/C, a blockage 

r z t i o .  It i s  c l e a r l y  of i n t e r e s t  t o  compare t h e  

r e s u l t s  obtained with those  f o r  t h e  equiv3len-b p lana r  

flow , f o r  a  f l a t  p l a t e  i n  ,z channel. The s o l u t i o n  

t o  t h i s  problem was given i n  s e c t i o n  1.5.5. 

Although t h e  numerical  r e s u l t s  f o r  t h e  

i n f i n i t e  stream case a r e  o f t en  s?uoted (e. g. Ref 1 ) , the 
zuthor  could not  f i n d  s i m i l a r  r z s u l t s  f o r  non- in f in i t e  

H/C . A progrsmme wss the re fo r?  w r i t t e n  f o r  t h e  purpose 

of computing th2  main dimensions , B/C and L/C , and t h e  

c o e f f i c i e n t  of drag , C3 , f o r  vsr ious  values of 2 and 

H/C. Enustions [ 1.361 t o  [ I  .40] con t s in  t h e  two 

parameters u, and k. Sincs t h e  s implest  of t h e s e  eoust ions 

i s  t h a t  f o r  C: , t h z  r e s u l t s  B/C , L/C , H/C and C3 wsre 

ca lcu la ted  from those  eqx i t ions  f o r  s e t s  of t h e  param2ters 

uo ~ n d  k where a l l  p a i r s  wi th in  a  s e t  g&ve h prescr ibed  

value of 9. 
If \\ 

Bedring i n  mind t h e  chokzd flow phenomenon 

i n v e s t i g a t e d  i n  s e c t i o n  3.3.1 , t h e  r e s u l t s  (B/c),,, and 

( c3 )MR* wera a l s o  cornput2d f o r  e m h  r e s u l t  us ing  t h e  

vslues  of Q and H/C. 

The r e s u l t s  of t h e s e  cornputstions a r e  shown 

i n  graphs C A I  1, [ A 2 1  end [ ~ 3 1  , being p l o t t e d   g gain st Q 



f o r  var ious H/C. The values of E/C chosen were those 

which gave choksd flow c lose  t o  9 = 0.1,0.2,0.3,0,4,0.5 

2nd 0.6~ 

Graph [ A 1  1 shows t h e  values obtained f o r  C/B 

( s o l i d  l i n e s )  , t h e  p a r t i c u l a r  value of H/C being w r i t t e n  

i n  on each l i n e .  For each of t h e s e  values t h e  correspond- 

i n g  v ~ l u e s  of (c/B),,, a r e  a l s o  p l o t t e d  (evenly dot ted  l i n e s ) .  

Thus t h e  poin t  of i n t e r s e c t i o n  of t h e  curvss f o r  C/S  and 

(c /B) , ,~  marks t h e  c h ~ k e d f l ~ b ~  poin t  f o r  t h a t  p a r t i c u l a r  

vzlue of H/C. Join ing  t h e s z  choked flow poin ts  produces 

a choked Flow l i n e .  (uncvenly do t t ad )  Thus any r e s u l t  f o r  

C/B must l i e  between t h i s  choked flob\j l i n e  and t h e  i n f i n i t e  

H/C l i n e .  The p o s i t i o n  of t h e  choked flow l i n e  w i l l  be 

independent of t h e  mathematical model chosen as was pointed 

out i n  s e c t i o n  3.3.1 s ince  i n  a  choked flow condi t ion  t h e  

c z v i t y  bzcomes i n f i n i t e l y  long. 

In t h e  case of t h e  c a v i t y  length  parameter, 

( C / L p ,  t h e  choked flows give t h i s  parameter a s  zero f o r  

a l l  H / C , ~ S  2n t i c ipa ted .  These r e s u l t s  a r e  shown i n  

maph [ A 2 ] .  0- 

F i n a l l y  a  modified c o e f f i c i e n t  of drag , 
& / ( I  + I?) , i s  shown p l o t t e d  aga ins t  i n  graph [ ~ 3 ] .  

The corresponding values of [c9/(1 + Q)],,, a r e  a l s o  

p l o t t e d  f o r  each H/C (evenly do t t ed  l i n e s )  , t h e  

i n t e r s e c t i o n  po in t s  g iv ing  t h e  choked f l o ~  l i n e  (un- 

evenly do t t ed ) .  Thus a l l  values of c ~ / ( I  + Q) must 

l i e  between t h i s  choked flow l i n e  3nd t h e  i n f i n i t e  H/C 

l i n e .  It i s  no t i ceab le  t h a t  t h e  v a r i a t i o n  of t h i s  

modified c o e f f i c i e n t  with e i t h e r  9 o r  K/C i s  n e g l i g i b l e  

f o r  any p r a c t i c a l  purposes. The drag 

a t  given Q i s  reduced by decreas ing  H/C. The choked 









A 7 2  A Mote on Choked Flow. 

Birkhoff ,P lesse t  and Sirmons ( ~ e f .  7 )  have 

inves t iga ted  wall  e f f e c t s  i n  plane c a v i t y  flow. 

I n  that paper , they  cons ids r  plane flows 

i n  a choked condi t ion  f o r  var ious s t r z a n  l i m i t i n g  

boundaries inc luding  a s t r a i g h t  wa l l  and a f r e e  j e t .  

I n  t h z  former case , they  f i n d  CD snd Q 2s funct ions  

of H/C us ing  dn i n f i n i t e  c a v i t y  jro~odel i n  z l l  casss .  

Thei r  results t h e r e f o ~ e  show C9 + 2s  H/C + 1 , as 
does b -  araph [ ~ 3 ] .  This i s  , however , misleading s ince  

Q 2 l s o  tends t o  i n f i n i t y  i n  t h e i r  case.  They do not  

r i v e  r z s u l t s  f o r  t h s  t r a n s i t i o n  region between inSini t (3 U " 

stream flow a,nd choked flow , which shows t h e  drag 

f z l l i n g  , 2"t a given , as t h e  flow cezrs t h a  choked 

condition. 



The fol lowing i s  t h e  n o t z t i o n  used i n  t h i s  

t h e s i s .  The zuthor  has attempted as  fsr 2s poss ib le  t o  

&here t o  a s i n g l e  u n i v e r s d  n o t z t i o n  , but i n  some 

sec t ions  s common sTymbol rnzy hsve 3- l ocz l i zcd  meaning 

diff 'crent f r o n  t h a t  ~ i v e n  belo1w. Plhen t h e t  occurs 

t h 3  J e f i n i t i o n  i s  g i v m  i n  t h c  t e x t .  

Thz maximum rfzdius o r  half-height  of t h e  cavi ty .  
v 

The f r a c t i o n a l  mcsh l eng th  which loca tes  , w i t h  
k = iC , t h a  boundsry of  symmetry of' t h e  
SiabouchinsQ f low.  

The r ad ius  of t h e  d i s c  2 half-height  of t h e  
S l a t  p l a t e .  

Th,2 c o e f f i c i e n t  of pressuro 

The d i f fa rences  in t h e  values of f between a 
poin t  on t h a  f r e e  s t r e - m l i n e  boundary a d  t h e  
surrounding mesh po in t s .  

The e r r o r  a f t c p  i i t e r ~ t i o n s  bettieen t h e  vdlue 
of f 2t  2 mesh po in t  and the  f i n a l  , converged 
value a t  t h a t  p o i n t -  

The matr ix  of e . 
The e r r o r  involv=d i n  t h e  s u b s t i t u t i o n  f o r  e 
d i f f e r e n t i a l  equat ion of i t s  f i n i t e  df f f e rcnce  
e quf vf3 l e n t  , 

TVTO o t h e ~  e r r o r  t e i~ i l s  which s r e  funct ions  of 
E. 

The vzlue of r3, whers r 1 s  t h e  r a d i s l  v s r i a b l e  
i n  t h e  physic21 plzne.  

Thz zs7ymptotic , ups t rean  value of f on a 
p a r t i c u l n  s t r e .ml in~ .  

The exact  s o l u t i o n  of t h ?  d i f r s r e n t i ~ l  e :;uation 
a t  a pzr t icu l .z r  mesh po in t .  

The s o l u t i o n  of' t h e  f i n i t e  d i f r e rencz  equztions.  



The a n a l y t i c  func t ion  used i n  t h e  neighbourhood 
of' 2 s i n g u l a r i t y .  

The Froude number. 

The acce le ra t ion  duc t o  gravi ty .  When subscr ip ted  
it r e f e r s  t o  t h e  d i f fe rence  i n  t h e  value of fu 
on t h e  s t r e a n l i n e s  j = j 3. 1 and j = j . 
The rad ius  - o r  ha l f -he ight  of t h e  channel. 

Z i t h e r  t h e  complex quan t i ty  o r  t h e  number of - 
i t e r a t i o n s .  

The mesh l i n e  s t reaml ine  numbering i n t e g e r  i n  
t h e  50 ,Y p l " n e .  

The valuz of j f o r  t h e  channel wal l  strea-ii l ine.  

A mesh s i z e  change-over value of j. 

The e q u i p o t e n t i a l  mesh l i n e  numbering i n t e g e r  
I n  t h e  $I ,v/ plane.  

The value of k f o r  t h e  e ~ u i p o t e n t i  a2 just 
upstre&m of t h e  plane of symmetry of t h e  
Riabouchinslcy flow. 

A s p e c i a l  value of k , r e f e r r i n g  t o  a point  on 
t h e  f r e e  s t reaml ine  a t  whlch l i n e a r i z a t i o n  of  t h e  
db, d i f l e r z n c e s  cormences- 

C u m t i t i e s  descr ib ing  t h e  s i n g u l a r  behaviour of 
t h e  flow a t  t h e  poin t  of flow separe t lon  from 
t h e  d i s c .  

$uwi t i t i e s  desc r ib ing  t h e  s i n g u l a r  behaviour of 
t h e  flow a t  t h e  poin t  of florv separa t ion  from 
t h e  sphere.  

The a x i a l  d i s t ance  between t h e  upstream boundary 
and t h e  s t agna t ion  pofnt  i n  t h e  phys ica l  plane. 

The ha l f - l eng th  of t h e  cavi ty .  

The mesh length  i n  t h e  V /  d i rec t ion .  

The r e l a t i v e  me3h l eng th  i n  the V /  d i r e c t i o n .  

A s  a d i f f e r e n t i a l  opera tor  , - a' wp 
To denote a matr ix  of f vzlues.  

The mesh length  i n  t h e  (P d i r e c t i o n .  I n  s e c t i o n  3.4 
it denotes t h e  coordinate  perpendicu1,ar t o  t h e  
body stre%nl..in~ ~t sepera t ion .  

Ths r e l a t i v e  mesh l s n g t h  i n  t h e  f) d i r e c t i o n .  



N When subscriptxl.  i n  s e c t i o n  3 .4  , it r e f e r s  t o  
a c o c f r i c i e n t  i n  t h e  expdnsion f o r  n. 

P? 
4 

Used t o  denote an unknown constant  where n  i s  
any in tege r .  

P The number OF el;ual 3-ntervslx on t h e  wettcd 
surface.  

C! Fluid  v e l o c i t y  rna,gnitv.d,z. 

,- 
kd Cavi ta t ion  number. 

q i  I n c i p i e n t  c s v i  t a t i o n  number o r  indzx. 

oP 2 The l o c a l  c z v i t a t i o n  numbzr , cz>lculatec? a t  a L - 
mesh poin t  on t h e  f r e e  s t reamlrne boundary. 

r The r a d i a l  v s r i a b l e  measured rroril t h e  a x i s  i n  
m i  sjmiietric problems. 

n 
LI The rad ius  of t h e  sphzrs o r  cyl inder .  

Pe Th:? Reynolds number. 

s The arc length  measured d o n g  a s t r e m l i n c .  In. 
s e c t i o n  3.4 , it denotes t h e  coordinate  p z r a l l e l  
t o  t h z  tangent  t o  t h e  body s t reaml ine  ;it s e p a m t i o n .  

'G, ,ta Coordinates of a trsnsf'omed plan2 i n  s e c t i o n  
3.4 a 

'c Time, axcept i n  s e c t i o n  3 .4  and s e c t i o n  1.5 . 
Components of v e l o c i t y  i n  t h e  d iyec t ions  Ox , 
0y o r  O r  , Oz . - 

U The uniform strem- ve loc i ty .  

I\/ A C O & ~  i c i e n t  i n  t h e  expc:Lnsion f o r  t h e  p e ~ t u ~ b d t i o n  
v z l o c i t y  p o t e n t i a l  , w , i n  xcct ion 3.4 . 



XIV 

The 

m L he coordinzte messured perpsndicular t o  the  
uniform s t r ean  df rec t ion.  

The res idua l  a t  3 mash point .  In  sect ion 3.4 . 
i t  r e r e r s  t o  a coef f ic ien t  i n  t hz  expansion f o r  

c P *  
The complex vsr iablz  , x f i y  , or t h e  t h i r d  
dimensional coordin?te. 

The extrd-szsidu-el 2pplied z t  mash points  ne3r 
a sing&xity. In sec t ion  3.4 , it refers  t o  
z coef f ic ien t  i n  the  expamion f o r  y/  . 

The p a r m e t e r  used i n  t he  second f r e e  s t y e m l i n e  
method 

The rnzu imum movement parameter i n  the  ?pee 
s t r z ~ m l i n e  methods. 

The p a r m e t e r  used i n  the  l i r s t  f r e e  streamline 
mthod.  

The eigenvuluc; of t h s  e r r o r  matrlx with t he  
12rgzst spec t r a l  radius.  O r  , i n  sect ion 4. 1 
a function of Q, . 
Stokes stream function. 

Velocity po ten t ia l .  

The di f ference  i n  po ten t i a l  between the  upstrecan 
boundary and the  stagnation point.  

The di f ference  i n  po ten t i a l  between the  stzgnation 
and separat ion poTnt s . 
The difference i n  po ten t i a l  between the  sep?i.rdtion 
point  and the  point  of rnaxilnum radius of the  
c3vity.  

The complex :;uantity , In ( T J / ~ )  . 
Density. 

The over-relaxation f w t o r .  



6 The angle betwem the  d i rec t ion  or" t h s  flow 
veloci ty  vector 5.nd the  unirorm stream direction. 

'I' 51 c i O .  

a. A value a t  a reference point 

A value on the  frec s t r e m l i n e  o r  within the  
c cavity.  

A vzlue a t  the  mesh point Jus t  downstre(m of 
E* stagnation 

Y A valu-e on t he  charm21 wall.  

A vzlua a t  a mesh polnt us ing the  field system 
P of identiPi.c:?.tion. 

A vzlue a t  the  points  0,1,2 . . . in the  local 
o,t,a,3,... system of iden%if ica t ion .  

Ik Used as j J k  when 3 = 0. 

i Used as j r k  when "ce value is t he  sixfie f o r  a11 k. 

5 
A vslue a t  the  separat ion point.  

A value a t  t h e  stagrmtion point ,  
p ~ 1  e 
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